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Preface 


With the advent of World War II there was an explosion of activity in 
the microwave electronics field. The British very suddenly found them- 
selves in need of a means for generating high-power signals at wavelengths 
of a few centimeters. For their airborne radars they turned to a high- 
frequency electronic tube called the magnetron. It had been invented 
by A. W. Hull in 1921 and subsequently modified into a circular form 
which converts d.c. electronic energy into radio frequency electromagnetic 
energy. Around 1940 magnetrons were operated at frequencies of 3000 
Mc with pulsed powers of tens of kilowatts for a microsecond or so. The 
magnetron was brought to the United States during the early phases of the 
war and developed under military supervision so as to yield peak powers 
of megawatts in the kilomegacycle range. 

In 1939 the first operational high-frequency tube, known as the klystron, 
was developed by W. W. Hansen and the Varian brothers working under 
the auspices of Stanford University. During the war the relatively low- 
power reflex klystron oscillator was relegated to the humble role of local 
oscillator in superheterodyne-type radar receivers. Today, however, the 
importance of klystrons and magnetrons is reversed: The Hansen Labora- 
tories at Stanford University and others are building megawatt klystron 
tubes for radar oscillators, microwave amplifiers, and linear accelerators. 

These linear accelerators utilize a propagating structure for electro- 
magnetic waves known as a slow wave structure, so called because it 
supports a wave traveling at slower than light velocity. The structure 
is designed so that the wave velocity is approximately the velocity of 
electrons (or occasionally, protons) in order that the electric field of the 
wave will travel with the electrons and accelerate them. Accelerators may 
have an interaction length ranging from a few hundred feet to several 
miles. Microwave amplifiers and oscillators operating in the kilomega- 
cycle range also employ slow wave structures for much the same reason. 
A slight readjustment of the electron beam velocity from the value required 
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in the accelerator will cause time-average radio frequency power to flow 
from the electron beam into the slow wave circuit and thence out into the 
useful load. 

The slow wave structures for many accelerators, amplifiers, and os- 
cillators are built by cascading resonant cavities, each providing a very 
strong electric field in a narrow frequency range for good power transfer 
between the particles and the circuit. Such cavity-chain slow wave struc-. 
tures usually provide tremendous power gains over short interaction 
lengths but are necessarily limited to a frequency bandwidth anywhere 
from a fraction of a percent up to 10% or so. What is needed for com- 
mercial communication is a wider-bandwidth amplifier tube capable of 
amplifying information in frequency bands hundreds of megacycles wide 
without distortion or interference. This brings us to the subject of the 
traveling wave tube. ; 

In the early 1940’s, R. Kompfner, reflecting upon the relative inefficiency 
and low bandwidth of the klystron, reasoned that if an electron beam 
were to interact continuously with a wave on a helix it would interact more 
efficiently. Furthermore, the helix would not be strongly resonant at any 
one frequency and therefore would have a high bandwidth. His first 
traveling wave tube, tested in 1943, had a power gain of 6 db and a noise 
figure of 13 db at a wavelength of 9.1 cm. 

Subsequently, Bell Telephone Laboratory workers, among whom J. R. 
Pierce is perhaps most prominent, developed the traveling wave tube 
theory and built many tubes with gains of 30 db and more and bandwidths 
of more than 25%, in a frequency range extending well over 100 kMc. 
A 4-kMc tube with a 20% bandwidth, for example, can easily handle 
multichannel FM and television communication, since a simple black 
and white television channel requires a bandwidth of only 4 Mc or so. 
The ordinary helix type of traveling wave tube amplifier was the forerunner 
of a host of similar tubes: backward wave oscillators, resistive wall 
amplifiers, double-stream amplifiers, and crossed-field or M-type car- 
cinotrons. Many of these tubes employ a slow wave structure in the form 
of a helix of one or more windings; others employ a ridged waveguide 
to slow the electromagnetic wave to the beam velocity; still others employ 
a chain of resonant cavities, mutually coupled through small holes. 

This book treats for the most part the slow wave systems that employ 
the chain of resonant cavities as a slow wave circuit, as opposed to the 
wider-bandwidth helices and ridged waveguides. The primary reason for 
this emphasis is the fact that a consistent analysis of propagation in the 
chain of cavities which are either empty or else interacting with an electron 
beam or other active medium is not as well understood in detail as is the 
propagation in a helix or loaded-waveguide type of structure operated far 
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from any one of its resonant frequencies. The customary treatment of 
propagation in a cavity chain coupled to an electron beam, say, is based 
upon an equivalent circuit, the parameters of which are often not clearly 
related to the physical parameters of the structure. In this book I analyze 
the propagation in such structures directly from Maxwell’s rather than 
Kirchhoff’s equations, making reasonable assumptions in order to simplify 
the mathematics, but always in terms of parameters directly related to the 
structure. 

Veteran workers in the microwave field, as well as beginning students of 
electromagnetic theory, are strongly urged to read the Introduction for a 
review of the basic concepts of slow wave structures and my definitions of 
terms such as “‘wave,”’ ““mode,”’ and “‘harmonic,”’ which are often bandied 
about rather carelessly. The Introduction also explains my uncommon 
notation which has the advantage of preciseness at the cost of being 
somewhat cumbersome. 

Chapter 1 reviews the periodicity properties of various slow wave 
structures and formulates the general problem. It emphasizes the general 
description of the propagation characteristics of the chain of resonant 
cavities, although I do summarize the Marcuvitz-Schwinger technique as 
a useful tool for calculating equivalent circuit elements for obstacles in 
waveguides, with which the propagation can be studied. Chapter 2 
reviews somewhat briefly the basic aspects of helices, tape ladder lines, 
and the ridged waveguide. Information about other structures such as 
meander lines, different types of ridged waveguides, and dielectric-loaded 
structures will be found in the literature. Chapters 3 and 4 deal with the 
properties of a cavity chain in which the cavities are lightly coupled to 
each other. About the only restrictions I impose on the chain in these 
chapters are that (1) it has a certain longitudinal symmetry, and (2) its 
passband of interest is narrow compared to the width of the adjacent 
stopband(s). I remove this second restriction in Chapter 5. Chapter 6 
introduces a powerful variational analysis for general helical slow wave 
structures; practically all the results in this and the remainder of the book 
have not yet appeared either in journal or in book form. The variational 
analysis is convenient and straightforward for helical structures and al- 
most indispensable for an understanding of the general resonant-slot 
or resonant-loop coupled cavity chain treated in Chapter 7. 

Chapters 8-10 discuss both general and specific aspects of propagation 
in helix traveling wave tubes and in cavity-chain traveling wave tubes in 
which the cavities interact with a longitudinally confined beam at a fre- 
quency in one of the passbands. Chapter 9 treats the cavity-chain tubes 
operated in one of the narrow passbands in much the same way as J. R. 
Pierce treats the helix tubes in his Chapters 5-11 of Traveling Wave Tubes. 
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Chapter 10—although devoted to small-signal effects—should help 
workers design stagger-tuned and synchronously tuned klystron amplifiers 
with both reasonable gain and reasonable bandwidth. 

During the last few years parametric amplifiers have come into vogue 
as low noise devices, particularly suited to radio astronomy work. Chapter 
11, I believe, clarifies the nature of the waves in a slow wave structure 
consisting of a chain of resonant cavities in each of which a ferroelectric 
sample is operated parametrically. An interesting gain-passband width 
relation exists under certain conditions for the three-frequency amplifier. 
H. Suhl has analyzed the interactions in a cavity operated with a sample 
of ferromagnetic rather than ferroelectric material, and I use his results 
to write the equations for the waves in a ferromagnetic parametric ampli- 
fier, both for electromagnetic and semistatic operation. Traveling wave 
masers have proven to be devices of comparable or lower noise charac- 
teristics so I develop the quantum electrodynamic equations for a three- 
frequency continuously operated maser in the last section of Chapter 11. 

The problem of slow wave structure synthesis proved to be so formidable 
that the best I can do in Chapter 12 is present bounds for dispersion 
curves and perturbation formulas for small changes in geometry, as well 
as an outline of a computer program for analyzing various helices. Since 
the problem is one of optimization of the impedance and bandwidth at a 
given center frequency and phase velocity I believe we ought to compute 
the characteristics of all helices of interest and catalogue them. 

The numerical computations in this book for various beam tubes and 
the parametric amplifier, although theoretical, should prove valuable 
for two reasons. First, the equations for the computations are all really 
based on variational expressions which have unquestionably yielded 
accurate descriptions of the propagation characteristics of empty helices 
and cavity chains. Second, the presence of the electron beam or active 
parametric or maser material merely augments Maxwell’s equations with- 
out changing the nature of the analysis. The crucial question which always 
remains is: How many modes of the slow wave structure must we employ 
in order to obtain a satisfactory description of the waves in the composite 
system? Although the answer depends upon our definition of “satis- 
factory,” let me point out that the variational method usually gives a 
better estimate of the propagation constants or phase shifts of the waves 
at a given frequency than it does of the fields which go with the waves. 

Those readers who are just embarking upon a research program of 
unknown outcome may be interested to learn that this entire book is an 
outgrowth of essentially one simple idea. The idea concerns an accurate 
way to represent electromagnetic fields on an open surface between two 
regions. The concept enabled Professor H. A. Haus, T. J. Goblick, and 
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I, in 1957, at the Research Laboratory of Electronics, M.I.T., to obtain 
the single-passband characteristics of the cavity-chain type of slow wave 
structure, as discussed in Chapter 4. We then developed a variational 
formulation of the analysis which established it on firmer ground. Later, 
in the course of my Ph.D. work with Professor M. Chodorow and Dr. 
G. Kino at Stanford University I formulated the variational analysis in a 
manner more satisfying to me and also verified the fact that this analysis 
is a logical extension of the Bethe theory of small-hole coupling between 
cavities. 

I made a careful check on the detailed derivations of certain equations 
and the computer programs to verify the fact that the results agreed with 
physical knowledge and were compatible among themselves. The pronoun 
“we’’ used throughout the book is editorial. 

Some workers in this field may view with some uneasiness the methods 
of analysis employed. I can only say that I have never found an instance 
in which any one of these methods, when properly interpreted, failed to 
give a good description of periodic slow wave system phenomena. 

My thanks go to the Board of Regents of the University of California at 
Berkeley for providing me with free time on those blessed IBM 704 and 
7090 computers in Campbell Hall. I acknowledge with gratitude the 
splendid research atmosphere in the Electrical Engineering Department, 
Professor R. M. Saunders, Chairman. I have also benefited from con- 
versations with Professors W. J. Welch, T. E. Everhart, A. J. Lichtenberg, 
and C. K. Birdsall of this department. 

Good luck in the reading, guarde a vous, and a pox on headache. 


R. M. Bevensee 
Berkeley, California 
January 1964 


This research was supported in part by the Air Force Office of Scientific Research 
of the Office of Aerospace Research; the Department of the Army, Army Research 
Office; and the Department of the Navy, Office of Naval Research, under Grant 
No. AF-AFOSR-139-63. 
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Introduction’ 


In this Introduction the basic concepts of slow wave systems will be 
introduced, terms will be defined, and the notation we use will be explained. 
The defined terms are listed in a group at the end of the introduction. 

Everyone knows that d.c. fields do not travel through space carrying 
radio and television programs and other information. A radar beam will 
not distinguish a target unless the wavelength of the beam is comparable 
to or smaller than the target dimensions, so that kilomegacycle beams 
with wavelengths of a few centimeters are preferred. Another advantage 
of high frequencies accrues from the fact that a higher center frequency 
of a communication system also implies a higher bandwidth, as a general 
rule. This is because equipment can be built at successively higher 
frequencies so as to maintain a certain percentage bandwidth, say 1%. 
One percent of 100 ke is scarcely enough bandwidth for a single AM 
radio station but 1% of 1000 Mc is 10 Mc, about the bandwidth required 
by two black-and-white television channels. 

For all these reasons it is advantageous to generate very high-frequency 
radio waves in the kilomegacycle range. The fact that we cannot easily 
build ordinary triode oscillators in this range forced the invention of the 
two-cavity klystron amplifier, followed by the reflex klystron oscillator. 
In these tubes, d.c. energy of electrons is converted directly to r.f. (radio- 
frequency) power by the interaction of the r.f. fields with electrons within 
one or two cavities which are resonant at the operating frequency. The 
extraction of d.c. electronic power can be improved by allowing a beam 


? The reader unfamiliar with the basic properties of slow wave structures is urged to 
read J. C. Slater, Microwave Electronics, D. Van Nostrand and Co., Princeton, N.J., 
1950, Chapter 8, in conjunction with this Introduction. 
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of electrons to travel in synchronism with an r.f. wave through many 
cavities over a long interaction distance so as to obtain cumulative inter- 
action. Actually there are two types of cumulative interaction, one 
resulting in the conversion of d.c. electronic power into r.f. circuit power 
which flows into the external load, and one resulting in a flow of circuit 
power into electron energy as in the linear accelerator. The point is 
simply this: For more efficient amplifiers as well as accelerators the 
electrons should interact with the circuit wave over a long distance. 

The trouble is that electrons travel with velocities less than light velocity, 
whereas r.f. fields in waveguides travel with velocities equal to or greater 
than that of light. What is required, then, is a slowing structure to reduce 
the field velocity to the electronic velocity. Such a structure can assume 
one of two basic forms, as illustrated by Figs. 1-1 and 1-2. In Fig. 1-1 
the circuit field is induced to travel at the velocity of light along a wire 
wound in the shape of a spiral or helix, so that the velocity along the 
axial or z direction is considerably less than light velocity. The tighter 
the helix is wound, the smaller the pitch p and the more slowly the wave 
appears to travel in the z direction. If an electron beam is introduced, 
traveling along the axis with the same axial velocity as the wave, cumula- 
tive interaction will occur and we have a form of traveling wave tube. In 
Fig. 1-2 we have a waveguide loaded periodically by a series of obstacles, 
fins in this instance, which slow the wave much as they would slow a 
stream of water coursing through the pipe. The smaller the centerholes 
the greater the reduction in circuit field velocity through the pipe. This 
structure belongs to the class of cavity-chain slow wave structures, each 
of which consists of a chain of lightly coupled resonant cavities. Electrons, 
of course, can be introduced to flow along the axis with a velocity which 
allows them either to absorb power from or to deliver power to the 
circuit wave. 

If we agree that these slow wave structures are good candidates for use 
in microwave amplifiers and linear accelerators, the next question is: 
How shall we describe them electromagnetically at a given frequency? 
Specifically, we want to know if they will support a strong component of 
axial electric field for exciting electrons and at what velocity this field 
tends to travel through each structure. We realize first of all that the 
electric and magnetic fields at each point satisfy the Maxwell equations, 


Vx f=—— = —jon- (i) 


Vx A= 2 = jock o=0 (ii) 
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in the absence of electrons. Sinusoidal time dependence <4” is always 
assumed unless otherwise stated. We shall always neglect ohmic loss, 
unless otherwise stated, as a realistic approximation for most slow wave 
structures of interest. The caret is added as a reminder that the quantity 
is an r.f. vector which varies spacially in a yet-unknown manner. 

In order to study the spacial variation of the fields, £, in particular, in 
the Fig. 1-1 helix, say, we let the structure be infinitely long. This stip- 
ulation is not just an impractical one inserted to simplify matters, as 
indeed it does; it turns out that if we know the fields which can propagate 
through the infinitely long structure we can terminate it at both ends and 
specify the fields in between so as to satisfy the boundary conditions. 
The advantage of analyzing an infinitely long structure rests in the sym- 
metry it possesses. Imagine yourself at any point (r, 6, z) in cylindrical 
coordinates of the Fig 1-1 helix and then move along z and also in the 
angular direction at some fixed radius so as to follow the wire. You will 
find that the geometry does not change, and this has an important bearing 
on the functional form of the fields which satisfy Eqs. 1 and ii. The 
deduction of this functional form is explained in Chapter 1, but at the 
moment it suits our purposes merely to give the expression for the E, 
field. It is 


+00 ; , 2ni1 Ad 
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We say that this E, belongs to a wave at frequency w which satisfies 
Maxwell’s equations and all the boundary conditions. This is the definition 
of one of several terms which we shall define very carefully for use through- 
out the book. Expansion iii is reminiscent of a Fourier expansion for 
a periodic function; it says that £, everywhere is composed of an infinite 
number of components, which we shall define as modes. A mode will 
denote a particular solution to Maxwell’s equations or the wave equation 
(for E or A alone, as obtained from i and ii) at a certain frequency, 
subject to very particular boundary conditions over the entire boundary 
surface, excepting those boundaries at z = +00. Although it is not 
apparent now, each mode of iii can be chosen to satisfy Maxwell’s 
equations. Occasionally the boundary conditions are ‘“‘open” in the 
sense that the relation between tangential £ and tangential 7 is left 
unspecified. Each mode of iii satisfies “open” boundary conditions 
because the relations between the components of £ and A in the mode are 
not known until all the relative amplitudes 4,, of the various modes are 
determined so as to satisfy the boundary conditions at the helix radius. 
These boundary conditions are continuity of fields across the open surface 
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at r = aand £,,,, = 0 on the wire surface. In iii F,, is a function of radius 
which we need not specify as yet. The exponent is interesting, for it says 
that the nth mode has a propagation constant B, which differs from a 
reference propagation constant f, by the term 2m7/p. The constant , is 
called the fundamental propagation constant, not because the fundamental 
mode is always more predominant than any other mode but because it 
serves as a reference. 

With £, as the reference propagation constant, the entire E, field, as 
well as all other field components, phase shift by «0? in moving from 
ztoz-+p. To prove this we need only change z to z + p in iii at fixed r 
and 0, whereupon the nth mode exponent changes to 


puz + (Bo + —")p = Bue + Bap 


the phase shift 2n7 being irrelevant. Therefore we see that 
E,(r, 0,2 + p) = E,(r, 0, ze? (iv) 


The term op is called the periodic phase shift of the structure, and iv 
illustrates the periodicity theorem which can be proved for any slow wave 
structure in which the geometry repeats at intervals of p. The determination 
of B, at a given frequency w is the central problem of a slow wave structure, 
and we shall devote many pages to its solution for various structures. 
A partial solution for the helix of Fig. 1-1 can be depicted in the form of a 
curve, Fig. i, known appropriately as an w—f, or dispersion curve. Every 
slow wave structure has such a curve or series of curves with certain 
properties to be described next. 

Suppose we choose point A on the curve of Fig. i and draw a dashed 
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Fig. i. w-B, or dispersion curve for a helix. v, is the phase velocity and v, the group 
velocity at point A. p is the pitch. 
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line from the origin through this point. We now want to show that the 
slope of this line, «,/fo,, is the velocity or, more precisely, the phase 
velocity of the n = 0 mode. This is the velocity with which an observer 
must travel to keep in step with this mode. To see why, we refer to iii 
and let the observer advance a distance Az in time At. If the observer is 
truly in step with the n = 0 mode, the exponent will not change: 


—Bouz + at = —Boy(2 + Az) + w(t + At). 


But this means 0 = —fy,Az + w,Ator Az/At = @,/B;. Since the observer 
is moving with the velocity Az/At, the n = 0 mode must be moving with 
the phase velocity w,/f,,. If an electron beam had the velocity of the 
dashed line it would interact strongly with the n = 0 mode of the circuit 
wave at frequency w,. This same argument is valid for any mode n: 
The phase velocity of mode n is w,/f,,,; the other f,,’s are not apparent 
in Fig. i but they are obtained from fp, by the relation of iii. It is perhaps 
a curious fact that all the modes in the wave travel with different velocities, 
but they do travel in such a way as to make the entire field phase shift 
by <~o” from any point z to the point z + p according to iv. 

There is another velocity of considerable importance, called the group 
velocity. It is defined as the slope dw/0f,, at the point on the w-f,, 
curve corresponding to frequency w. Physically the group velocity is the 
energy velocity in a lossless structure, and its sign determines the direction 
of r.f. power flow in the wave. The group velocity happens to be the same 
for all the modes because 0w/0f,, = (08,,/0m) = (08,/0w)-? = Aw/0fo. 
Thus the group velocity is a parameter of an entire wave. In Fig. i the 
group velocity at point A is positive, which means the r.f. power in the 
wave flows in the +z direction. The group velocity at point B for an 
independent wave at the same frequency @, is negative, which means the 
r.f. power in this wave flows in the —z direction. In Chapter | we will 
develop the precise relation between power flow, stored energy, and group 
velocity of a wave. 

We can repeat practically all the preceding remarks with minor modifi- 
cations for the slow wave structure of Fig. 1-2. This structure, unlike 
the helix, has rotational symmetry, and the period is denoted by L instead 
of p. The E, field in a given wave of this structure can be generally written 
in the form 


E,(r, 6, z) = DARPA 6), V nl@ “- Lf) = V n(Z)E — Bol (v) 


a sum over modes of the circular waveguide. The mth such mode is 
defined in Chapter | so that its é,, and h,, vector mode patterns satisfy 
a certain equation over the cross section of the waveguide. The bar will 
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always denote a vector mode pattern which forms a component of a wave 
only when it is multiplied by a complex amplitude, in this case V,,(2). 
Since the geometry remains invariant on moving from any point z to the 
corresponding point z2 + L a period away, we can expand V,,(z) in a 
Fourier series as 


Vnl2) = 3 Veune HaPHIOL Be By =n (vi) 


n=— 


This expansion will be called an expansion in harmonics, and introduces 
the third term we want to define carefully for the entire book. A harmonic 
is merely a component of a wave containing the explicit factor «~/2"7/, 
where p may substitute for L. A harmonic may be a component of a mode, 
as in vi, or it may be a component of a wave which is expanded directly 
in harmonics because there is no unique expansion for a given wave. A 
harmonic rarely satisfies all the boundary conditions, and it may or may 
not satisfy Maxwell’s equations. 

According to these definitions each mode of iii might be called a 
harmonic instead; we have simply preferred to say that E, is expanded in 
modes rather than harmonics. There is another way of representing the E 
field in a cavity chain like that of Fig. 1-2. It reveals the usefulness of 
modes as distinct from harmonics. We can define a complete set of 
resonant modes within a single cavity of the structure by closing the 
holes. Then the £ field at every point in this cavity can be expanded with 
these modes as 


E(r, 0,2) = > V,E, (vii) 


V,, being the complex amplitude of this mode and E,, its vector electric 
field pattern. In the adjacent cavity E would be 


E(r,0,2+L) =" SVE, £2) =E(@+L) viii) 


for the same reason that iv was written. We discuss these expansions 
further in Chapter 1; the sums could be resolved further into an expansion 
in harmonics but it is not necessary. 


Summary of Terms 


1. By is the fundamental propagation constant of a wave. 

2. B, is the propagation constant of the nth mode or harmonic in the wave, 
related to By as B, = By + 2nn/p. p is the periodic length, sometimes denoted 
by L. 
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. Bop (or BoL) is the periodic phase shift of the entire electric field and the 
entire magnetic field in a wave, from any point z to the pointz + p(orz + L). 
. Adispersion curve is a plot of frequency vs. 8, for the nth mode or harmonic 
in a wave. 

. The phase velocity, w/8,,, is the velocity with which a constant phase front 
of the mth mode or harmonic in a wave travels along the structure. 

. The group velocity, @w/ OB, is the velocity of energy flow in the wave and 
the same for all components of the wave. Its sign determines the direction 
of r.f. power flow. 


Chapter | 


General Properties of 


Slow Wave Structures 


I-1. Synopsis 


This chapter develops in more detail statements made in the Introduc- 
tion about the properties of slow wave structures. The periodicity theorem, 
a general theorem for all periodic structures, is illustrated for the helix by 
invoking the symmetry properties to develop a mode expansion for E, 
belonging to a given wave. This expansion introduces the fundamental 
propagation constant fo, as well as the related propagation constant f,, 
for the mth mode in the wave. The periodic phase shift is shown to be 
Bop. Analogous statements are made about the chain of coupled cavities. 

The periodicity theorem helps us to formulate the central problem of 
a slow wave system: the determination of the mode components of 
electric and magnetic field in a particular wave which obeys Maxwell’s 
equations subject to periodic boundary conditions. The solutions for 
lossless passive structures are usually expressed graphically in the form 
of wf curves, where a given curve has a number of related branches, 
the nth one of which represents the behavior of w vs. B,, for the nth mode. 
The shapes of the various branches indicate the phase velocities w/6,,, 
of the various modes and the group velocity of all of them at any frequency. 
The various w-$ curves for a structure, each of which represents a 
passband within which waves propagate without attenuation in lossless 
structures, are separated by frequency intervals called stopbands. In a 
stopband the fields of a wave decay exponentially away from a source 
of excitation. We shall discuss measurement techniques for obtaining 
the curves. 

It is shown that the group velocity is not only the velocity of energy 
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transport through a lossless periodic structure but also the velocity of a 
low-frequency envelope of the carrier wave. 

The propagation characteristics of several early lumped transmission 
filters are reviewed, as deduced from their resonant behaviors. Periodically 
lumped-loaded transmission lines, which prove so helpful in under- 
standing periodic cavity chains, are then studied. It is shown how the 
qualitative shapes of the w—f curves may be deduced from the properties 
of the resonant modes of a unit cell. Two basic methods of expanding the 
fields are illustrated: one utilizing traveling harmonics; the other, stand- 
ing wave modes. The former are appropriate if the line is lightly loaded; 
the latter if it is heavily loaded. 

The qualitative aspects of propagation along a periodically loaded 
transmission line also serve to describe a periodic cavity chain. The 
passband behaviors of a common centerhole-coupled chain are deduced 
from the properties of its resonant modes. It is pointed out that the fields 
can be expanded in either of two basic ways: in traveling wave form by 
means of the waveguide modes or in standing wave form by means of the 
resonant cavity modes. The Marcuvitz-Schwinger technique employs 
the waveguide modes and is very useful for studying the propagation when 
the periodic waveguide obstacles are small (light loading). In this tech- 
nique we obtain equivalent circuit elements to represent the obstacles 
in the transmission line for the propagating guide mode. The periodic 
phase shift 6,Z can then be calculated at any frequency from the equivalent 
circuit. 

The reader is presumed to be familiar with the Introduction while 
reading this chapter. 


1-2. The Periodicity Theorem! 


This theorem states we can express the fields of a wave in an infinitely 
long slow wave structure in a special form appropriate to the structural 
symmetry. The form indicates that the electric and magnetic field com- 
ponents of the wave phase shift by the factor «~*%? from any point z to 
the point z + p, p being the periodic length. The Fourier-type expansions 
for the fields, as determined by symmetry, help us to identify the pre- 
dominant field components and to obtain the fundamental propagation 
constant at the frequency of interest. Consider first the typical helix 
slow wave structure of Fig. 1-1. This tape helix has a radius a, pitch 
angle wy defined as cot"\(2za/p), and periodic length p along the axial 


} This theorem is a generalization of the Floquet theorem for differential equations with 
periodic coefficients. See Whittaker and Watson [1, Section 19.4]. 
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Fig. |-1. A helix slow wave structure. p is the pitch, y the pitch angle, and q the radius. 


or z direction. It turns out (Sections 2-2 and 2-3) that this helix will 
support one wave in which the predominant mode components travel 
with a phase velocity nearly that of light along the helix winding. Since p 
is normally a small angle in the range 5°—20°, the axial phase velocity of 
the modes is slow enough to allow interaction with an electron beam. 
We observe immediately that the helix geometry remains invariant if 
we move from any point at [r, 6, z] to a new point [r, 6 + (27/p)z, z + 4], 
z, being an arbitrary translation. Then any component F of electric or 
magnetic field at the second point must differ by only a complex factor 
from that component at the first point. Let us call this factor a(z,) and 
write ; 


Flr, 6+ én Z,2+ | = a(z,)FIr, 6, z] (1-1) 
P 


If we now move from the second point to a third point by translation 2, 
and angle (27/p)z, we can relate the new field component to that at the 
second point as 


flr,0+ ic ta)etatee| =aeae)Alr 62) (1-2) 


However, the effect of both rotation-translations is equivalent to a single 
one through the axial distance z, + z, and angle (27/p)(z, + 2), So we can 
equally well write 


2 r 
flr, 0+ a taetat | = a(z, + BEI Be 


The only function for which a(z.)a(z,) = a(z, + z,) for all values of z, 
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and z, is the exponential one. So we may write Eq. 1-1 as 
Flr, 6 oe = th z+ | = € FoF Tr, 0, z] (1-3) 


for all r, 6, z and any 2. 

Equation 1-3 is a statement of the periodicity theorem for the helix, 
where fy, is called the fundamental propagation constant of the structure. 
It is easy to see from Eq. 1-3 that a translation by a period of the structure, 
z, = p, does not change the 6 dependence and merely multiplies the field 
component by <~**s?. For this reason fp is called the periodic phase shift. 
The minus sign preceding it means that if f, is a positive real number the 
wave moves in the +z direction with time, since the time dependence is 
é@”'. If B, had an imaginary component, as it does at some frequencies, 
the field would decay exponentially away from a source of excitation; in 
this case the wave cannot carry any real power in a lossless structure 
because there can be no divergence of real power within any periodic 
cell. Therefore f, is pure real if the wave carries real power in either the 
+zor —zdirection. If, however, an electron beam or other active material 
were present, the symmetry considerations would still yield Eq. 1-3, but 
then f, could be complex, representing growth or decay of a wave 
amplitude in the z direction. In a lossless structure, which we always 
assume unless otherwise stated, any growth or decay of the circuit electro- 
magnetic power in a wave must be accompanied by equal decay or growth 
of power flowing from the material. 

For a lossless tape helix structure without energy sources let us write 
explicitly the form of the E,-field, say, so as to introduce a mode expansion 
for E,. The E, field generates, through Maxwell’s equations, the TM 
(or transverse magnetic) portion of the helix field. We must expand E, 
in a set of functions which can represent that field completely along the 
r and 6 coordinates. It is natural to build up the 6 representation with a 
(complete) set of <"* functions. However, E,[r, 6,2] must remain con- 
stant.as we move along the helix, except for the factor «07, so let us 
write it as 

eer A Ree (1-4) 

Here A,,,, is a complex amplitude and R,,(r) is the unspecified mth radial 

function. To find R,, we substitute Eq. 1-4 into the wave equation for F,: 
eye, —12 (28) 1% Fe 

(V° + k’)E, omy ieee 3 oe E, + 75 E,+kE,=0 (1-5) 


whereupon we find that m must equal m and that R,(r) obeys the 
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differential equation of the modified Bessel function.” We take R,(r) = 
Anh £2 — kr) inside the helix radius, r < a, and 


R,(r) = B,K,(VB,2 — Kr) 


outside the helix over the rangea <r < oo. If the helix were surrounded 
by an outer coaxial tube we would take a linear combination of J, and 
K,, components so as to make E,,, = 0 on the tube surface. The propaga- 
tion constant for the nth mode, f,,, is defined as By + 2n7/p for obvious 
reasons. Now a slow wave contains all slow modes by implication, which 
means the phase velocity m/f) of the n = 0 mode as well as w/f,, = 
(By + 2n7/p) of every nth mode is less than light velocity c. Light 
velocity c = w/k, k being the free-space propagation constant, all of 
which means that a slow mode will have a propagation constant B,, > k 
and the arguments of the preceding Bessel functions will all be real. 

Waves with fast mode components may also propagate in a closed slow 
wave structure which is surrounded by an outer tube; these modes have 
axial propagation constants less than k and radial propagation constants 
(6,2 — k*) which are imaginary. Fields of such modes are expressed 
by expansions of the form of Eq. 1-4 but with R,(r) given by the ordinary 
Bessel function J(Vk2 — By? k? — 6,2r) inside the helix and by a linear combination 
of the J,, and N,, (Neumann) functions outside the helix. 

If the helix is not surrounded by a metal cylinder we may write £, in 
the form 


2 L(V Ba? — Ke —k r) ¢i79—IBnz -% 2nt 1. 

E,Ir, 6, le er pir KA ae ? B, = Bo + P (1-6) 
according to previous remarks. The form of 4, which generates the TE 
or transverse electric portion of the helix field would be similar. These 
expressions represent a mode expansion of E, or H,, where A, is the 
amplitude of the nth TM mode inside the helix and B, is the amplitude 
of the nth mode (really another mode) outside the helix. Each of these 
modes satisfies Maxwell’s equations, Eqs. i and ii of the Introduction, 
identically, with unspecified relations between E,,,, and H,,, on the bound- 
ary surface r = a. The relative amplitudes of all these modes in the wave 
are determined by the boundary conditions of continuous fields across 
the open surface at r = a and zero tangential electric and normal magnetic 
field on the metal surface. The term A, in Eq. 1-6 is called the “funda- 
mental” propagation constant, not because the n = 0 mode is necessarily 


See S. Ramo and J. R. Whinnery [2, the end of Section 3.24]. Their Sections 3.25-3,27 
contain formulas for large arguments, derivatives, and recurrences. See also J. R. 
Pierce [3, Appendix 1] for relations among the J, and K,, functions. 
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predominant in the wave but only because this propagation constant 
serves as a reference for all of them, through the relation f,, = By + 2nz/p. 
Later we discuss waves in which the fundamental mode component is 
rather small by comparison with other components. 

The propagation characteristics of any slow wave structure such as 
this helix are represented by a number of w-f curves. Each one of these 
curves consists of a series of branches with the nth branch representing 
the frequency dependence of £,, belonging to the mth mode in the wave. 
Because all the 8, are related to B, according to Eq. 1-6 we can say the 
nth branch is merely the zero or wf, branch shifted along the f axis by 
2n7/[p. 

Now let us consider the symmetry of the infinitely long cavity-chain 
slow wave structure of Fig. 1-2. This structure is obviously symmetric 
with respect to translation by periodic length L and, unlike the helix, 
trivially symmetric with respect to rotation by any angle 6. Therefore we 
can represent the vector electric or magnetic field or one of its components 
F(x, y,z + L) = « *" f(a, y, 2), any 2, y,z (1-7) 


analogous to Eq. 1-3 for the helix. Here AoL is the periodic phase shift 


¢ = Bol —> 


Fig. 1-2. A cavity-chain slow wave structure (from Pierce [3]) and its first dispersion 
curve. L is the periodic spacing of the disks. 
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per cavity. As in the helix, the transverse electric field, for example, may 


be expanded as 
Ea, y, 2) = PO S Vane Cole (1-8) 


where the subscript m denotes the mth TM or TE waveguide mode and 
n denotes its axial mth harmonic. As explained in the Introduction, a 
harmonic is identified by the factor <«2"7/*_ These waveguide modes 
are defined in the course of discussing the Marcuvitz-Schwinger technique 
in Section 1-7. 

Unlike the helix, the symmetry of this structure suggests that 6, may 
be restricted to the range —z/L < fy < a/L, which is called the “first 
Brillouin zone” after that pioneer in this area of research.* For if By lay 
outside this range we could write it as By’ + 2km/p, where By lies in the 
range, then absorb the «~**/? factor into the summation, and renumber 
the harmonics. Therefore fyL is redundant outside the range —z < BpL < 
a. Clearly the w-f curve for this structure is constructed by shifting 
the w—f, branch defined in the range —z/L < By < a/L along the f axis 
by 2nz/L for the mth branch. 

It is true that the periodicity theorem, as embodied in Eq. 1-4 for the 
helix and Eq. 1-8 for the cavity chain, helps us to obtain the waves only 
for the infinitely long structure. If, however, we know the value of By 
for each wave, and the proper linear combination of modes (or harmonics) 
composing each wave, we can specify completely the excitation in a finite 
structure. We merely choose the amplitudes of the various waves so as to 
match boundary conditions at both ends of the structure. 


1-3. The Central Problem of Slow Wave Systems. 
Dispersion Curve Solutions 


The problem we discuss throughout this book is that of determining 
at a particular frequency or frequencies solutions to Maxwell’s equations 


Vx E=—jou-A (1-9a) 

Vx H=jwe-E+J (1-95) 
and the equations for the electron beam or other active material if such 
is present, subject to periodic boundary conditions in a structure like 
that of Fig. 1-1 or Fig. 1-2. We can state this problem from either of two 
* A classic work on slow wave structure propagation is the book by L. Brillouin [4]. 
It deals mostly with propagation in lumped-circuit electric filters and crystal lattices 


rather than microwave structures like distributed helices and cavity chains so we shall 
not refer to it very often. 
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viewpoints. Either we want solutions to the equations at a particular 
frequency, each solution being an independent wave with its own funda- 
mental propagation constant, or we can seek the allowed values of 
frequency which belong to a given value of propagation constant. 

Of course, the determinantal equation for w in terms of f, is, in principle, 
the same whether w is specified and f, is regarded as unknown or vice 
versa. For example, we can write the expressions for the helix fields as 
in Eq. 1-6 and ask for two values of f, at a particular frequency—one 
for a forward and one for a backward wave—as Sensiper [5] did, or we 
can work with a variational expression for frequency w (Chapter 6) which 
adjusts the value of w for an implicitly known value of f. In the cavity 
chain of abrupt periodic discontinuities or in the general helix we shall 
find that it is often definitely advantageous to formulate the problem 
by taking the propagation constant f, as known and as to be determined. 
On the other hand, the properties of the various independent waves in a 
slow wave structure coupled to an electron beam may be conveniently 
developed from a variational expression for complex propagation constant 
I at a given w (Chapter 8). 

In solving Maxwell’s Eqs. 1-9 subject to periodic boundary conditions 
we represent the fields by a linear superposition of modes, of either the 
propagating or the resonant variety. But it is interesting to observe in 
retrospect that the principle of superposition was seriously questioned at 
one time. Euler in 1748 analyzed the one-dimensional string vibrating 
in a plane and discovered the fact that the general form for displacement d 
is the traveling wave function d(x + vt), v being the velocity. However, 
he could not believe that an arbitrary function of x could be represented 
by sines and cosines (Fourier did not prove his theorem until 1807). 
Therefore he rejected the principle of superposition! Nowadays we accept 
this concept readily enough and worry about whether the functions em- 
ployed in the field expansions can represent satisfactorily the physical 
continuous field distribution in the sense of small mean-square error 
throughout a periodic cell. In periodic volumes of simple shape we can 
prove that all the waveguide mode-harmonics or a set of resonant cavity 
modes are complete for an arbitrary continuous field, except perhaps for 
certain field components on the bounding surface of the volume. 

The solutions to Maxwell’s equations in an infinitely long and empty 
structure (or one containing lossless permeability and permittivity) are 
displayed in the form of a series of w—f or dispersion curves, several 
of which are shown in the latter portions of Figs. 1-3 through 1-6. The 
frequency range between the extremes of an w-f curve is called a pass- 
band because f, is real and the fields carry real power through the 
structure. A frequency range between two passbands is a stopband, 
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(c) 


Fig. 1-3. A low-pass electric filter. (a) Physical filter, (b) currents and isolation of a 
periodic cell at 7 phase shift per period, (c) w—- curve. 


within which no real power can flow because the fields decay exponentially 
away from a source of excitation. The phase velocity of the nth mode or 
harmonic is w/f,, as we have already observed. The group velocity is 
0w/0B,; it is the velocity of energy propagation through the structure. 
In the Introduction we pointed out the fact that the group velocity is the 
same for all components of a wave. It is discussed further in the next 
section. 

An w-f curve is measured experimentally by short-circuiting both 
ends of a finite length of the structure with low-loss metal planes so placed 
that they do not disturb the field configuration in the infinitely long 
structure. For example, the symmetry planes for the first passband of the 
Fig. 1-6 structure would bisect the two end cavities because the electric 
field there is axially directed both at the zero and at the m phase shift 
cutoff frequencies (Fig. 1-6b,c) and at all intermediate frequencies. 


General Properties of Slow Wave Structures U7. 


Observe, however, that the symmetry planes for the second passband 
bounded by the resonances of the modes of Fig. 1-6d,e would be a pair 
of magnetic shorting planes in the same positions where the electric 
field is transverse, and hence physically unrealizable. The ordinary tape 
helix of Fig. 1-1 is distinct in that no transverse electric or magnetic 
shorting plane can be inserted anywhere without disturbing either the 
electric or magnetic field; strictly speaking, the helix cannot be resonated 
as a cavity in order to measure the dispersion characteristics of the 
infinitely long structure. 

It follows that if a structure has mirror symmetry about a transverse 
plane which bisects any cavity or periodic cell a finite length can be 
resonated between either electric or (hypothetical) magnetic shorting 
planes at a number of discrete frequencies in the passband under study. 
These frequencies correspond to periodic phase shifts of 0, 7/N, 27/N,..., 
Nza/N if the section is N periods long. These resonances fall at equal 
intervals of Syl =nz/N on the dispersion or wf, curve for the 
passband. 


1-4. Significance of the Group Velocity 


We first want to prove that the group velocity 0w/0f of a wave is the 
velocity of energy transport through the structure, provided it is lossless, 
devoid of energy sources, and operated in a passband where fy is real. 
The proof begins with a statement of the energy theorem,* 


where the asterisk denotes a complex conjugate. We now generalize 
Eq. 1-4 for the helix structure and Eq. 1-8 for the cavity chain by writing 
E and #/ in the form 


Ela cy rent 2 Fe) (1-11a) 
Cy, 2) — en!" 11 (2, Yc) (1-11) 
in which £, and H, are periodic with axial period p or L. With these, 


4To derive this theorem we use Maxwell’s equations 1-9 as follows. The first one is 
differentiated with respect to frequency and dot-multiplied by H* (* denotes complex 
conjugate). It is also conjugated and dot-multiplied by 2H/@w. The second equation, 
with J = 0, is first conjugated and dot-multiplied by — @£/@u, and also differentiated 
with respect to w and dot-multiplied by —E£*. Upon adding these four equations and 
canceling terms we obtain the energy theorem. 
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the left side of Eq. 1-10 becomes 


We ES x [4 — 230 p,) + (= — 220 ,) x ae) (1-12) 


a) Ow Ow 


Integration of this over a periodic volume of length p, or L, yields 
1200 (et x A, + £, x Hy%)-1,dS =| (e1B,I + w 1A,P) dV 


(1-13) 


because E£,, is. perpendicular to the metal surfaces in the cross section. 
Here A denotes the cross-sectional area. But the total time-average 
power flow Pay in the axial or z direction is just 


El (£,* x A, +2, x Ae 
A 


while the total time-average stored energy, W,, in the volume is one- 
quarter of the right side. Therefore we obtain 


_ W,20 
P By 


This expression says that the power flow can be regarded as the stored 
energy traveling with the group velocity and verifies the interpretation 
of the group velocity as an energy velocity. 

Equation 1-14 means that, at a resonant frequency of a cavity-chain 
slow wave structure where a resonant mode is excited within each periodic 
cell such that no power flows, the slope of the w-6 curve must be zero. 
We use this fact in later discussion. 

The group velocity has a further significance not apparent from the 
foregoing discussion, namely, as the velocity with which a low-frequency 
envelope of the carrier wave propagates. That is, if a modulating wave- 
form represented by 


(1-14) 


av 


+@1 . 
Alt,z = 0] =| A(w)e?”' daw, @, & Wo, carrier frequency (1-15) 


—Wy 


is impressed at z = 0 upon the carrier wave which propagates as €/°'—o 
the envelope of the carrier at any point z will vary in time as 


aat- fre ffi) J 


= E = +( 260) 2 = 0| (1-16) 
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Hence the envelope propagates with velocity (Aw/0f,),,, the group 
velocity.© We might say the group velocity is the velocity with which 
information in the form of amplitude modulation travels through the 
structure. 


1-5. Early Transmission Filters 


We first study several filters each with only one nonzero resonant 
frequency in order to become familiar with the very useful method of 
specifying the shapes of the dispersion curves from knowledge of the 
resonant frequencies. It is convenient to abbreviate the periodic phase 
shift B)L by y, and talk about an w-p curve instead of an w-f, curve. 
In 1900, M. Pupin referred to Lagrange’s analysis of the propagation on 
a discontinuous string and built, by analogy, the low-pass electric filter 
shown in Fig. 1-3. We shall analyze this line as if it had no distributed 
transmission line inductance and capacitance per unit length. 

Quite obviously the line will propagate at low frequencies because wL 
approaches zero at d.c. frequency. As frequency increases the wave is 
slowed until the structure resonates with a 7 phase shift of current between 
successive cavities, Fig. 1-3b. The phase shift must be 7 at resonance or 
no net current would flow through C and we would not have a resonance. 
Clearly, no current then flows across terminal pairs ¢ and t’, so we can 
open them and compute the cutoff frequency as w, = (2LC/4)-%. The 
slope of the first passband must be as shown in Fig. 1-3c. At no frequency 
above w, will the structure again resonate, so a stopband extends from 
@, to ©. 

In 1906, Campbell built the first high-pass electric filter shown in Fig. 
1-4. Again we neglect the distributed inductance and capacitance. This 
structure clearly propagates at high frequencies, down to the only resonant 
frequency w, of Fig. 1-4b. This frequency must be a 7 phase shift reso- 
nance or no net voltage would appear across each inductance L’. Therefore 
we can open the terminal pairs ¢ and t’ and compute the cutoff frequency 
as w, = (4L'C’)-“. The w-@ curve can only have the slope shown in 
Fig. 1-4c since no other resonances exist and the series reactance is 00 
At oe) a OlaAt co1="00, 

This procedure of first determining the resonant frequencies and then 
sketching the w— curves between them is illustrated further in the next 
two sections. 


e J.) Pierce (3, p. 81]. 
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¢ = Bo L— 
(c) 


Fig. 1-4. A high-pass electric filter. (a) Physical structure, (b) currents and isolation of a 
periodic cell at ~ phase shift per period, (c) w- curve. 


I-6. The Periodically Lumped-Loaded Transmission Line 


A study of a periodically loaded TEM (transverse electric and magnetic) 
structure is informative because it illustrates all the important properties 
of the cavity chain (Fig. 1-6). First we illustrate the determination of the 
first few resonant frequencies in order to predict the qualitative shapes 
of the wp curves. Then we discuss the two basic ways of representing 
the fields within a given unit cell. 

Consider the structure shown in Fig. 1-5a, consisting of a distributed 
transmission line loaded periodically by capacitors 2C;. Each capacitor 
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has been bisected so as to associate C; with one cell and C, with the 
adjacent cell. Voltage V(z) and current /(z) satisfy the equations 


+ Se aLGh (1-174) 

z 

ail) = wC(z)V, [ C(z) dz = Cz, (1-176 
dz acrC, 


At low frequencies this line behaves qualitatively like the low-pass electric 
filter of Fig. 1-3. The field configurations at w = 0 are illustrated in Fig. 
1-5b; the amplitudes V and j/ are plotted relative to the upper horizontal 
line as the zero. No voltage exists and the current is continuous across 
the cell boundaries at z = 0, L so we have short circuited those boundaries. 
This zero phase shift cell mode should be regarded as a degenerate resonant 
mode. As frequency increases the structure reaches the next resonance 
at ,, for which the true fields are sketched in Fig. 1-5c. Note the rapid— 
actually discontinuous—change of current across C;. This is clearly a 7 
phase shift resonance and is so labeled on the w- curve; we could 
open the terminals at z = 0, L and define the resonance within one cell 
- alone. At the next resonant frequency w, of the line the fields vary as 
shown in Fig. 1-5d. This is the half-wave short-circuit resonance with a 7 
phase shift between cells. Hence we have placed the appropriate dot on 
Fig. 1-5f. The third finite resonance at wg is sketched in Fig. 1-Se; by 
opening the terminals at z = 0, L we see that it is a zero phase shift, 
open-circuit cell resonance. 

Two questions now arise: Does every w—y curve of this transmission 
line have zero slope at a frequency corresponding either to zero or to 7 
phase shift, and is every zero or 7 phase shift frequency also a resonant 
frequency of a cell? The answer is yes to both questions. In the first 
place, the structure is symmetrical in both +2 directions so that both 
+(m) belong to a frequency w. And the two field harmonics with the 
propagation constants (--y + 27)/L belong to the same frequency by 
the properties of Eq. 1-8. It follows that each w-@ curve is symmetric 
around both » =0 and z and must therefore have zero slope there 
(except at w = 0). In the second place, a zero slope implies no power 
flow along the line, as demonstrated in the preceding section. No power 
flow means a resonance condition in each cell. 

We see, then, that to determine the w—p curves qualitatively in the 
Fig. 1-5a structure we have only to obtain all the open- and short-circuit 
resonances of a unit cell, plot them as zero or 7 phase shift resonances 
on an w-y diagram and connect the points so as to form alternate 
passbands and stopbands. Nevertheless knowing how to sketch the curves 


(d) 


(e) (f) 


Fig. 1-5. A periodically lumped-loaded TEM line. (a) Physical line, (b) current and 
voltage at the d.c. “resonant” frequency wy at which the cell boundaries are effectively 
shorted at z = 0,L; (c) excitations at the first nonzero resonant frequency w,, at which 
the cell boundaries are effectively opened at z = 0,L; (d) excitations at resonant fre- 
quency w, with the boundaries effectively shorted; (e) excitations at resonant frequency 
@, with the boundaries effectively open-circuited; (f) dispersion curves between these 
resonant frequencies. 
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does not tell us the best way in which to represent the voltage and current 
and proceed to calculate the curves in detail. This problem is, of course, 
elementary for the periodic lumped-loaded transmission line; we have 
only to start from an initially unknown voltage and current at any point 
in the line, work back across 2C; and the unloaded line to the voltage 
and current a period away, and then relate the two voltages and currents 
by the factor <’* (see Slater [6]). However, let us consider two indirect 
but basic methods of representing voltage V(z), say, which will suggest 
ways of expanding the fields in a cavity chain. 

One extreme case is that of very light capacitive loading in Fig. 1-5: 
Cr «K Col, where Cy, is the distributed capacitance per unit length. 
The function V(z) will then have a strong fundamental component of 
traveling wave and relatively weak components of spacial harmonics at 
frequencies within the first passband. A useful representation of V(z) 


is, in this case, ' : 
V(z) = Vee Poe ae < Ve Pentre t (1-18) 
n#0 


in which amplitude V, > V,, and fy is very nearly the propagation con- 
stant w/c =k of the unloaded line. We are assuming here that the 
frequency is not too near the z cutoff resonance w, of Fig. 1-5f; otherwise 
both Vy and V_, components would predominate (f) ~ 7/L) in the 
standing wave or near-standing wave pattern resembling Fig. 1-Sc. This 
expansion is rapidly convergent for the voltage in a lightly loaded line 
and is complete as a Fourier series. 

The other extreme case of loading is specified by very large shunt 
capacitors: Cy; > C,L. The boundaries of the unit cell of Fig. 1-5a are 
now more completely short circuited so that the passbands are relatively 
narrow. A better expansion for V(z) within one unit cell is now 


(n — 1)mz (1-19) 


Vey= Bs Vn, Rae 
in which only one V,, is predominant at a frequency in the nth passband, 
for L ~ (n — 1)A/2 where Ais the unloaded line wavelength. For example, 
Fig. 1-5d,e shows V(z) as approximately a half-sinusoid in the second 
passband (n = 2). To obtain the voltage V(z + L) in the next cell we 
need only multiply Eq. 1-19 by <~%”, where ¢ is to be determined. Equation 
1-19 is also complete for the voltage within a unit cell but fails utterly to 
represent any voltage on the boundaries at z = 0, L. To represent bound- 
ary voltage we may consider a second expansion 


Vig) => V,’ cos ie Eye 


n=1 


(1-20) 


which is complete for V(z) within the cell and on the boundaries. 


24 Electromagnetic Slow Wave Systems 


The point of this discussion is simply that we are free to expand the 
voltage V(z) within a unit cell of the line either in terms of the short- 
circuit modes of Fig. 1-5b,d, for example, or the open circuit modes shown 
in Fig. 1-Sc,e. Although the latter do not vary strictly as cosine functions 
it can be proved by a variational argument® that the set of open-circuit 
resonant cell modes, as well as the set of short-circuit modes, is complete 
within the cell. The former set is complete for the voltage on those 
boundaries and the latter is complete for the derivative of voltage, that is, 
current on the boundaries. 


I-7. The Periodic Cavity Chain 


A. General Properties 


A side view of the very common centerhole-coupled chain of Fig. 1-2 
appears in Fig. 1-6a. This cylindrical structure is the usual one employed 
for linear accelerator work. We shall first determine the shapes of the 
first two passbands from the resonant frequencies of the cavity modes, 
just as for the periodically lumped-loaded line. Then we discuss the two 
basic ways of expanding the fields within a cavity or periodic cell. 

We know from the remarks of the preceding section that each w-p 
curve, p = foL, has a zero slope at the g = 0 and z phase shift frequencies 
where the structure resonates. So we can determine the cutoff frequencies 
as resonant frequencies of a single cavity. The resonance of lowest 
frequency is that of the “straight-through” mode of Fig. 1-6, resonating 
between holes which may be electrically shorted without disturbing the 
fields. In defining this and other resonances it proves convenient to 
represent the electric and magnetic fields of the mode in the forms V,E, 
and 1,H,, respectively.’ Here V, is the scalar amplitude of the electric 
field and £, is its vector field pattern as denoted by the bar; J, is the 
scalar amplitude, and H, is the vector pattern of the magnetic field. 
With this convention, Maxwell’s equations for the first resonant mode 
may be split into a vector and a scalar portion, 


V x 15 = PA, Je = oo, we (1-21a) 
V x A, =P,£,, E, X i =0 on walls and coupling holes 
PV, = —jowlh, Pil, = jayeV, (1-215) 


* See P. M. Morse and H. Feshbach [7, p. 738]. 
7 See E. V. Condon [8]. 
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Fig. |-6. A centerhole-coupled cavity chain. (a) A side view of the structure, (b) mode 
patterns £, and Hy, at the first resonant frequency w, at which the centerholes are effec- 
tively electrically shorted, (c) mode patterns é, and h, at the second resonant frequency 
w, at which the centerholes are effectively magnetically shorted, (d) patterns of the 
short-circuited resonant cavity mode at frequency @,, (e) patterns of the open-circuit 
resonant cavity mode at w,, (f) dispersion curves between these resonant frequencies. 
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Only the real patterns E, and Hy, are sketched in Fig. 1-65, at the first 
resonant frequency @,. 

Having defined the first (short-circuit) resonant mode within one cavity 
we now wish to represent the fields with it throughout the chain. We always 
adopt the convention of repeating all patterns from cavity to cavity with 
the same orientations, as shown by the lines in the neighboring cavities 
of Fig. 1-6. Observe that some of the lines oppose others on the centerhole 
surfaces, in Fig. 1-6c for example. We shall account for such anomalies 
in due course. In order to satisfy the periodicity condition we shall have 
to phase shift the amplitudes by «~/” from one cavity to the next. It follows 
that this “straight-through” mode will represent a true field which is 
continuous across the coupling holes only if phase shift » happens to be 
zero. Hence a, is plotted at my = 0 in Fig. 1-6f. 

Let us now increase the frequency to the next resonance, which happens 
to occur for magnetic shorting planes on the holes, Fig. 1-6c. By definition, 
such a mode has tangential electric and normal magnetic field on each 
hole and is entirely analogous to the open-circuit mode of Fig. 1-5ce. 
We call it an open-circuit resonant cavity mode and denote the electric 
field portion by v,é, and the magnetic field portion by i,/,.8 Maxwell’s 
equations for the mode are very similar to Eq. 1-21: 


Vix ey Paley, Pr = o'V ue (1-22a) 
Vx = Pie. é; X A= O0on walls; é,-7=0 on coupling holes 
Pi = —joy' bis, Pil, = joy’ ev; (1-225) 


We repeat the patterns from cavity to cavity as indicated in Fig. 1-6c and 
observe that they reverse directions upon crossing a hole. Therefore the 
total fields v,é, and i,h, will be continuous at their resonant frequency 
only if amplitudes v, and i, also change sign across a hole. In other 
words, this mode represents a true field only at frequency w,’ with 7 phase 
shift of amplitudes per cavity. Hence w,’ is plotted at » = 7m in Fig. 1-6. 

The next two resonant cavity modes are shown in Fig. 1-6d,e; the first 
is a p = 7 mode resonating at frequency w, and the second is a y = 0 
mode resonating at w,’ > 2. Knowledge of the first four resonant 
frequencies of the chain, plus the fact that the structure cannot propagate 
at very low frequencies, enables us to sketch the w-p curves as shown 
in Fig. 1-6f. 


* Where resonant cavity modes are concerned, capital letters will always denote short- 
circuit modes which resonate within a cavity or periodic cell which is closed by electric 
shorting planes on the coupling surfaces. Small letters will always denote the patterns 
and amplitudes of open-circuit modes which resonate within a cavity closed by 
magnetic shorting planes on the coupling surfaces. 
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Such considerations do not tell us, however, the best manner of repre- 
senting the fields in order to simplify the solution of Maxwell’s equations 
for the precise shapes of the dispersion curves. We realize from the 
discussion of the periodically loaded transmission line that we can repre- 
sent the fields in basically two different ways, one of them very efficient 
for small fins (heavy coupling between cavities) and the other more efficient 
for large fins (light coupling). In order to contrast these two basic field 
representations we shall first outline the Marcuvitz-Schwinger technique [9] 
for studying the propagation of one or two waveguide modes when small 
obstacles or fins are present, at frequencies such that the rest of the 
waveguide modes are cut off (decaying exponentially with distance). We 
use this technique to determine equivalent circuit elements which represent 
the obstacle or fin in the equivalent transmission line for each propagating 
mode. 


B. Analysis by the Marcuvitz-Schwinger Technique 
Using Waveguide Modes® 


Marcuvitz and Schwinger assert that we may solve Maxwell’s equations 
in a waveguide loaded periodically by fins or obstacles by employing 
the waveguide modes defined without the fins or obstacles but excited by 
appropriate surface currents. We must therefore define a complete set of 
TM and TE waveguide modes. The ith such TM or E mode in a wave- 
guide with constant cross section and uniform parameters mu and é is 
generated from a scalar function ¢,(x, y) defined in a cross-sectional plane 
bounded by surface S of the guide: 


¢,=OonS ifk, #0 
Vrbo X 7 =OonS if ky)’ = 0, TEM mode 
(1-23a) 


Here fi is the normal direction out of the waveguide cross section, Vp = 
i,0/0x + i,0/dy in the cross section, and k,’ is the wavenumber of the nor- 
malized cutoff frequency. The field patterns of the mode are obtained as!” 


é(x, y) = —V7di(x, cD) 


h(x, y) =i, x é, with i, the unit axial vector 


Vahey) + k,°b; = 0 


(1-236) 


® This section can be omitted or scanned in the first reading. The first portion is a 
review of the derivation of TM and TE waveguide modes. 

10 Marcuvitz and Schwinger put an additional factor k,’ or k;” on the right side of 
Eqs. 1-236 and 1-255. This somewhat obscures the interpretation of ¢; and y; as 
potentials. 
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We define these convenient parameters for the mode 
math —k4, Y= =—; Maou (1-24) 


The ith TE or H mode is generated from a scalar potential function 
w,(x, y) defined in the cross-sectional plane by 


Vr p(x, y) + ky; = 0, oe =O0onS (1-25a) 
n 


Here k,” is the normalized cutoff frequency of this mode. The patterns are 


é(x, y) = =i x h(a, y) 


. (1-255) 
A(x, y) = —Vovi 
Convenient parameters for this TE mode are 
oi a +(k? = ke ‘ie Za = 1 = OM (1-26) 
yee Ki," 


The transverse waveguide fields may be expanded with these modes as 

Ef, Y, z) al > Vi(ZE (2, y) 
including both TM and TE modes 

A(x, y, 2) = > 1,@h,(*, y) (1-27a) 


whereupon Maxwell’s equations determine the axial fields as 
joeE,(x, y, 2) = i, d (kn' In @bn(% Y) 


jou (x, Y, z) = i, »), (ky")’VilZ) Pa, y). 


The problem now is to determine amplitudes V,(z) and J,(z) when 
obstacles or apertures exist within the waveguide or on its surface. 
Marcuvitz and Schwinger show that the driven transmission line equations 
for V,, and J, of either the nth TE or TM mode are 


(1-27b) 


(1-28) 
dz 


in which the appropriate «x, and Z,, = I/ Y,, are taken according to whether 
the mode is TE or TM. The excitations v,(z) and i,(z) may be written in 
11 If normalized operating frequency k is less then k,”, x,” is written —j(k7? — k*)”, 


so that the cutoff mode decays as %—% with a = +(k/* — k*)4, Similar remarks 
apply if k < k,’ of the TM mode. 
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the completely general forms 
on(e) = HX £1p,2) Ful) AC — Zh AUG, 2) X M1 bo(@) AC 
C Cc 


i(@) = AUP, #) x A= 6) AC — Yuh 1 x BUG.) Fgl)AC (1-29) 


in which Z,é,, =i(kn)*bn/jwe; Yh = ifkp")y,/jou. (Note the 
definitions of é, and /; in Eq. 1-23b and 1-255.) Here # is the transverse 
position vector in the cross-sectional plane at z, and # and contour C 
are defined in Fig. 1-7. Contour C includes not only the intersection 
curve of a cross-sectional plane with the waveguide boundary, which may 
include the aperture shown, but also the intersection curve(s) of this plane 
with the obstacle(s) within. 

Equations 1-28 and 1-29 may be plausibly obtained as follows. Dot- 
multiply the first Maxwell equation by /,,, thus 


hy (Vr x B+ i. x © + joutt) =0 (1-30a ) 
Zz 
and add to it the second Maxwell equation dot-multiplied by 7,Z,e,,, 


as well as the expressions 


—E- [Vp x h, — i,jweZ en] = 0 
* (1-306) 
—f- Ve X (1,2, rn) — oe = 0 


JWE 


Upon integration of these expressions over the open cross section bounded 
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Fig. I-7. Section of waveguide with an obstacle and aperture. The transverse plane 
intersects the waveguide wall and obstacle on contour C, with 7 the unit normal pointing 
out of the guide region. 
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by the C contours and utilization of the orthogonality properties of the 
modes, 


fe xh,,:i,dA =O0ifn #Am, 1ifn=m(normalization) (1-31) 
A 


we obtain Eq. 1-28a. Its mate is obtained analogously. 

To obtain the Marcuvitz-Schwinger form of Eq. 1-29 we first realize 
that on an obstacle E,,,, = 0, even though a finite number of waveguide 
modes may not make this exactly so, whereupon the # x £ integrals 
vanish in Eq. 1-29. On an aperture in the wall both tangential E and H 
exist, in general, as established by external excitation. But the waveguide 
modes are conveniently defined by the preceding equations with the 
aperture electrically shorted, so that é; ,., = @;, = 0 onit. It follows that 
the A integrals in Eq. 1-29 are nil on an aperture. We therefore obtain 
the Marcuvitz-Schwinger result, 


0962) = PX £1B, 2) fiyl) AC — Zh AUP 2) x A> El) AC 
(1-32) 
i) = Ais 2) X A 8p) AC ~ Yu AX £lP, 2) Iag(B) AC 
obDs ap 


Now let us apply the technique to a description of the propagation in 
a fin-loaded waveguide, for example. Consider the guide of Fig. 1-84 at 
a frequency such that only the TE,;, mode propagates past the infinitesi- 
mally thin fins. We can represent the behavior of its amplitudes V,(z) 
and J,(z) by Eq. 1-28 with n = 1. The v and i generators are given by 
Eq. 1-29, in which contour C may be understood more clearly with refer- 
ence to the distorted fin of Fig. 1-85. As the sides of the fin steepen, the 
C contours “bunch” together. On the fins (obstacles) F,,, = 0 and fi 
becomes +i,, so that v,(z) = 0 and i,(z) is, on the left side of the fin, 


ie <0) = 36) | ACG, 0) x 7, Bp) aS (1-33) 


Here 6 is the Dirac delta function. But this current generator will be 
canceled by i,(z > 0) on the other side of the fin, leaving no net excitation 
of the TE,) mode unless we account for the fact that the TE mode com- 
ponent of A does have a finite change of phase across the fin surface. 

At this point the complexion of the problem changes because of the 
necessity of introducing the phase shift of the TE;, mode amplitudes across 
the fin. The simplest way to do this is by exciting a section of waveguide 
which contains only one fin, first by antisymmetric excitation, depicted 
in Fig. 1-8c, and then by symmetric excitation depicted in Fig. 1-8d. 


General Properties of Slow Wave Structures = 31 


Lb >| = 
iS | aw | re Uf 
<s 


| 
| 
| 
| 
| 
\ 
x 


Ay Contour C 
z2— 
(a) (b) 
I(z) 
V(2) 
sel f Fae 
ao @|x ~<-—-x 
Ait ! Hye 
Aperture 
(c) (d) 


Fig. 1-8. TE,, mode propagation in a rectangular waveguide. (a) Physical structure, 
showing the transverse and z-directed fields, (b) geometry of a distorted fin, (c) excitations 
and boundary condition at z = 0 for antisymmetrical excitation, (d) excitations and 
fields on the aperture for symmetrical excitation. 


The reference terminal pairs may be considered to be any number of half 
guide wavelengths away from the fin. Solution of the equations for these 
distinctly different boundary-value problems will yield the equivalent 
circuit elements shown in Fig. 1-9 for this propagating guide mode. 
These equivalent circuit elements enable us to compute the periodic phase 
shift ¢ = BL at any frequency, in a range to be specified in a moment. 

First we apply the antisymmetric excitation shown in Fig. 1-8c, such 
that £,,(z) = —E£,,(—z) and therefore £,, = 0 at z= 0. The surface at 
z = 0 has therefore been electrically shorted as shown, and this corre- 
sponds to a short of the equivalent circuit of Fig. 1-9a so as to yield Fig. 
1-9b. It is very convenient to close surfaces this way, because now we 
need only consider the z < 0 region of Fig. 1-8c in order to determine 
element Z, in Fig. 1-95. 

Now let an incident TE,, mode with amplitudes V,' and J,’ travel in 
the +2 direction and impinge on the z = 0 plane. Obviously the boundary 
conditions are satisfied by a reflected mode with amplitudes V," = —V,' 
and J,” = J,‘ such that the total electric field (V,’ + V,")é,, = 0 atz = 0. 
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Fig. 1-9. Equivalent circuit for the effect of the fins on the TE,, mode in Fig. I-8. (a) The 
circuit between terminal pairs 1 and 2 a distance n/,/2 from a fin, (b) the circuit from 
terminal pair 1 when antisymmetrical excitation is applied, (c) the circuit from terminal 
pair 1 when symmetrical excitation is applied. 


We can verify this conclusion from the transmission line equations for all 
the modes, Eqs. 1-28 and 1-33. We interpret these equations at the end 
of a waveguide, z = 0—, by integrating them through an infinitesimal 
distance to z = 0 (see Prob. 7). The result is 


(1-34) 
10-) = 1 +1) = +] AG,0-) x 1 8(p) as 
z=0 
These are both satisfied by V,;* = —V," and J,* = 1,’, with A(p, O—) = 
(,' + Ly )h,(p), because fh, x i, - é, dS = 6,, by the orthogonality prop- 
erties. As a result, we may deduce that the equivalent circuit element Z, 
is zero in Fig. 1-9b for this infinitesimally thin fin. 

To find the circuit element B, we apply the symmetrical excitation 
Vi(2) = +V,(—2z) shown in Fig. 1-8d, for which 4,,(z)= —A,,(—2), 
H,,(0) = 0, and the aperture at z = 0 is effectively magnetically shorted. 
The equivalent circuit is open-circuited at z = 0 so as to yield Fig. 1-9c 
for the z < O region. To determine element B, from the transmission line 
equations we must first interpret Eqs. 1-28 and 1-29 atz=0O—. By 
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integrating Eq. 1-28 through an infinitesimal distance to z = 0 we obtain, 
with 7 = +i,, 7 x E =0 on the fin and 7 x H = 0 on the aperture, 


0) = i Px EG 0) sn as 
- (1-35) 
oe [,, 40 0) x i,-2,(9) ds 


These agree with the result obtained by using Eq. 1-32, although the latter 
were derived for an aperture in the wall. The element B, is therefore 
determined by allowing an incident TE,;, mode of reference amplitudes 
V,* and J,* to impinge on the magnetically shorted aperture from the 
left and then solving the set of simultaneous Eqs. 1-35: 


V,0—) = (V,i + V,) = I) Jie X LE Vm p(B) dS (1-36. 
1O=) = (H+ 1) =]. 1 1h) XH B(—)AS (1-366) 


V(0-) = Ve =[__ 1, x [5 Vq(O—enl* Fy 4S (1-360) 
a hea 
10-) = 1 =|. S 14(0—Vin] X f° 2, dS (1-364) 


so as to obtain jB,/2 = (1,° + 1,")/(Vy' + V4") in Fig. 1-9c. Actually it 
is only necessary to solve one of the first two equations together with one 
of the last two for each value of n > 1 because the amplitudes are related 
by V,,’° = 1,'Z, and V,,” = —I,"Z, according to previous equations (see 
Prob. 7 for an investigation of consistency). 

Strictly speaking, the cutoff modes n > 1 excited at adjacent fins will 
influence the fields at the fin under consideration, but the correction will 
be negligible if <2” <« 1, where a, is the decay constant of the first 
cutoff mode. The other cutoff modes have even larger decay constants. 

With B, known in the equivalent circuit of Fig. 1-9 and Z, = 0 we can 
study the TE,) mode periodic phase shift as a function of frequency in a 
range far enough from the cutoff frequency of the next waveguide mode 
with decay constant «, such that est <1, The Marcuvitz-Schwinger 
method for calculating equivalent circuit elements of waveguide obstacles 
is often more convenient to use than a Green’s function technique and is 
particularly appropriate when the obstacles are small so as to perturb 
only slightly the propagation of the first TE or TM waveguide mode. 

The agreement we can expect between the measured dispersion curve 
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Fig. 1-10. First dispersion curve of the centerhole-coupled chain shown. The upper 
solid curve has been calculated by Slater’s equation 1-37. The lower solid curve is 
calculated by the single mode-pair analysis of Chapter 4. The points marked with pluses 
are calculated by the two mode-pair analysis of Section 5-5. A, is the free-space wave- 
length. 


of a lightly loaded waveguide and the calculated curve on the basis of 
equivalent circuit elements is depicted in Fig. 1-10. The calculated curve is 
based upon Slater’s relation™ ) 


COS Y = COS Po — AYo SiN Po (1-37) 


in which q is the phase shift per period L with the fins present, @ is 
the phase shift in the absence of fins, 27L(1/A)? — 1/A,2)%, where A, is 
the free-space wavelength and A, is the cutoff wavelength, and a is a 
parameter chosen to “fit” the measured 7 point. 


C. Analysis in Terms of the Resonant Cavity Modes 


Now let us consider the other extreme case of a periodic cavity chain— 
the chain coupled through very small holes. If the holes in the Fig. 1-2 
structure were completely closed, the w-y curves would consist of a 
series of horizontal lines at the various cavity resonant frequencies. The 
small holes merely distort those lines somewhat, so that the y = 0 cutoff 
frequency of a passband differs slightly from its p = m cutoff frequency. 
Clearly, a given passband is characterized very well by only one resonant 


12 J.C. Slater [6, Section 8.4]. 
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configuration, either the short-circuit mode resonating at one end of the 
passband or the open-circuit mode resonating at the other end of the 
passband. For instance, the first passband of Fig. 1-6a is characterized 
by the modes of Fig. 1-6b,c, which look very much alike if the holes are 
small. The second passband is characterized by the modes of Fig. 1-6d,e. 
In analogy to Eq. 1-19 for the heavily lumped-loaded transmission line 
we can expand the electric field, for example, at a given frequency with 
the short-circuit resonant cavity modes defined as in Eq. 1-21: 


E (within a cavity) = > V,E,(r) (1-38) 


in which the relative amplitudes V,, depend upon the operating frequency 
in relation to the various mode resonant frequencies. This statement will 
be amplified in Chapters 4 and 5. The advantage expansion 1-38 has over 
the ordinary waveguide mode expansion lies in the fact that only one 
resonant cavity mode will predominate: the one with a resonant frequency 
very near the operating frequency of interest. We can ignore, in the first 
approximation, the contributions of the other resonant cavity modes to 
the field at the operating frequency. If the operating frequency lies in a 
passband where many waveguide mode-harmonics are propagating, we 
thereby circumvent the problem of determining all their relative amplitudes 
by choosing that combination of mode-harmonics which comprises the 
resonant cavity mode associated with that passband. As we discover in 
Chapter 4 we can say a great deal about the propagation in this passband 
in terms of a few measurable parameters without knowing the precise 
structure of the relevant resonant cavity mode. 

If we employ Eq. 1-38 for the electric field expansion we must observe 
the fact that it is incapable of representing tangential electric field on the 
holes because each E£,, was defined to be perpendicular to them. We always 
assume, however, that the expansion is complete for total electric field £ 
within the cavity. 

In analogy to Eq. 1-20 for the heavily loaded transmission line, we 
may write another rapidly converging expansion which does represent 
tangential electric field on the holes. We employ the open-circuit resonant 
cavity modes defined as in Eq. 1-22, two of which are shown in Fig. 1-6c,e: 


E(within a cavity) = > v,e,(r) (1-39) 


At a frequency within a given passband only that mode predominates 
which resonates at one end of the passband; this mode is also a linear 
combination of waveguide mode-harmonics. We also assume that ex- 
pansion 1-39 is complete for the fields within a cavity and for the tangential 
electric field on the coupling surfaces—at least complete enough for 
practical purposes. 
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The F field in the next cavity at (x, y,z + L) is the field at (2, y, 2) 
times <4” by either Eq. 1-38 or Eq. 1-39. All the patterns are repeated 
from cavity to cavity and the amplitudes are phase shifted by this factor. 

The point of this discussion is that we may conveniently represent 
the electric field at frequencies within a narrow passband of the cavity 
chain either by rapidly converging expansion 1-38 or by expansion 1-39 
instead of by expansion 1-8 in terms of the waveguide mode-harmonics. 
We shall see in Chapter 4 that we actually need both, because the tangential 
electric field on the holes as given by Eq. 1-39 excites the short-circuit 
modes in Eq. 1-38. 

We have discussed in this section efficient methods of expanding 
the fields in two extreme cases of periodic cavity chains: the heavily 
coupled (small-fin) variety and the lightly coupled (small-hole) variety. 
A practical intermediate case of the ridged waveguide will be reviewed 
in Section 2-6 and treated again in Section 6-6 by a very useful variational 
method. 


Problems 


1. Consider an infinitely long ladder slow wave structure, which is a strip of 
metal in which transverse slots are cut with period L. Show that e, (and h,) 
may be expanded in a set of mode-harmonics as 

e, = » Afmm€ PEt Fond BP nt, Bn = Bo + al 
finn se 
such that By? + By,” + B,? =k? = wrue 

2. Is this statement precise? “In a periodic fin-loaded waveguide the complete 
field at each point is a linear combination of the waveguide modes.” If not, 
sharpen the statement. 

3. From the energy theorem verify the power flow-stored energy—group velocity 
relation when attenuation is present, provided 0a/@m@ = 0 where « is the 
attenuation constant. 

4. In order to appreciate the nonuniqueness of the representation for a voltage 
(or current) within a periodic cell, 0 <z < L, assume the true voltage is 
given by sin(7z/L). Choose the amplitudes of the first few cos (n7z/L) 
harmonics so as to approximate sin (7z/L). Do the Fourier amplitudes 
minimize the mean square error in the cosine series over the cell length? 

5. Obtain the first three resonant frequencies, as measured by kL, for the 
periodic lumped-loaded transmission line of Fig. 1-5a, but with an additional 
series lumped inductance of L; atz = L/2. Take the parameters #,C;/ Yo = 
1, o,Ly; =(2Y))-1, Yo being the characteristic admittance VC)/Lp, and o, 
the first 7 cutoff frequency. A Smith Chart is useful. Sketch the voltage and 
current patterns of each resonant mode, as well as the KL-y curves. Verify 
them by the exact dispersion relation. 
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-jB of E 
plane corner 


Fig. I-11. 


6. Reference [7, p. 738] outlines a variational method which we can modify 
and use to prove the set of ¢; functions defined by Eq. 1-23a is complete for 
é, in a cross-sectional plane of a waveguide. Use the function 


O(4) = [iver ds 


and develop the proof of completeness in a mean square sense. 

7. Suppose a propagating waveguide mode 7 is incident on a transverse surface 
in a waveguide which consists of a fin and a magnetically shorted aperture. 
Show by integrating Eqs. 1-28 and 1-29 that 


V,A0+) — V,(0—) = —V,(0—-) = -{ iT Pek E(O-) hy, dS 


ap 
I,(O—) -| H(O-) x i,-é,dS 
fin 


Verify the interpretation that V,,(0+) = I,(0+) = 0 by first multiplying Eq. 
1-28a by [,,*, and the conjugate of Eq. 1-285 by V,. Then integrate from 
z = 0—toz = 0+ and sum over the modes so as to form a power theorem. 
8. In Chapter 5 of Ref. [10] choose an infinitesimally thin obstacle inarectangular 
waveguide, compute the TE,, mode susceptance by the Marcuvitz-Schwinger 
method, and check the result against the appropriate curve in the reference. 
9. Consider a meander line built with rectangular waveguide, shown in Fig. 1-11. 
Sketch the phase shift of axial electric field vs. frequency over a “periodic 
length” L, as seen by an electron beam. Let the waveguide propagation 


constant be 8, = Vk? —k,?, k, being the guide cutoff frequency, and first 
neglect the equivalent inductance at each corner. What is the qualitative 
effect of this inductance upon the dispersion curve? 
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Chapter I 


Conventional Analyses of Helices 


and Loaded Waveguides 


2-1. Synopsis 


We review the Pierce analysis of the sheath helix and the Sensiper 
analysis of the tape helix as preparation for the variational analysis in 
Section 6-3. The sheath helix, as a circular waveguide on which currents 
can flow only in helical paths, supports an infinite number of waves.* 
The nth such wave is composed of two modes, both varying as the J, 
modified Bessel function inside the sheath and as the K,, function outside 
the sheath. These two modes form the TM and TE portions of the 
field. The w-f curves for the various waves are essentially a series of 
straight lines which serve as guide lines for the curves of the tape helix. 
The n = 0 mode of the tape helix, important for traveling wave tubes, 
propagates with a phase velocity very nearly ctany in the frequency 
range kacot yp > 2. 

The tape helix exhibits periodicity in both the angular and the axial 
directions and nonuniform boundary conditions around the circumference 
at the tape radius. As a result, all the modes as defined for a sheath 
helix couple together to form a wave with a particular fundamental 
propagation constant. The nonradiation condition determines certain 
forbidden zones on the w-f diagram. We can sketch the w—f curves so 
that they follow the sheath helix lines up to the boundaries of the for- 
bidden zones and then become asymptotic to those boundaries. At a 
given frequency below the critical value of k, = m/p, p being the periodic 
pitch, many independent waves exist, each with the propagation constant 


1See the Introduction for the definitions of wave, mode, and harmonic. 
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of its predominant mode within the fundamental region —z/p < B, < a/p. 
There are no stopbands in this frequency range. For frequencies k > z/p 
no free waves exist on a radially unbounded helix. We review Sensiper’s 
derivation of the determinantal equation for w vs. By of each wave. His 
results compared to measurement indicate that, within a small percentage 
of error, the width and shape of the tape and the assumed current distri- 
bution on it are unimportant. 

Multifilar helices are developed from the single-tape helix by adding 
more windings so that the infinite-filar helix would be just the sheath 
helix. Each independent wave on an N-filar helix has a certain transverse 
phase pattern and behaves far from the cutoff regions like that unifilar 
helix wave of the same predominant mode component. Only a certain 
ordered infinity of modes belongs to each N-filar wave; as a result, its 
w-B diagram has fewer forbidden regions. As the number of windings 
N goes to infinity the number of forbidden regions decreases, so in the 
limit the sheath helix has one such region. Each helix has associated with 
it an impedance parameter which measures the effectiveness of the circuit 
interaction with an electron beam. Measurements show that the imped- 
ances of the bifilar helix waves of predominant n = 0 and 1 mode com- 
ponents tend to be about half those of the corresponding sheath waves. 

A survey of the analysis of tape ladder lines is timely, for certain 
modified forms of them, the “comb” structures, have been employed in 
traveling wave masers, and A. Karp has proposed other varieties for 
millimeter wave amplifiers. We review P. N. Butcher’s analysis of the 
single- and double-ridge and the single- and double-T structures, whereby 
he matched the field expressions in various portions of each structure to 
obtain the dispersion relations. The analyses show that the ridge ladder 
structures support a forward wave of power flow in the direction of the 
phase velocity, whereas the 7 structures support backward waves of power 
flow in the opposite direction. We also quote the accurate expressions of 
A. A. Oliner and W. Rotman for the dispersion in a corrugated trough 
waveguide. 

We develop in some detail the dispersion relation for a particular 
ridged waveguide, with arbitrary phase shift per period, in order to show 
by dispersion curve plots that such a structure can be fairly broadband in 
its first passband. i 


2-2. The Sheath Helix 


The sheath helix is a fictitious model of a tape helix which has dispersion 
or w-f8 curves resembling closely those of the tape helix over much of the 
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(a) (b) 


Fig. 2-1. Sheath helix geometry, showing radius a and pitch angle yw. In (b) unit vectors 
are shown parallel and perpendicular to the direction of current flow along the wires. 


w-6 diagram. The sheath model is pictured in Fig. 2-1. Current on the 
sheath surface at r = a is constrained to flow at the pitch angle w along 
the lines shown. The sheath surface is treated as anisotropic in the sense 
that it supports components £,, A, and H, (in the directions of unit 
vectors 7, and i)) but shorts out E). Pierce® has analyzed the positive 
group velocity wave® that travels at nearly the phase velocity of light in 
the parallel direction because this is the wave most often utilized in 
traveling wave tubes. Sensiper [2] extended the analysis to the nth such 
wave. We shall outline the derivation of the determinantal equation for 
w vs. B,, of the nth wave, with some minor changes in notation. 

In accord with Eq. 1-6 let us represent the nth mode components of 
axial electric and magnetic field inside the sheath, r < a, by 


= (Bs)nIn(Ynr je 7h" 


Cun 

Aan = (BY nl n(Yar en P™* ie 
with y, = (8,2 — k?)4, k®? = wwe. Jt turns out that we can satisfy the 
boundary conditions on the sheath surface with the field components of 
these two nth modes alone; the other modes are “decoupled.” Hence 
there is no need to relate the propagation constant £, of this wave to a 
“By as in Eq. 1-6. These two field components generate, through 


* J. R. Pierce [1, Appendix IT]. 

3 We say sheath wave whereas most workers say sheath “mode.” This wave is composed 
of two modes, one satisfying Maxwell’s equations for the TM portion of the field and 
one satisfying those equations for the TE portion. Each of these modes is defined for 
“open” boundary conditions on the sheath surface. According to the Introduction we 
call the proper linear combination of these two modes a sheath wave. 
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Maxwell’s equations, the other field components inside the sheath: 


é, = (Bs)n(iBnlYnIn’ — (By) (noply, TI, 
by = —(Ba)(MBalYn Pn — (By) JOM Yn)Tn 
h, = (Bs)n(nme|y 2 Tn + (By) n(GBnlYnLn’ 
hy = (Bs) n( jme|Yn In — (By n( Bal Yn Tn 


The prime denotes differentiation with respect to the entire argument 
y,r, of the J, modified Bessel function. 

Outside the sheath, r > a, we represent the z components of the fields 
in terms of two new amplitudes (B,), and (B,),. We employ the K, 
modified Bessel function of argument y,r; the yo fields are denoted by 
capital letters in the outer region: 


Een = (Bl nKYane™ 9 
Hi,, = (B,),K30,0— ae 
with y,, = (8,2 — k®)4, k? = wue. 

These generate the other external field components: 
E, = (By iBnl¥n)Kn' — (Ba)n(noH| Yn Kn 
= —Bda(Bal te Ky — Boon YK \ sooctnee 9-4) 
1 = (By)n(NOE/Yn T)Ky + (Bo)n( iBnl Pn) Kn’ 

Hy = (Bs) J0€/7n)Kn' — (Bo) MBnl Yn Kn 


To determine the relative amplitudes (B,),,..., (Bs), we invoke the 
boundary conditions at r = a: 


e279 IB nz (2-2) 


(2-3) 


my bs 
i> «ll 


(ya) — E,(ya) = (6, 008 y — &, Sin y — E,,.00S p+ Lgn Si P)pag = 0 
(2-Sa) 


eee é\(ya) = E\(ya) = 0 
which is 


(é,, Sin y + é, cos y = E,, sin py + Ey, COS P)pag = 0 (2-55) 
and also 
hy(ya) — Ay(ya) 
= (h,, sin y + hg, cos p — Ayn Sin p — Hon COS Png = 0 (2-5c) 


These relations yield one equation in terms of one amplitude, which, for 
a nonzero amplitude, furnishes the determinantal equation for #, in 
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terms of k = wV we as 


(nat — nB,a cot “\- — Inn DK u'r) 
(y,a)(ka) cot » LAV nD)K (Yn) 
The most useful wave is the n = 0 wave for which Eq. 2-6 simplifies to* 
(ya) I(¥04)Ko(¥0) 

11(%04) K (704) 

A given value of kacot y therefore determines y,a and the quantity 


ka cot y/yoa which is plotted for the n = 0 wave in Fig. 2-2. As Pierce 
observes, at relatively large frequencies we have 


(2-6) 


= (ka cot p)? (2-7) 


kacot yp 2 2, (k/y) cot p= 1. 


This means that the axial phase velocity v, of this wave is very much less 
than that of light, c. To see this recall that 


vic = k/Bo = tan p(y/Bo)[(k/y) cot y]. 


The quantity (k/y) cot y is ~1 and tan p is a small number—usually less 
than 0.3—and so k/y is asmall number. This means y/f) = yl + k? is 
very nearly 1. Thus, v,/c ~ tan py, a small number, over the frequency 
range kacoty > 2. 

For the nth wave we can solve Eq. 2-6 approximately by saying 


ee, nia +y," for y, >0and not ~0 


an Yee and also |n| > 1 i» 


Pierce and Tien [3] observe this approximation to be a good one for the 
ranges of y, andn indicated. Then the determinantal equation is approxi- 
mately 


[(yna)? — nB,a cot pP = [n® + (y,a)"\(ka cot p)? (2-9) 


ene, 


1.8 


5 cot y 


Pond 
1.4 


se 1 2 3 4 5 6 
Boa cot y 


Fig. 2-2. w—fB, relation for the sheath helix (from Pierce [1]). 


4 Pierce’s f, is our k = w V we and his # is our fp. 
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The n? term on the right is much smaller than one of the terms on the left 
according to the inequality £,,” >> k* for slow waves. Hence we take the 
square root of Eq. 2-9 and obtain 


Bra oe (n or ka) cot Y, Bis Sn (2-10) 


This relation determines a number of dashed straight lines for the various 
integral values of n, parallel to one or the other of the 6) = tkacot yp 
lines emanating from the origin in Fig. 2-4. We shall see that these lines 
are very nearly the w—f curves of the tape helix modes away from the so- 
called forbidden zones (crosshatched regions). The sheath helix has only 
the one forbidden zone emanating from the origin. 

For later reference we quote Sensiper’s® expressions for the amplitudes 
(B,), and (B,), in the external region (with his n changed to —n). 


2 — 
nA) — Pad O° F 1 (yqa) sin yp 
Oces (2-11) 
(B2), = —Y,41y)(Vn8) cos p 
The amplitudes (Bs), and (B,), for the inner region are obtained, respec- 
tively, by replacing J, by K, and J, by K,,’ in these expressions. 


(Ba)n 2 jopa 


2-3. The Tape Helix 


The single-tape helix shown in Fig. 2-3 differs from the sheath helix in 
that the former has periodicity p in the z direction and supports both 0 
and z components of electric field in the gaps at r = a. Because of the 


Fig. 2-3. Geometry of the single-tape helix. p is the pitch and d is the tape width, 


5S, Sensiper [2, p. 8, Eqs. (51) and (54)]. 
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Fig. 2-4. w—-B diagram of the single-tape helix. The shaded regions are the forbidden 
regions which the curves do not enter. The dashed lines are solutions of Eq. 2-10 for 
the sheath helix. The dispersion curves for the various sheath helix waves (Eq. 2-6) avoid 
the forbidden zone emanating from the origin but go through the other zones. Numbers 
on the curves indicate the mode belonging to the wave at a given frequency. 


nonuniform boundary conditions at r = a in any cross-sectional plane, 
all the modes in Eqs. 2-1 through 2-4 contribute to each wave, each one 
related to a fundamental propagation constant f, and.of relative ampli- 
tude to satisfy the boundary conditions on the tape. The central problem 
of the tape helix is to determine the value of fy for each wave and the 
amplitudes of its predominant constituent modes. 

Before reviewing Sensiper’s solution of the problem let us deduce the 
presence of certain forbidden regions on the w- diagram. In Section 1-2 
we observed that any one of the f,,’s in the mode expansion of a particular 
helix wave may lie within the fundamental region —z/p < 6, < a/p. 
Suppose f_, of the nm = —1 mode lies within this region. In order to 
have a physical nonradiating field which decays to zero properly at 
r = oO we must have a real argument of the K,(y_,r) Bessel function in 
Eq. 2-3. This means that |6_,| > k, which implies the w—$_, curve for 
the two m = —1 tape modes, one for the TM portion of the field and 
one for the TE portion (Fig. 2-4), will follow the dashed line of them = —1 
sheath wave right up to the 8 = —k line and then sharply deflect down- 
ward to approach the 6 = —k line asymptotically. Detailed calculation 
verifies this behavior. At the same time the w-f curve for the m = 0 
component of this same helix wave, the propagation constant By of which 
is related to B_, as By = B_, + 2z/p, will deflect downward toward the 
B — 2n/p = —k line bordering the next crosshatched region. By similar 
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reasoning we deduce that if the f, of any wave lies within the region 
(—7/p, 7/p) in Fig. 2-4, then as w or k rises ,, will at first approach the 
first crosshatched region at fa = 0 along one of the dashed lines, then 
reach an inflection point and subsequently approach £,, = 0 along one of 
the 6 = +k lines only as w approaches zero.* This first crosshatched 
region is the first forbidden zone; the other zones are implied by the 
symmetry of the w-f curves embodied in the relation B, = By + 2n7/p. 

With the forbidden zones crosshatched on Fig. 2-4 it is a simple matter 
to distort the dashed lines representing sheath helix waves so that they 
never enter the zones. In this way we obtain the qualitative w—f curves 
shown for the tape helix. 

Since the crosshatched regions merge at a value of ka = 0.5 cot py = 
talp (cot p can be defined as 27a/p without developing the helix) we see 
that above the critical frequency k, = 7/p no free nonradiating waves 
exist. Below k, no stopbands exist; in fact, many independent waves 
exist at each frequency. Suppose we compare one of those waves with 
all the independent waves on the sheath helix. If the nth w-f curve of 
this tape helix wave nearly coincides with the dashed line of the nth 
sheath helix wave, all the other w-f curves of that tape wave nearly 
coincide with the lines of other sheath helix waves. The tape couples all 
the sheath waves into one tape helix wave of nearly the same fundamental 
propagation constant. 

Let us examine the wave picture on the tape helix at a particular fre- 
quency in order to be quite clear about the multitude of waves which 
actually do exist. Let us take ka = 0.5 in Fig. 2-4, for example. The 
ordinary TWT (traveling wave tube) wave without the beam at this 
frequency has a propagation constant of its two n = 0 modes—which 
comprise the TM and TE portions of the field—such that 


Boa = 0.5 cot y = zalp 


near point A. Any nth mode in this wave has a propagation constant 
By = Bo + 2n7/p. Another independent backward wave exists at this 
frequency, with 6,,a ~ 0.5 cot p and £,, related to f, and , in the usual 
way. A third and fourth independent wave also exists as denoted by 
points B and C. The former has a value of Aya for its two n = 0 modes 
somewhat less than cot y = 27a/p; the latter, a value of 6, of its two 
n = 2 modes somewhat greater than cot y. 

If we look again we can find still more independent waves, one with 
propagation constant f_, of its m = —1 modes on the curve labeled —1 
very near point B, another with propagation constant B,. on the curve 


*If the helix is surrounded by a conducting pipe the Bessel function arguments can 
become imaginary and the w- curves can enter the forbidden regions. See [4]. 
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labeled +2 very near point B, and so on. These branches of the curves 
near point B essentially coincide with the boundary of the forbidden zone. 
There is still another infinite set of waves, one with its By on the curve 
labeled 0 very near point C, another with its 6,, on the curve labeled +3 
very near point C, etc. These branches of the curves near point C are also 
essentially asymptotic to the forbidden-zone boundary. Each of these 
waves has, in principle, an infinity of modes in addition to the ones we 
have mentioned. Any one of these waves will have one of its 6, ~ k on 
the edge of the first forbidden zone and the n’ mode fields will be pre- 
dominant because they are nearly uniform with radius r inside the helix 
and decay as r? outside it (y,, is nearly zero). Usually a TWT is designed 
so that the electron beam is synchronous with the TM mode of only one 
wave at the operating frequency, in which case we can neglect the other 
weakly interacting waves. 

We can tell the direction of the phase velocity of a wave by the sign of 
Bo of the n = 0 modes alone. For example, £, will vary as 


ciot—sBoz +3 (BLK. (y Peo ee 
nin 
n 


outside the tape according to Eq. 2-3. We follow the wavefront of a wave 
with positive 6, by moving along the tape (so that 6-272/p remains constant) 
by an axial distance z = wt/f, in time t. Therefore this wave follows the 
tape clockwise in the +z direction with axial phase velocity w/By). A 
wave of negative f, follows the tape backwards in the course of time with 
axial phase velocity —«/|fol. 

We now outline Sensiper’s derivation’ of the w-f, relation for the 
narrow tape helix; more of the details and computed curves will be found 
in Hutter’s book. With net current K flowing on the tape surface at 
r = a the boundary conditions to be satisfied by a wave are continuity of 
E 6 and discontinuity of H,, according to K. Thus, in our notation, 


6.2 = Ey; 
K,=h,-—H, at r=a (2-12a) 
K, => Hy — he 


The current K, too, may be expanded in harmonics of the same functional 
form as the modes of Eq. 2-3, 


K Ts “3 | Aoi dal K,, vs loon ot: UKan (2-12b) 


By orthogonality of the modes in the angular direction he satisfies Eqs. 
2-12a for each nth component independently. When this is done, the 


7 Sensiper [2, p. 54]. His spacial harmonics of a wave are our modes of that wave. 
SRG, EB. Hutter [5, p. 121]. 
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amplitudes (B,),,..-, (By), of Eqs. 2-1 through 2-4 are determined by 
Ko, and x,,, the Fourier coefficients of tape current. In order to determine 
these « he assumes one of two situations: either Kk, is uniform across the 
tape width 6 except for a noninfluential phase shift, or it approaches 
infinity along with E , in an inverse square root fashion at the tape edges. 
The final dispersion relation is very insensitive to either of these as- 
sumptions. With the current K known he proceeds to obtain the Fourier 
coefficients of tape current «,, and «,, from Eq. 2-12b. The dispersion 
relation obtains by setting £, = 0 along the central line of the tape and 
has the form 


2 2 2/1 cot yp 5 277 , 
[Bat — ke + 4e(EAY) 1167) Ky (Pua) + (Kot y)ly/K,'| Dy =O 
ge Yn 
Aedes 
d(arg) 
where D,, is a factor depending upon the assumed current distribution on 
the tape. The same relation obtains by setting é, of the internal helix 
region equal to zero along a central line of the tape. By adding and 
subtracting known series to improve the convergence and by making 
large-argument approximations such as Eq. 2-8, Sensiper converts Eq. 
2-13 into manageable form. We do not quote the final form here because 
we shall obtain a dispersion relation more straightforwardly and neatly in 
Section 6-3; it will be the determinantal equation for the sheath helix 
n=O mode plus correction terms. This form as well as Sensiper’s 
equation indicates that the w—f, curve for the n = 0 mode portion of the 
ordinary tape helix wave will follow closely the sheath helix line in the 
region near point A of Fig. 2-4. 

Sensiper’s calculated w-f, curves for a tape helix of cot y = 5.7 and 
70/p = 0.1 verify the first three branches along the n = 0 dashed line of 
positive slope in Fig. 2-4. Only the first branch and a portion of the 
second branch are shown. The wave with this nm = 0 mode component 
is the dominant one excited at low frequencies, ka < 0.5. In this range 
the analysis predicts a phase velocity lower than that of the n = O sheath 
helix wave. Measurements on a round-wire helix indicate that the phase 
velocity is about the same or only slightly less than the sheath wave 
velocity on a helix of radius equal to the mean wire radius. The discrep- 
ancy is resolved, however, by increasing the tape width so as to correspond 
more closely to the wire diameter. Although his analysis is developed for 
a narrow tape, the results also agree quite well with measurements taken 
on the zero-mode branches shown in Fig. 2-4 for a frequency range 
ka 2 0.5. Therefore, not only is the theory quite insensitive to the precise 
width of the narrow tape but it also describes well the round-wire helix. 


Var = Bae — k* (2-13) 
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An N-filar helix is developed from a unifilar or single-tape helix by 
inserting extra windings rotated by angles 27/N, 47/N,..., (N — 1)7/N 
with respect to the original winding. Figure 2-5 shows a bifilar helix 
(N = 2). The geometry of an N-filar helix remains invariant if we rotate 
by any angle (n/N)27, n being an integer. However, the field may phase 
shift by 27/N, ..., (N — 1)27/N radians per winding in the cross-sectional 
plane irrespective of the fundamental propagation constant along any 
one of the wires. In fact, the total fields at a given frequency can have 
any one or more of N independent phase configurations in the cross- 
sectional planes, some of which are shown in Fig. 2-6. There q denotes a 
wave with 27q/N rotational phase shift between successive tapes. The 

= 0 wave is built up with only those sheath helix modes of Eqs. 2-1 
and 2-3 with zero phase shift per winding; that is, then =..., —2N, 
—N, 0, N, 2N,...components. The g = 1 wave is built up from the 
eeeerey + 1, —N+1,1, N+ 1, 2N + 1,... components, and 
so on up to the N — 1 wave with the remaining ..., —N—1, —1, 
N — 1,... components. 

For example, the g = 0 wave of a quadrifilar helix (V = 4) would have 
its inner é, field represented as 


° Sale > (Bel Pye age (q=0) (2-14) 
reli —A Oy Avis 6 6 


where we have, as usual, 
2ni 
—y, + Bb, =k, siete 
The g = 1 wave would have the representation 


én a ec 1(B1—20/p)z bs (Bs) nl nV grein o2n2!”) (2-15) 
1 aa 


Minis) sos gD pr 


n — 1)27 


Here we write the phase factor of the entire wave as 6, — 27/p so that p, 
will be precisely the complete propagation constant of the n = +1 mode 


Fig. 2-5. Bifilar helix geometry. Each winding is displaced from the other by a radians 
in the angular direction. 
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Fig. 2-6. The phase configurations in the transverse plane of the N independent N-filar 
helix waves. In a given wave the phase shift of current from one winding to the next is 
the same around the helix. ; 


of this wave. The expressions for é,.3 of the remaining g = 2, 3 waves 
are similar, and each has its own fundamental propagation constant p, 
or fs. , 

In the region of the w-6 diagram for the tape helix, Fig. 2-4, away from 
the forbidden regions the w—,, curve of a single tape mode corresponds 
closely with the curve for the same mode which helps compose one and 
only one of the multifilar helix waves. The tape helix discussion of the 
preceding section also applies to the waves of the multifilar helix with 
the understanding that “wave” now signifies ““g-wave,” which has only 
the component modesn = ...,q — N,g,q + N,... of Eqs. 2-1 and 2-3. 

In microwave tube work an impedance parameter introduced by Pierce 
represents the effectiveness with which the circuit can extract r.f. power 
from an electron beam. This impedance is £,?/26,?Pay, where £,? is the 
effective square of the circuit axial electric field in the beam region, 
6, = w/(d.c. beam velocity) is the electronic propagation constant, and 
Pay is the “cold” circuit power flow in the wave which will interact with 
the beam. Now, as the number of tapes in a multifilar helix increases, 
the impedances of the important waves with predominant m = 0 and 1 
components both rise rather strikingly. We certainly expect them to 
approach the impedances of the corresponding sheath helix waves since 
the sheath helix is just an infinite-filar helix (see Fig. 2-1). Even the 
conversion from unifilar to bifilar helix raises the impedance for the 
wave with predominant = 1 mode from zero near zero frequency to 
about 15 ohms, as compared to about 30 ohms in the m = 1 sheath wave. 
Johnson et al. have reported measurements of the dispersion charac- 
teristics on a bifilar helix of tany~0.10. They studied the lowest- 
frequency n = 0 mode branch of one gq = 0 wave near 0.5 cot y and the 
lowest-frequency n = +2 branch of another g = 0 wave in the range 
coty < B,a <2coty shown on our Fig. 2-4, as well as the lowest- 
frequency n = +1 branches of two g = 1 waves. Their measurement 


® Johnson, Everhart, and Siegman [6]. We use the mode number 7 in place of —m in 
this article. 
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technique, which involved a thin hollow electron beam at radius 0.82a, 
is described in Appendix B. The results verify the preceding remarks. 
They also measured the impedance of the bifilar forward wave with 
predominant n = 0 mode as about half or more of the n = 0 sheath 
wave impedance in the range 0 < ka < 0.6. The measured impedance of 
the backward bifilar wave with predominant n = +1 mode component 
(in the range 0 < f,,a < cot y on Fig. 2-4) was also more than half that 
of the n = +1 sheath wave, in agreement with the qualitative theory. 


2-5. Tape Ladder Lines 


End views of various tape ladder lines appear in Fig. 2-7. Butcher [7] 
has analyzed these varieties of ladder lines by expanding the fields appro- 
priately in each subregion of the structure and matching them on the 
common boundaries, with the proviso that the ladder rungs conduct 
current only transversely. Typical dispersion curves from his analysis 
appear in Fig. 2-8; observe that the abscissa measures f)B rather than 
the periodic phase shift 8)D. The analyses were actually performed with 
BoD = 0 because the dispersion relations plotted in Fig. 2-8 are only 
slightly affected by a finite phase shift per period. 

In the “easitron” structure of Fig. 2-8a each tape resonates uncoupled 
from its neighbors at a frequency such that its length A is half a free-space 
wavelength. Each tape is uncoupled from its neighbors because the fields 
are TEM (transverse electric and magnetic) in the x direction. Thus, £ 
and Hi carry transverse power in a cross-sectional plane perpendicular to 
the z axis between two tapes (see the sketches of the {yD = 0 and £)D = 7 
modes of the tape). However, coupling between neighbors is only effected 


through | E x H- i, dS on this plane, as will be clarified in Section 4-2. 
8 


This coupling integral is identically zero in the easitron. 

Now consider the ridge structures of Fig. 2-7b,c. The central portions 
of one or both horizontal faces have been pushed in, thus displacing more 
electric energy than magnetic energy in the central region. This lowers the 
zero phase shift cutoff frequency as shown in Fig. 2-8. The 7 phase shift 
frequency remains little affected because the electric fields of the 7 mode 
are concentrated near the wires; see Fig. 2-8a. Dual remarks apply to 
the 7-structures of Fig. 2-8d,e in which the end portions of one or both 
horizontal faces have been pushed in. This displaces more magnetic than 
electric stored energy and raises the 6,D = 0 cutoff frequency above the 
easitron frequency. The magnetic field at 8) D = 7 clings to the tapes and 
is little affected by this perturbation, so the 7 cutoff frequency rises very 
little. 


32 Electromagnetic Slow Wave Systems 


(a) 


(b) (c) 


a/2 


(d) (e) 


Fig. 2-7. Various tape ladder lines. (a) Basic “‘easitron” structure, with resonant modes. 
The B,D =0 mode resonates between transverse magnetic shorting planes midway 
between the tapes while the BoD =m mode resonates between electric shorting planes. 
(b) The double-ridge structure, in which electric field is strongest at the center, « = 4/2. 
(c) The single-ridge structure. (d) The double-T line, in which magnetic field is strongest 
near the edges, x = 0 and 4. (e) The single-T line. 
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Fig. 2-8. Dispersion curves for the tape ladder lines of Fig. 2-7 (from Butcher [7]). Letters 
identify each curve with the appropriate structure of Fig. 2-7. Note that the abscissa 
is proportional to 8,B whereas the periodic phase shift is B,D. 


Now we summarize Butcher’s analysis for the double and single ridge 
structures. The fields, all assumed to propagate as <~*o*, are developed 


from transverse U(a, y) and 


V(x, y) functions analogous to the m and p 


functions, respectively, of Eqs. 1-23 and 1-25: 


OV oU 
= =1( 6 4. Ke) ine = (60% 2 ce) 
oy Ox dy 
B= Abita ZH, = ~i( B05 + 2) (2-16) 
oy Ox 

3 a a ew Bo )U ZoH, — (k? rp Bo )V 

Zo = . ) k as = 

E c 


54 Electromagnetic Slow Wave Systems 


U and V each satisfy the equation V.;?U, V + {k® — By*)U, V=0. In 
region I the potentials are expanded as 


Ux, y) = > (U,’ cosh y,y + U,° sinh y,y) sin <i 


V(x, v) = XV, cosh y,y + ¥," sinh yey) cos == (2-17) 


Yr = VB o? — KP + (ra Ay? 
Here r takes the values 1, 3, 5, . . . corresponding to the even symmetry of 


E, and odd symmetry of H, about the x = A/2 plane, and U,”’, etc., are 
complex amplitudes to be evaluated. In region II the potentials are 


Un (a, y) = > Um! sinh yp'(y + B+ b) sin 
m a 


Vol, y) = E Vql cosh yn/(y + B+ b)cos™™= (2-18) 
a 


Ym! = Bo? — k* + (n/a)? 
and m takes the values 0, 2, 4, ... in order that E, = E, = H, = 0 on 
both of the side walls. 

The boundary conditions on the plane y = —B demand that both £,,; 
and E,, vanish on the ridge and that E,,; and £,, join £,;; and E,;; on the 
common boundary, where H, and H, must also match. All these con- 
ditions stipulate two relations among the preceding coefficients, for which 
we refer the reader to Butcher for details. 

The remaining boundary conditions on the y = 0 plane determine the 
remaining relations which yield a determinantal equation for k(f,). In 
the double-ridge structure, E,(y) = E,(—y) while H,(y) = —H,(—y), and 
so U and V must be even and odd functions of y, respectively. Thus, 
from Eq. 2-16, E, is continuous at y = 0 while H, = 0 there. Butcher’s 
simplifying assumption that £, = 0 at y =O (better for small AD), 
together with the fact that H, = 0 there determine additional relations 
among the U,° and other coefficients. Then a set of homogeneous equa- 
tions is formed in terms of all the amplitudes and the 2 x 2 or 4 x 4 
determinant of the matrix of coefficients set equal to zero yields the 
requisite dispersion relation for this double-ridge structure. 

In the single-ridge structure the fields of region III of Fig. 2-7c must be 
matched differently to those of region I. In the former region U and V 
can be expanded as 

Uri, y) = > U," sinh y,(y — h) sin — 
: se (2-19) 


Vin(x, y) = > V,” cosh y,(y — h) cos oe 
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The term y, is given in Eq. 2-17b and r = 1, 3, 5, ... by the symmetry of 
E, about the x = A/2 plane. Now we substitute U and V from Eqs. 2-17 
and 2-19 into Eq. 2-16, equate to zero individual terms in the series for 
E,; and E,,;; at y = 0 and also match term by term the series for E, and 
H,, at y = 0. The resultant coefficient relations together with the previous 
ones obtained at the y = —B plane yield a new dispersion relation for 
this single-ridge structure. 

The analysis of the T structures is trivially different, but the peculiar 
shape of the single-T dispersion curve in Fig. 2-8 warrants especial 
comment. All these curves are for open-sided structures such that 
b =h= ©, with no radiation in the y direction. This means y) = 
VB — 6.” — k? of Eq. 2-185 must stay real in the open region II, and so the 
dispersion curves of both ridged waveguides approach the origin along 
the 6) = k line. In the double-T structure the smallest value of y,,’ in the 


open region II is pee eee Ae 
aie vy’ = VB — B+ (la? 


so that the asymptote k? = 6,” + (z/a)* defines the forbidden region, the 
6. D = 0 point of which is off scale in Fig. 2-8. In the single-T structure, 
however, it turns out that the smallest transverse propagation constant is 
= V Bo? — k? + (n/A)? in region II 
This is zero for By = 0 at kK = 7/A, the easitron frequency. As k in- 
creases, frequency rises along the asymptote k? = f,? + (7/A)?, then 
levels off at the transverse resonance point before dipping toward the 
easitron frequency at 6)D = 7. As the dimensions b and h are decreased 
from infinity, with the sides closed, the 6,D = 0 cutoff point rises steadily 
until the whole dispersion curve for this structure has negative slope over 
the range 0 < f)D < =. 

In conclusion we observe Butcher’s remark that the “‘apparently for- 
midable determinantal equations obtained... are surprisingly easy to 
handle numerically.” He also points out that the convergence of the 
successive approximations to the dispersion relation is extremely rapid 
and the differences between the simplest 2 x 2 determinantal equation 
and the 4 x 4 equation amount to only several percent. It seems, therefore, 
that the next improvement in the analysis would come from removing the 
approximation of FE, =0 between the tapes and including the axial 
harmonics which propagate as <«~/(o~27"/P)?_ Tt turns out, however, that 
each dispersion curve is very slightly affected by these corrections over 
most of the range 0 < £)B <=, provided D< B. This statement is 
plausible because even if D is comparable to B (which it is in practical 
structures) Fig. 2-8 indicates that the group velocity will be zero at 
BoD = 7, as it should be. 
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Fig. 2-9. A serrated ridge waveguide (from Oliner and Rotman [8]). (a) Physical struc- 
ture, open at x = 00, (b) Equivalent circuit, in which D is the electrical distance s and L 
is the electrical height of the ridges. 


The problem of obtaining a compact dispersion relation is much more 
difficult if the tapes do not extend the full width of the guide. For such 
trough waveguides, as shown in Fig. 2-9, Oliner and Rotman’? have 
obtained a simple yet surprisingly accurate dispersion relation of great 
utility. In the equivalent circuit shown they equate the TE,) mode trans- 
verse impedance looking in the —z direction to the impedance looking 
toward the open end of the guide. The characteristic impedance of the 
TEM tooth fields in this latter direction is estimated by computing the 
effective enlargement of the transverse cross section due to the teeth. The 
resultant dispersion relation is 


tan k,D = “(1 + in cso" Jeot kL (2-20) 
k ab 2p 

Transverse wave number k, = (k? — By?) is real for a fast wave and 

imaginary for a slow one. When it is imaginary, tan k,D is replaced by 

tanh |k,|D and k, by |k,|. From the figure, D is the dimension s corrected 

by a term 6, and L is the tooth height 4 corrected by 6, — 6. Both 0, 


?° Oliner and Rotman [8, p. 138]. 
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and 0, — 0, are virtually independent of dimensions s, h, and t/p and can 
be determined from the extremes of one measured dispersion curve. 
Equation 2-20, then, describes very well the dispersion for a wide range of 
relative dimensions s/b, h/b, and t/p, as indicated by curves plotted in the 
reference. 

Kirschbaum and Tsu [9] have analyzed a similar structure which they 
call a serrated-ridge waveguide with all four sides closed. Their field- 
matching method based upon a variational expression leads to a somewhat 
longer dispersion relation, which we shall not quote here. It predicts 
extremely well the relative phase velocity or index of refraction measured 
in a typical structure. 


2-6. The Ridged Waveguide 
We wish to analyze the dispersion in the first passband of the ridged 


waveguide shown in Fig. 2-10 in order to show that such a structure can 
have a nearly uniform phase velocity over a wide frequency range. The 


SS 


U —— — 


Fig. 2-10. A ridged waveguide open on the sides, « = +00. (a) Physical structure; 
(b) E field at the zero phase-shift frequency, at which each cell resonates between mag- 
netic shorting planes; (c) E field at the a phase shift frequency, at which each cell reso- 
nates between electric shorting planes. 


58 Electromagnetic Slow Wave Systems 


fields propagate in the z direction perpendicular to the ridges. The 
structure will be assumed to extend to infinity in the +a directions; we 
can easily modify the following analysis to account for the presence of the 
side walls. The modification of the analysis for structures of circular 
cross section is also straightforward; the very common circular wave- 
guide periodically loaded by circular fins is treated in Section 6-6. 

We first take the electric field in the ridged region, —¢/2 < z <¢/2, 
0 < y < d, to be uniformly perpendicular to the teeth, 


E,=Csinkd—y)=C’, O<y<d (2-21a) 
whereupon A is purely transverse and varies as 
A = Ceo; ae (2-21b) 
Jap j 


The assumption of constant £, from the edge of one tooth to the next is 
not a particularly good one, since the field must approach infinity as the 
field point approaches an edge. However, Eq. 2-21 will suffice for a start 
and in Section 6-5 we shall account for more of the axial harmonics. 

Within the open portion of the structure, —h < y < 0, the ridges can 
support electric field between their edges and the lower plate at y = —h 
right down to zero frequency since the structure is open on the sides. 
The first resonant cavity mode exists at k = 0 with zero phase shift per 
period, between magnetic shorting planes at 2 = +L/2, as shown in Fig. 
2-10b. As frequency rises, By increases until the structures resonates in its 
first 7 mode of Fig: 2-10c, between electric shorting planes at z = +L/2. 
Obviously £, and £, fields exist throughout the passband, but E, and 
therefore H, oc 0£,/0z — 0E£,/0x are both identically zero. It follows 
from the divergence relation for the magnetic field that H, is also zero. 
Therefore the fields within the open region of the guide may be expanded 
with a set of TM harmonics as 


E, = > A, sinh y,(y + he? 


—h<y<0, A,=-S A, cosh y,(y + hem (2-22) » 
n a4 


n 


Ass) 
| 


=> A, 22 cosh YAY Pate eee 
n Yn 

where £,, = By + 2nn/L and y,, = +(8,2 — k*)%, real for slow waves. 

These fields obey the boundary conditions on the lower plate at y = —A. 
We must now match the fields along the periodic surface —L/2 < 

z < L/2aty = 0. Since we know E, = C’, constant, over —¢/2 < z <¢/2 

and is zero on the tooth surfaces, we can obtain the A, coefficients by 
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equating the two expressions for E,: 


‘ C’ over —¢/2<2<¢/2 

> A, sinh y,, he P"* = (2-23) 

n 0 on tooth surfaces 
Multiplying both sides of this equation by <’"»*, integrating from — L/2 to 
L/2, and utilizing the orthogonality of the axial harmonics, we obtain 4, 

i Cc’ sin(B,¢/2 
Sees sin (6,,¢/2) (2-24) 
sinhy,h 6,L/2 

Now we must match A, on the surface —¢/2 <z <¢/2 and y= 0. 
But this is difficult to do exactly, so we match the complex power flow 


fa iM 
i Ey Ket, 1, Ge 
tj 

instead. In Section 6-5 we show that the relative error introduced into 
the frequency, as calculated for a specified value of fy, tends to be smaller 
than the relative errors in £, and H,. When we equate power flows we 


obtain 
; : bith 
¢ sin kd ik cos kd = jJoweL sin” kd » |" (Bn 2) 
Oy nm sinh? (y,h)L B,L/2 
- sinh y,,h cosh y,,h ze 
r 4 eh 2 oe 
) c( “A =a coth y,,h E (B, 2) (2.25) 
paank Beye tee 


We now describe the properties of this determinantal equation for the 
first passband of the Fig. 2-10 structure, which is infinite in the +2 
direction. Ask, Bo, and y) approach zero only the n = 0 term is important 
on the right side, and we obtain 


(= be ae ) (2-26) 


If this slope changes slowly as frequency increases the structure will be 

inherently broadband. At a frequency such that 0 < B)L <7 we can 

solve Eq. 2-25 approximately by letting coth y,h = 1, y, = 6, for large 
n and by utilizing this identity: 
0 : 2 

ee = A. Pa et 2.20) 

n=—0o B,t/2 B,t/2 tan (BoL/2) L 
This identity may be derived by integration in the complex 0 plane of the 


function ei | 20 (2-28) 


a 1 
Bes Bot]2 + O¢/LL Bo4/2+ O¢/L | tan 0 
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Fig. 2-I1. Dispersion curves for the open-sided ridged waveguide of Fig. 2-10. The 
low-frequency asymptotes are given by Eq. 2-26, and the accurate dispersion relation 
is Eq. 2-29. Here ¢/L = }. 


which has simple poles at nz for all n and also at —A,L/2. To illustrate 
the use of Eq. 2-27 suppose we wish to write the nm = —1, 0, +1 terms of 


Eq. 2-25 exactly and approximate the rest. Then our dispersion equation 
is 


2L (cot kd\ _ cothysh _1_\ {sin (Bs¢]2)]? L/é 
ral k pO ygt/2 aril Bgt/2 | ur tan (BoL/2) 
(2-29) 
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Hutter presents a nomograph”™ by which we have calculated and plotted 
the approximate values of koL vs. Bol in Fig. 2-11. These curves have the 
asymptotes of Eq. 2-26 and are very nearly the curves we would compute 
from Eq. 2-29. The curves are all for a gap-to-periodic length spacing 
¢/L of one-half. According to them, the smaller the tooth height d on 
Fig. 2-10 the greater the bandwidth. For a given tooth height d, the 
smaller the open spacing h the less the phase velocity over the nearly 
linear portion of the curve. These two parameters can be adjusted nearly 
independently of each other. 

We shall not discuss this ridged waveguide analysis any further now 
because it does neglect the effect of side walls in Fig. 2-10. However, the 
essentials of this elementary analysis should be clear. It is apparent that 
such a structure can be designed for nearly constant phase velocity over 
an appreciable fraction of its passband width and over a considerable 
range of phase velocities. The higher phase velocity curves are the more 
linear ones and require, of course, synchronous beams of d.c. velocities 
which may be appreciable compared to light velocity. 


Problems 


1. Verify the fact that each nth mode of Eq. 2-2 obeys Maxwell’s equations and 
that e,,, and h,,, each obeys the vector wave equation. 

2. Obtain the asymptotic expressions for the fields of the sheath helix n = 0 
and n = 1 waves, as ka > 0. Use Eq. 2-11 after verifying that the fields have 
the proper continuities at r = a. 

3. Verify an impedance of about 45 ohms for the m = +1 sheath wave at 
ka = 0.5 near point A of.Fig. 2-4. Take cot y = 10 so ya ~ fa ~ 5. The 
field e, is measured at r = a. The integrals in the power flow expression can 
be evaluated with the aid of Table 6-1. The impedance depends upon wa; 
assume it has the value 150. 

4. Discuss the reinterpretation of Eq. 1-4 and 1-6 and the dispersion curves 
of Fig. 2-4 if an extra winding is inserted into a unifilar helix so as to make 
it a bifilar helix of the same pitch angle y. 

5. Derive a dispersion relation for the unifilar tape helix wave of predominant 
n = 0 mode by assuming a current K; parallel to and uniform across the 
narrow tape. Let the current determine the relative amplitudes of then = —1, 
0, and +1 modes, whereupon the dispersion relation obtains by setting 
é, = 0 on the centerline of the tape. The boundary conditions at r =a 
include —A, +h, = Kj, which yields the Fourier components of Ky in 
terms of the fields. 

6. Consider the axial impedance of the g = 0 wave with predominant n = 0 
mode in a multifilar helix. Show that the impedance as given by the n = 0 


UR. G. E. Hutter [5, p. 104]. 
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mode alone is precisely that of the = 0 sheath wave, provided the dispersion 
curve of the g = 0 wave is essentially that of the sheath wave. The measured 


reduction in impedance is due to the presence of the n =..., —2N, —N, 
N, 2N, ... modes in this wave. 

7. Verify the qualitative nature of the w-f curve for the single-T structure of 
Fig. 2-8e by deriving and studying the dispersion relation. 

8. In later chapters we shall show that the passband width for the easitron 
structure of Fig. 2-7a is proportional to 

[a x AD tas, 
8 

on any one of the transverse bisecting planes shown. Show that the passband 
width is identically zero. Why does shortening adjacent ends of the rods 
create finite passband width? 

9. Verify curve 3, for example, of Fig. 2-11, for the ridged waveguide of Fig. 
2-10 from dispersion Eq. 2-29. 
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Chapter Ill 


Radiation and Cavity Coupling 
through Small Holes and Apertures 


3-1. Synopsis! 


The solution to Maxwell’s equations within a cavity and the dispersion 
relation for the w—f, curves depend upon the tangential electric or magnetic 
field on the coupling surfaces. In this chapter we obtain expressions for 
these tangential fields and their integrals over circular and elliptical holes 
and apertures of various shapes. 

We first review the Bethe theory of diffraction through round holes 
which are small in the sense that (ka)? « 1, a being the hole radius. Then 
we develop more accurate expressions for E,,,, appropriate for holes of 
ka=1 on the axis of a centerhole-coupled cavity chain. The more 
general case of arbitrary excitation impinging on a round hole of ka < 1 
has been treated by W. Eggimann; we quote the expressions for Fy.) 
derivable from his work. Rather than extend the Bethe theory for ellip- 
tical holes we present expressions derived by R. Collin for the polar- 
izabilities. N. Marcuvitz’ work is directly applicable to a study of the 
aperture coupling between two cavities composed of sections of wave- 
guide. He has presented expressions for the integral 


{ Evan x his : Es dS 
ap 


for a variety of apertures, where h,, is the first TE or TM waveguide 
mode transverse magnetic field pattern and £,,,, is the electric field in the 


1 The reader who is uninterested in the details of calculating tangential electric and 
magnetic fields on a coupling surface between cavities may skip immediately to Section 
3-9, which deals with the solution of Maxwell’s equations within a cavity. 
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plane of the aperture. We shall see that this integral is closely related to 
the coupling integral descriptive of the first passband of a slow wave 
structure composed of a chain of aperture-coupled cavities. 

After obtaining expressions for £,,, on coupling holes and apertures 
we proceed to derive the field equations for two cavities coupled through 
a hole or aperture. These equations are cast into a form in which the 
short-circuit resonant cavity mode (defined with the holes electrically 
shorted) is excited within each cavity by the amplitudes of an open-circuit 
resonant mode (defined with the holes magnetically shorted) on the 
coupling surface. This latter resonant mode was introduced in Section 
1-7 (see Eq. 1-22). It represents the physical field which resonates at the 
other resonant frequency of the two-cavity system. 

The equation for the two new resonant frequencies of two coupled 
cavities involves a coupling integral which can be evaluated by means of 
the expressions for F,,,, and 


[ Bran x he B Ee dS 
ap 


obtained for various holes and apertures in this chapter. The equation for 
resonant frequencies is cast into a form which will be generalized in 
Chapter 4 to describe cavities coupled to their neighbors across coupling 
surfaces of arbitrary shapes in a periodic chain. The significance of the 
coupling integral lies in the fact that it is very nearly the width of a narrow 
passband in units of k = 27/d. 


3-2. Objectives 


In Section 1-7 we showed how we can predict qualitatively the shapes 
of the w-8 curves for a centerhole-coupled cavity chain from knowledge 
of the frequencies of the cavity resonances at zero and at a phase shift 
per cavity. One set of resonant cavity modes was defined with electric 
shorting planes on the coupling holes and the other set—the so-called 
“open-circuit” modes of which Fig. 1-6c is an example—was defined with 
magnetic shorting planes on the holes. In order to determine the dispersion 
relation for a narrow passband of any slow wave structure (Chapter 4) 
we shall have to know the tangential electric field on each coupling hole. 
Tf the hole is small in the sense that k(hole radius) < | and if it does not 
lie too near the waveguide wall, we may proceed to calculate this tangential 
field from the perturbation of one of the short-circuit modes. That is, 
when a small hole is cut in the presence of normal electric and tangential 
magnetic field of a short-circuit mode the field fringes and creates some 
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tangential electric field on the hole. The work in Section 3-9 will show us, 
however, that we are actually calculating the tangential electric field of 
an open-circuit mode by such a perturbation procedure. Once we realize 
this we may calculate the tangential electric field pattern of this resonant 
mode by any procedure we please, both for large and small holes. 

We first assume that a small round hole of radius a is cut in an infini- 
tesimally thin screen between two cavities, Fig. 3-1. We discard Bethe’s 
coordinate system in favor of the more con- 


ventional one but retain his cgs units and “ 2 
«“™ time dependence for Section 3-3 only. . ALY <a 
The hole does not, in general, lie on the axis Eo z 
of a pair of cylindrical cavities, and the shape os Et 
of the cavities is irrelevant to the discussion 

Screen 


of the near-hole fields. However, we assume 
along with Bethe that the error fields on the Fig. 3-1. Incident fields £, and 
waveguide walls are negligible; that is, the 4 impinging upon a hole in 
screen acts as if it were of infinite cross section. a waveguide partition. 

Only the near-fields Ey jorm and Aotan in 

cavity (1) which are present before the hole is cut determine the tangential 
electric field on the hole after it is cut. We are considering small holes 
of ka < 1; for example, at 3 kMc a hole with an 0.5-cm radius has a ka 
of 0.31. 

After the review of Bethe’s method of computing tangential electric 
field we shall extend it for centerholes of cylindrical cavities so as to 
include the next higher-order terms in (ka). Then we return to the general 
problem of determining the tangential electric field on a hole from arbi- 
trary incident fields. We can consider two cases of the general problem: 
that of symmetrical H,,,, and antisymmetrical E£,,,,,, across the hole, and 
the dual case. Eggimann has treated both these cases for us. 


3-3. Review of the Bethe Theory 


Bethe? begins by assuming the presence of incident fields E, and Hy on 
the hole in cavity (1) of Fig. 3-1 before the hole is cut. No fields are 
initially present in cavity (2). For us, Ey and Hj are the fields of a short- 
circuit resonant cavity mode. Either E, or H, or both are taken to be 
uniform over the hole; we neglect that portion of £) whose curl generates 
part of H, and that portion of H, whose curl generates part of £y. After 
* H. A. Bethe [1]. We retain his cgs units and ett time-dependence in order to facili- 
tate a review of this basic article. The general formulas for conversion to mks units 
with </% dependence are on page 71. 
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the hole is cut the total fields in the cavities are denoted by 
£, +, and A, + A, in cavity (1), <0 
Ff, and, A, in cavityQ); 9am 


Here £, and Ay, are the reflected fields; £, and A, are the diffracted 
fields. The fields must satisfy the boundary conditions 


(3-1) 


E, tans Eo tan on hole surface 
A o + H 1 tan = Ye tan on hole surface (3-2) 
£5 tan = Eo tan = 9 on screen surface 


The total fields represent a solution to Maxwell’s equations (at a frequency 
essentially that of the short-circuit mode) in which transverse E, , and 
normal H, are symmetrical about the plane of the’screen. Bethe deduces, 
therefore, 


on +2 side of hole 
(3-3) 


on —z side of hole 


We can see in Fig. 3-2 that despite the reversals of the reflected and 
diffracted fields across the hole the total fields, Eq. 3-1, are continuous 
there. With the normal electric and tangential magnetic fields completely 
known on the hole, we must now specify a surface magnetic current and 
charge distribution which will create the known A, ,,, = $M on the +z 
side of the hole. Once the magnetic current is known it specifies F, 1.1 
directly. It will be a consequence of the formulas that the reflected fields 
E, and A, in the z < 0 region [cavity (1)] are determined by the negatives 


() (2) (1) (2) 
Bo. | “a ‘ a 
a E E 
i= aa 1 ce ‘ 2 = 
Hy@ x. * He Ey, ae 
‘ | | 
1 
(a) (b) 


Fig. 3-2. Incident, reflected, and refracted fields at the hole. (a) Normal £ and tangential 
HT components which imply continuity of the total fields, (b) tangential E and normal A 
components which imply continuity of the total fields. 
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of the surface current and charge just specified. However, Fy tan = £o tans 
Fig. 3-25, as of course it should be. From now on we omit the irrelevant 
subscript to £,,,,. 

The mathematical determination of the proper magnetic current and 
charge on the hole proceeds as follows. Maxwell’s equations for cavity (2) 
in the cgs system of units are 


er ae OFe a ie (3-4a) 
c Ot 
ve = 0 (3-4b) 
Vx h,+ 1 iV ee A eee ay K (3-4c) 
Cc 
V-H,=4m, k=— (3-4d) 
Cc 


where Bethe takes the <~*” time dependence, and magnetic surface current 
R is related to charge density 7 as V- K = ikn. The first two Maxwell 
equations are implied by the definitions of £, and A relative to scalar 
potential y and vector potential F as 
£,=VxF 
SAE a er 
c Ot 
But now the latter two of Eqs. 3-4 in terms of F'and yare entirely analogous 
to the equations for the ordinary magnetic vector potential and electric 
scalar potential so the solutions must be 


(3-5) 


FF) = -| ; K(#')G |F — 7"| dS’ 
hole (3-6) 
or) = [FG |r = rds! 


where 7 is the vector position of a field point in cavity (2) as measured 
from the center of the hole, 7’ is a source point on the hole, and G is the 
Green’s function 

| exp (ik |F — 7’|) 

5 eee ee 


G\|F- = 
ieee 


We observe that F(7) at a point on the screen is entirely in the plane of the 
screen so that £, is normal to the screen as it must be. 
The problem, then, is to specify K(7’) and 7(7’) on the hole so that 


E.,(Fnote) a 4E, = ve x F(?noe) 


= + I R(F') x V,G |Fnoie — F’| dS’ (3-7a) 
hole 
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and 
A tan(“nole) = 1A o= ik K(7’)G as! = V. Ale Hr )G aks (3- -7b) 


The subscript r on V indicates a gradient taken at the field point 7,,), on 
the hole. Observe that the right sides of Eqs. 3-7 are actually normal and 
tangential, respectively, to the hole. There is no contribution to Eqs. 3-7 
from the fields on the screen. 

Bethe next chooses a component of current Kj with related magnetic 
charge density 7 = V- Kj,/ik, in order to satisfy Eq. 3-7b. The first 
integral is about (ka)? of the second since K ~ yka and V,G ~ G/a. Then 
if we neglect the retardation in the hole we have, from Eq. 3-7), 


1A, = -v, |, nr’) ds" (3-8) 


ole \Fnole a Fr} 


This equation is satisfied at each point /,,), provided 


ni) = — = Ay (a? — 1’ (3-9a) 


=A 


z [Out of paper 
into cavity (2)] 


Fig. 3-3. Geometry and coordinates for calculations of field components on the hole. 
Bethe’s original axes have been relabeled so that z is perpendicular to the hole. Here 


= — Tr, p=xzx-—rcosB 
Ce ne PG sx =a? — sin? B 
y =rsina+ psin (« — f), —z=rcosa + pcos (x — f) 


igt = ix — ipy, 7’ x Eos = (i,y/ — iy’ )E og 


f 
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so that the related current may be taken to be 
Rul) = (at = 14H (3-96) 


Bethe proves that Eq. 3-9 is correct for Eq. 3-8 by means of an ingenious 
coordinate system which removes the troublesome |7 — 7’|~! factor from 
the integrands. Since we have used this coordinate system in the extension 
of Bethe’s work we show it in Fig. 3-3. An explanation follows. 

We observe the hole in Fig. 3-3 from the cavity (2) or +2 side of Fig. 
3-1. The field point on the hole is 7 (which stands for /,,).) at an angle « 
defined as positive in the direction shown. A typical source point lies at 
7’. The rule for defining the coordinates of 7’ relative to 7 is this: Rotate 
the unit vector i, clockwise around point 7 until it points at 7’ and then 
move along i, in its rotated position away from 7 a distance p which lies 
in the range —(s + rcos 6) < p<s—rcosf to point 7’. Coordinate 
p+prcosf is conveniently defined as x (not to be confused with co- 
ordinate x in the hole plane), and we see that x varies between limits 
—s, 5s, where s? = a? — r* sin? 8. Other coordinate relations appear in the 
legend of Fig. 3-3; 7 and 7’ may each lie anywhere on the hole. 

In this coordinate system we see that the integral in Eq. 3-8, with Eq. 
3-9a, evaluates as 


i n(7') dS’ 
hole |7 — 7’ | 
MOY F Hop cos (« — B) 1 
a 5 | 4 tae an iey* \p| lel 4p 


[2 [Oct hem PD oy ex 
3B) (s” — 7°74 


We must add that A, is regarded as positive in the —y direction on Fig. 
3-3. Evaluation involves integrals no worse than 


{ dy(s? — 7°2)"* =m and { cos*B dp = 
a) 0 


The truth of Eq. 3-8 follows. 

In this way Bethe chooses a magnetic charge density on the hole to 
create the proper Ay tan On the +2 side of the hole. The correct Ky 
creates a term in Eq. 3-7a on the order of (ka)*Ay. This is presumed 
negligible as compared to a large uniform component of Eo, = 1£,, on 
the hole. Therefore he chooses another magnetic current Ky to establish 
the proper £,, on the hole without disturbing the proper Ay tan given by 


els 
Z 
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Eq. 3-76. This is accomplished by means of a circulating current with no 
divergence and hence no charge density: 


Rif) = ae (a? — 47" x B, (3-11) 


We may substitute Eq. 3-11 into Eq. 3-7a, evaluate the integral by means 
of the coordinate relations shown with Fig. 3-3, and verify that Eq. 3-7a 
is satisfied. The error term ik { K,(7’)G dS’ in Eq. 3-7b may be shown to 
be on the order of (ka)?Ey, which is presumed much smaller than 4A tan- 

The total magnetic surface current Ky + Ky on the hole is now given 
by Eqs. 3-9 and 3-11. A question arises whether contour currents or 
charges are required on the hole edge. Meixner? has shown that none 
are required if the magnetic current is parallel to the hole edge. Bethe says 
that the tangential electric field on the hole, E,,,, is given by 27, X Kyo 
which is precisely the limit of V x F, with F given by Eq. 3-6, as 7 > Faoie- 
Let us compare this result with that obtained from Stratton’s formulas? 
(with his 7, 7’, 7, and V changed to 7’, 7, —i,, and —V,, respectively, and 
with wu and we changed to k) for the diffracted fields at a point 7 in 
cavity (2). In the limit as 7 — /,,,;, these formulas yield directly,* for the 
tangential components, 


E,(Faoie) = s ih 


[iki, x H(F’)G |Fnoie — F'| 
cea 


+ho 


— i,- E(F\V,G) dS’ + 4Bian(Frote) (G-12a) 
Aion) =e [ 
Arr Jsheet 


TT 
+hole 


[iki, x E(?’)G + (i,: A(7))V,G] dS’ (3-12b) 


Therefore we obtain the interesting result that the sheet fields and hole 
fields away from a given point on the hole create precisely $£,,, and 
377,,, at that point. 
The expression 
Eran Foie) = 2mi, X KGFrote) (3-13) 


implies a discontinuity in £,,,, across the hole, as evidenced by Fig. 3-4, in 
order that V x £,,, = —4(Ky + Ky) be obeyed. We recall that the 
equation V x £,, — ikAztan =0 has already been satisfied by the 


’ J. A. Stratton [3, p. 466]. 

4 We can say that the magnetic current and charge which establish the correct Atan 
alone on the hole determine uniquely the fields in cavity (2); in particular, Fian on the 
hole. The author acknowledges interesting discussions with Professor W. J. Welch 
of the Electrical Engineering Department, University of California, Berkeley, on this 
point. 
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incident fields in Eq. 3-7. Therefore the 
complete Eq. 3-4c is satisfied on the hole as 
well as inside cavity (2). Lastly, Eq. 3-4d is foal" 
true on the hole in the sense that charge >i, 
density 7 establishes the correct Hp, there. t le 
The Fy tan Shown in cavity (1) of Fig. 3-4 pes Bstan = 22 X Kg 
has no physical meaning; the true E,., is | 
continuous across the hole. Ktot 
To obtain, now, the true reflected fields Figetaed Tangencial ened Min 
E, and A, in cavity (1) we have only to re- relation to magnetic surface 
verse K;, + Ky, and change the sign of 7 current K on the hole. 
in Eq. 3-7, according to Eq. 3-3. However, 
Ex tan = Eotan SO we have already found the correct F,,,. It is 


A (5 - C ok 2 2. \-Y4 A 
Etan(Fhole) = 2ri, X Ktot = — Fhole(a a Thole) Jay 
Ts 


Aik 
(a? raat De eau (3-14) 
TT 


Equation 3-14 is Bethe’s expression for a small round hole, as due to 
incident fields Ey, and Ap tan in cavity (1) of Fig. 3-1. 

To convert Bethe’s expressions in the cgs system into the mks system 
we make the substitutions 


bs Siow : 1 
Hogs = —./u Hyxs, Magnetic 7egs = — ——= mks 
Arr, /u 
v3 -— A . iL 
Ecgs = Jé Enks, Electric Ycgs = -- ——= mks 
4rr,/ € 
Magnetic Kees = ve Kee, - = 4a x 10m 
an (3-15) 
: Je ‘ad 1 —9 
Electric Rees See ees a Kae é€ = — X 10 
Ar 367 


When these are substituted into Maxwell’s and the continuity equation 
in cgs units with «~*” dependence and with k equal to w/c they go over to 
the corresponding equations in mks units with «’® dependence. For 
example, Eq. 3-14 in mks units is now 


F EN 
Je Pian. mks(hole) = we Jé Eo mks 
Ca Thole 


— a Sy ep dikes BS 
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In retrospect, it is apparent that Bethe is endeavoring to solve two 
problems at once. Let us break up each diffracted field into two portions 
such that £, and A, are the uniform components and E£,’, H,’ the linearly- 
varying portions. Charge density 7 and current Kj were chosen to satisfy 
the equation V x £,,' — ikAztan = 0(with V X Botan = —47Ky satisfied 
indirectly) and with V x H, = 0 because $A, is uniform over the hole. 
Circulating current K,, was selected to satisfy V x Hj’ = —ikE, on the 
hole, with V x £,, = 0 (and V X Fotan = —47Kg satisfied indirectly) 
because $£, is uniform over the hole. If we wish to account carefully for 
the corrections to Kj; on the order of (ka)? of Bethe’s terms we should 
consider two separate cases: that of uniform A, and inflecting Z, and 
that of uniform Ey and inflecting Hy. We shall discuss these cases after 
considering again the very common centerhole-coupled cavity chain. 


3-4. The Centerhole-Coupled Cavity Chain 


We first extend Bethe’s work for the common centerhole-coupled chain 
with the hole on the axis of a cylindrical cavity in Fig. 3-1. Expressions 
in this section and the remainder of the book are in mks units, unless 
otherwise stated, with the <’” time dependence. Let the incident fields in 
cavity (1) be those of the lowest TM circular waveguide mode (the 
“straight-through” mode of Fig. 1-65); no fields are initially present in 
cavity (2), and we again neglect the fields on the waveguide walls. The 
component £, is proportional to the zero-order Bessel function Jo(k,r) 
and A, to J,(k,r), k, being the cutoff or resonant frequency of this mode.® 
We approximate them in a narrow frequency range just above k, as 


A 


a ~ =r zal y (eee 
Ey =iVoEy Fy = 3.1 Iker) ~ V3.7 1 — ae 


__ jweVy 
k, 


=" vai tag 2 
A, = J3-71 Jk.) ~ J3.71 dr| 1 = her 


A mae igl Ho, Ig > (3-17) 


Mode patterns E, and A, are written this way so as to be normalized: 
i Ey dV = I H,? dV =7, cavity volume 
V V 


We wish to place a magnetic current sheet on the hole to establish A tan 
= 4H, in the angular direction. 


5 In subsequent work we denote k, by P;, the capital P, referring to the first short- 
circuit resonant cavity mode. 
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Since a circulating current with no divergence creates only 6-directed 
magnetic field by Eq. 3-75, let us specify a Ky at point 7 on the hole of 


Ry(F) = (a? — °F x Ey )IA + B(kr)"] (3-18) 


which determines F,,, due to the fields in cavity (1) alone of 
Eyal?) = $i, X Kgl?) (3-180) 


A conceivable (F x E£,)(a2 — r?)” variation is included as a linear com- 
bination of the A and B terms. According to Eq. 3-11 (converted to the 
mks system) A = } if we neglect the r? portion of Hy. The first integral 
of Eq. 3-76 consists of three portions. The A term neglecting retardation 
is evaluated analogous to Eq. 3-10. With Green’s function G expanded as 

Glp) = p? — jk, + ae Po p= |F—?"| (3-19) 
we see that the jk, term of G contributes nothing to ioe by virtue of the 
antisymmetry of the entire Kj. But the ( jk)? term contributes an A term 
on the order of (ka)2A, which we must now include. However, with the 
coordinate relations of Fig. 3-3 we can evaluate this term with integrals 
no worse than 


| 7(s° — 72)-* dy and } cos* B dB 
=. 0 
for example. The third contribution to the right side of Eq. 3-76 is the 
B term with retardation neglected. 
The expressions for A and B that match A, to $A, in Eq. 3-7b are 
2 2 


afk + keay31> 12 + (,0)*/3] 
For a calculation of the width of the first passband the B term in Eq. 3-20 
is negligible for k,a < 1. As we presently see, the passband width depends 
upon 


Dak ay 8 eae 4 
= 2Vk,(3.71)a® [4 |? - a + |= k,a)" — —(k,a 3-21 
Soe \4\5 15 ae) SON ees, 
in which the B term is less than 5% of the A term, even for k,a = 1. 

In Section 3-9 we verify Eq. 3-21 by calculating the 7 cutoff frequency, 
k,, of a pair of centerhole-coupled cavities treated by the very accurate 
Chu-Schwinger variational method (Section 6-6). We chose a structure 
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with a rather large hole of k,a = 1 and calculated by means of Eq. 3-21, 
(k_,b)? — (k,b)? = 0.69, where b is the outer radius of the cavity, which is 
known to be somewhat low, whereas the Chu-Schwinger calculation yields 
0.74. Our expression for Evan on the centerhole therefore seems to be 
accurate enough in the range k,a < 1 even though we have neglected the 
effect of the cavity walls and the (/k,)* retardation term in the Green’s 
function. We therefore believe that the error created by this term is 
negligible. 


3-5. Nearly Uniform 4, and Inflecting £, on the Hole 


We now want to determine the magnetic surface current and tangential 
electric field on a hole due to incident fields of this particular symmetry. 
We take the incident field in cavity (1) of Fig. 3-1 [with no initial fields in 


cavity (2)] to be 
Ar) = cH,)1 — (eet 
Agr) = igHy| 1 — GD), 


E,(r) = i,E oz with «’°‘ time dependence 


E, = +j@uH, in mks units (3-22) 


which satisfy Maxwell’s equations 3-4 in mks units at the normalized 
resonant frequency k,. These fields are pictured on the hole in Fig. 3-5a; 
the induced tangential electric field will resemble that shown in Fig. 3-55. 
The incident fields are assumed not to vary in the z direction. 

Now, we could construct an expression for K appropriate to the incident 
field symmetry and proceed to choose the coefficients of the various terms 
so as to satisfy Eq. 3-7b. The integrals are straightforward, though 


Xz (Out of paper) 


(a) (6) 


Fig. 3-5. The field components for nearly uniform incident A, and inflecting incident 
E, on the hole. (a) E, reverses direction from one side of the hole to the other in the 
x direction, (b) Eyan approaches infinity at the edges of the hole. 
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tediously evaluated, and the predominant current terms turn out to be 
correct if we include terms through order (ka)° (but neglect the (jka)® 
retardation terms). However, the smaller terms in the expression for K 
do not quite evaluate correctly, according to the more exact calculations of 
Eggimann [4]$. Therefore we shall obtain the proper expression for K 
from his work. 

Eggimann treats the situation dual to ours, in which an incident field 
impinges upon a perfectly conducting round disk. To use his results we 
need only take the incident fields to be Fy = i,E,[l — (k,x)?/2] and 

o = 7,Hox in the coordinate system of Fig. 3-1, with amplitude relation 
Hy) = —jweE,, corresponding to a magnetic shorting plane in the plane 
of the disk. Results are in the mks system with ¢</” time dependence. 
The final expression for electric current /, on the disk is then converted to 
—K,,, with reference to Babinet’s principle. 

The procedure is outlined as follows. The initially unknown electric 
current density on the disk is first expanded as 


m 


© F(x, y) = — paetty’ (3-23) 
4dr 


aa (a® a py)? : 
where 

fo = % + ax + ayy + age® + ary +... 

Ty = 50 + by + box + bay? + bye +... 
and each coefficient a;, b; is expanded in powers of frequency k = o/c. 
Then, by evaluating the integral for vector magnetic potential 4, 


A(F) = ts | J <a y')G |F — F'| dS’ (3-24) 
47 J disk 


the a, and b, coefficients are related to those of 4. The coefficients of the 
latter can, in turn be related to those of the incident fields, denoted by 
superscript 7, through Maxwell’s equations: 


OER if k*)A, = bo ee 
oz 
on, ' 
(Vay + k°)A, = —Mo : (3-25) 
z 
Wy aa pte — —H, 


Ox oy 


The result is a set of expressions for each a, and 5, in the current expansion 
as a linear combination of the moment coefficients of the incident field. 


° The basic expressions for the amplitudes of the electric current components on the 
disk in terms of the incident fields are on his pp. 30-34. See also Ref. [9]. 
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The evaluation of Eggimann’s expressions for each a; and 6,, with the 
incident fields dual to those of Eq. 3-22, results in the following expression 
for J, in mks units with </” time dependence: 


4 Ho 1 
I, y)on disk = + = @ — py — py 315 
x {7,[+2y(420 — 12(ka)*) + a®y - 150k? + xy? - 102k?] 
— i,[a°(210 + 168(ka)”) — y°(210 + 195(ka)’) 
+ 2°(210 — 15(ka)*) + y* : 27k? 
— ay? - 36k — x*- 15k*]} (3-26) 
The (ka)* terms have been dropped from this expression. To obtain our 
expression for K,, on the hole we must first divide it by 2, since it was 


derived so that the fields determined by 4 would cancel the incident 
fields, 


Ee = —Fyy GB 27) 
Pie. 


whereas we want to match them to —4£’ and —4A’ on the left side of the 
disk as in the Bethe theory. In addition, we convert the answer for the 
disk in a magnetic shorting plane into the answer for the hole cut in a 
perfectly conducting plane by changing J,— —K,, and Hj) > —E). 

The desired expression for K,, appropriate for the incident fields of 
Eq. 3-22 on one side of the hole is, then, 


Ze 2 +£omks 
Kesar ee 3-28 
ee eC, hae } Gime) 
where the quantity within braces appears in Eq. 3-26. The dominant terms 


in K,, were verified independently by extending Bethe’s calculations. The 
value of Ejay is then given by 47, x K,, on the hole. 


3-6. Nearly Uniform £, and Inflecting H, on the Hole 


We now take the incident fields of me: (1) in Fig. 3-1 to have the other 


symmetry specified by 
3 
Ad?) = iH = ce) | 
(3-29) 


2 
E,(r) = Eo] 1 — Ce Hy = jweEy 


which obey Maxwell’s equations at the resonant frequency k,. No incident 
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\ z (Out of paper) 


(a) (5) 


Fig. 3-6. The field components for nearly uniform incident E, and inflecting incident 
Hi, on the hole. (a) A, reverses direction from one side of the hole to the other in the 
zx direction, (b) Ean approaches infinity at the edges of the hole. 


fields exist in cavity (2). These fields are illustrated in Fig. 3-6a; the 
resultant tangential electric field is shown in Fig. 3-6d. 

By reinterpreting Eggimann’s results, as described in the preceding 
section, we obtain this expression for K,, on the hole: 


2 Eomxs tk 
7 Va? — p” 30 

+ i,[z(30 — 9(ka)*) + y?a - 7k? — a*®-9k*}} (3-30) 
in the coordinate system of Fig. 3-1. By extending Bethe’s calculations 
we verified the predominant terms of Eq. 3-30 exactly and the small terms 
almost exactly. Equation 3-30 is accurate enough for all considerations 


of cavity coupling that neglect the effects of the cavity walls upon the 
physical parameter of interest, E,a, = i, X K,,, on the hole. 


{i,[y(—30 + (ka)’) + xy > 17k? + y°k?] 


Kin mks 


3-7. Elliptical Hole in a Plane Sheet 


Bethe suggests an extension of these methods to the calculation of Etan 
on an elliptical hole, which might very well approximate a long rectangular 
hole. He derives no formulas, however, and we shall merely point out 
how the integrals may be reevaluated. In connection with Eq. 3-10, for 
example, and the coordinate system of Fig. 3-3, we must now write the 
limits for y not as +s(6) but as more complicated expressions dependent 
upon the equation for an ellipse. Nevertheless, these limits can again be 
expressed in terms of r, «, and f so that integration can be taken first over 
all y and then over f. If the length of the long axis times k is ~1 retarda- 
tion terms will most certainly have to be included. 
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However, Collin’? has developed expressions for the dipole moments of 
an elliptical aperture, neglecting the retardation terms and higher variations 
of incident fields over the hole. We can use them to evaluate in the first 
approximation the cavity-coupling integral 


{ Bran x ish : ie dS 
hole 


where H, is the normalized magnetic field pattern of the short-circuit 
cavity mode defined by Eq. 1-21 and incident on the hole in cavity (1). 
This integral will assume fundamental significance in Section 3-9. 

To evaluate it we follow Collin’s Eqs. (57-61) and derive 


Ay Ry dS ~ AO)’ | Rds + | (F- VA): Ry dS (3-31) 


in which magnetic current K,, = —i, X 2E,,, stands for Collin’s J,, and 
magnetic charge density 7,, stands for his p,,. To evaluate the first 
integral we develop an equivalent expression for it from the fact that there 
is no net divergence of K,, from the hole: 


{ Vr (Ry) dS = | tg- Ry dS + [2Vp* Ry dS = 0 
hole (3-32) 
that is, | Ke ds = — [Vy - K,, aS 


Since the same is true when z is replaced by y we obtain a vector expression 
for { K,, dS which can be evaluated in terms of charge density 7: 


jag ie ~ [7 By Mee +10 | Pp dS & +jou.M (3-33) 


hole 


in mks units with </” time dependence according to the definition of M. 
The second term of Eq. 3-31 evaluates as 


Poel? VFR Kn dS = [be R(V x Hh). — Wh naW X Hi.) dS + 0 
ole 
(3-34) 
in which the various terms in quadrupole term Q may be rearranged into 
= [AUF Ky Vr) + Ryo (F- Vy) AAS 
This term is usually small because it involves the transverse gradient of 


pattern H across the hole rather than its curl. So we neglect it and employ 


7R. E. Collin [5, Chapter 7]. 
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the definition of the patterns, V x H, = P,E£, (Eq. 1-21) to obtain 


fava)-£.ds~ —2 80) 


hole Eq 


: (-« | 7x Ky, as 2h aingil P-£,(0) (3-35) 
hole Eq 
according to the definition of P, the electric dipole moment for magnetic 
current K,,,. 


Therefore our coupling integral is 


H,: K,, dS = jouoM - H,(0) — Pip. E,(0) (3-36) 

hole Eo 
For dipole moments M and P we use Collin’s Eq. (68), with all the signs 
changed because we are computing K,, = —i, x 2E,,, in the diffracted 


region 2, and also halved because R.. should correspond to half the 

incident fields as in the Bethe theory. Then 

2nt,2(1 — e”) 
3E(e) 

3 42 
re fi (3-37) 
3[K(e) — E(e)] 

2nt,%e7(1 — e”) A 
4) Se aan Sen eemscagemmear imma £1) 

3[E(e) — A — e*)K(e)] 
in which @, and ¢, are the major and minor semiaxes of the ellipse along 
the x and y directions, respectively, eccentricity e = (1 — ¢,2/¢,2)*, and 
K and £ are elliptic integrals of argument e. 

With incident fields E, = V,£, and H, = 1,A,, the proper relation 
between Vy and J, is PWV, = —jwpiol,. Then we can write Eq. 3-36 in 
terms of £,,,, = 4i, x K,, as 


(-[ 2Etan Slt, ti, as) ~ +P,H,(0) 


ole VG 


P=P,=+ Egky 


a 


- (i,m,/,, + i,m,H,,) — P,pE,(0)* 
with 
32 
1) 2 ae ee) 
3[K(e) — E(e)] 
¥ 2nl3e7(1 — e*) 
: 3[E(e) — (1 — e*)K(e)] 
2nt,7(1 — e*) 
3E(e) 
The approximation sign means we have neglected the quadrupole term. 


(3-38) 


p=+ 
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The significance of this particular integral in the cavity-coupling analysis 
will be evident in Section 3-9. 


3-8. Fields and Coupling on Waveguide Apertures 


In preceding sections we calculated the tangential electric fields induced 
on small round holes by incident magnetic and electric fields Hy and Ep. 
It is difficult to make the calculations for holes of various sizes and to 
account for the presence of the waveguide walls. Now it will be clear in 
the next section that the cavity-coupling parameter which determines the 
first TM or TE passband of a cavity chain composed of sections of wave- 
guide is not £,,, but rather 


i f Bs x A, i i, dS 
hole 


Hi, being the pattern of the short-circuit mode resonating at one of the 
cutoff frequencies of the passband. For many of these cavity chains we 
can evaluate this coupling integral with Marcuvitz’ results [6].® 

For example, suppose we wish to study the first TE passband bounded 
at the 7 resonant frequency by the TE,) mode of rectangular waveguide 
or the TE), mode of circular guide. Ordinarily we are interested in a 
passband within which the fields have no angular variation, so we assume 
either that the TE,, mode in circular guide is not excited or that it is 
suppressed. The amplitudes of the mode are denoted by V,"(z) for the 
electric field and J,"(z) for the magnetic field, the superscript w reminding 
us that these are amplitudes of a waveguide mode and not a resonant 
cavity mode as we shall define it shortly. The amplitudes V,” and 1,” 
vary with z as shown in Fig. 3-7a. The precise variation of the fields 
within the cavity at this 7 resonant frequency are, from Eqs. 1-25-1-28, 


(3-39) 
A =I,” (cos Teih (a) Se oe sin 4 
L 17 L 


with k, = z/a, a being the width of the waveguide. Here é,, and hy, = 
i, X &,, are the transverse field patterns of the TE;, mode which have been 
normalized over the cross-sectional area as 
[ €;aS = haa dS =1 (3-40) 
area 


§ Unfortunately Ref. [6] does not present equivalent circuits for the first TM waveguide 
mode impinging on various apertures. There are a few such equivalent circuit elements 
in [7]. 


Radiation and Cavity Coupling through Small Holes and Apertures 8] 


(1) (2) Vee eee Vor 
| 
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oa | 
an” 1° (@)~ cos | | 
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Fig. 3-7. TE,, mode excitation of aperture fields for periodic phase shift of 7. (a) The 
amplitude variations of electric and magnetic field incident on the electrically shorted 
apertures, (b) aperture geometry between two cavities (1) and (2), (c) equivalent 
circuit representation of the TE,, mode amplitudes on the aperture with symmetrical 
excitation applied. 


The normalized resonant frequency of this configuration is 


Pe kt + (F]" 


and we see that it corresponds to electrically shorted apertures. 

If now we magnetically short the apertures, the tangential magnetic 
field on them will excite many TE,, cutoff waveguide modes of the same 
symmetry along the y axis so as to match the boundary conditions and 
reduce Aan on the aperture to zero. These cutoff modes determine Fian 
in the apertures, and the coupling integral 


[ Evan x he vi ile dS 
ap 


Let us study how Marcuvitz evaluates this integral. 

In the coordinate system of Fig. 3-7 Marcuvitz® writes his equations in 
the mks system of units with </” time dependence. We denote his dominant 
TE mode quantities by subscript | rather than O in order to associate 
them with the short-circuit resonant cavity mode to be defined in the next 
section. 

We now consider the right-hand aperture of Fig. 3-7a, shown in Fig. 
3-7b with a magnetic shorting plane on it. From another point of view 
we excite the waveguide symmetrically on both sides of this aperture so as 
to cancel the net tangential magnetic field on it, according to the dis- 
cussion of Section 1.7B pertaining to the Marcuvitz-Schwinger technique. 
The field of Eq. 3-39 is incident on the left side of the aperture and 
generates, in a narrow frequency range near P,, cutoff waveguide modes 
which decay exponentially away from the aperture. Although Marcuvitz’ 
work is for a semi-infinite waveguide we may use his results if the fringing 
fields of one aperture do not appreciably overlap the neighboring apertures. 


®N. Marcuvitz [6, Chapters 3 and 5, pp. 141-143 in particular]. 
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Two procedures exist for calculating Etan on an aperture, of which the 
one on the aperture basis is important for us. This procedure starts from 
the condition of zero net Atan on the aperture, by which we can equate 
the dominant mode portion /,”H,” to the transverse magnetic fields of 
all the cutoff modes. The magnetic field amplitude of each cutoff mode is 
proportional to its transverse electric field amplitude. Therefore we can 
equate J,” to a linear combination of all the cutoff V,,"’s. But each V,,” 
is obtainable as an integral of tan over the aperture. In this manner 
Marcuvitz obtains an integral equation for Eian on the aperture. By 
solving this equation in one of four ways he determines Fian on the 
aperture. By the orthogonality of the waveguide mode patterns this 
determines V,” of the dominant waveguide mode. The upshot of this 
procedure on the aperture basis is an expression age the transmission line 
susceptance of this mode: 


-| Eni) Xx hy u ip ds 
ap 


independent of J,”. The susceptance is denoted B/2 in Fig. 3-7c because 
the symmetrical excitation on both sides of the aperture splits the total 
circuit element in half. The minus sign occurs in Eq. 3-41 because Eitan 
happens to lie in the +y direction while /,, by definition is positive along 
the + axis. Thus, the aperture integral by itself measures power flow in 
the —z direction, whereas the fields propagate in the +z direction. 

The dual procedure calculates (V;/J;,)ap on the obstacle basis by starting 
with the condition of zero net tangential electric field on the fin (obstacle). 
The result would be a relation between B/2 and an integral over the fin 
surface, which is not of direct interest. Fortunately, Marcuvitz evaluates 
B or B/Y, (Y, being the characteristic admittance of the dominant TE 
mode?) as defined by Eq. 3-41 for the apertures and holes of interest. 
Therefore we can use his results to evaluate the coupling integral in the 
denominator for the various apertures and holes in rectangular and 
circular waveguide. In Section 3-10 this integral is related to a coupling 
integral for the cavity chain. 


10 In Chapter 1 we introduced the expressions for characteristic impedance and admit- 
tance of the ith TE mode as 
zak Omit — pin, Tae 
Y, +jou(p,"*—k*)-4, k<p," 
where propagation of the ith such mode is as 
5k? —p;"?) 42, k> pi" 
ero P= tae eine 
Here p,” stands for k, in Eq. 3-39. 
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Some of Marcuvitz’ expressions give the inverse of B/Y,, or X/Z,, but 
they are all calculated on the aperture basis very accurately for the first 
TE mode incident on the following infinitesimally thin apertures: capaci- 
tive windows (cut the full length of the x axis along which h,, flows) and 
inductive windows (cut the full length of the y axis) in rectangular wave- 
guide, capacitive windows in coaxial waveguide, circular and elliptical 
apertures in rectangular waveguide, and circular and elliptical apertures 
in coaxial waveguide. We observe that he calculates X/Z, for the TE, 
mode impinging upon an annular window in circular waveguide in a fre- 
quency range within which the TM,, mode also propagates. But this 
latter mode defines another passband in which the fields do not have the 
symmetry of the TE), mode. Neither does the TE,, mode have the 
symmetry of the TE,, mode. Therefore we can ignore the TMo, and TE,, 
modes in Eq. 3-41 with respect to the TE), mode coupling integral. In 
the frequency range of validity of the X/Z, expression for the annular 
window, the window is far short of being half a free-space wavelength 
long. So it is not strongly resonant. 

The resonant frequency P, = [k,2 + (7/L)?]” of the short-circuit con- 
figuration of Fig. 3-7a must of course lie within the range of validity of 
Marcuvitz’ expressions for B or B/Y,. In addition, we assume that the 
zero phase shift cutoff frequency belonging to a chain of such aperture- 
coupled cavities also lies within this frequency range, in order that the 
coupling integral in Eq. 3-41 have significance. Lastly, we reiterate the 
assumption that the fringing fields of one aperture do not appreciably 
overlap the neighboring apertures. 

Marcuvitz describes four methods of solving the integral equation for 
Fan on the aperture basis: the variational, integral, equivalent static, 
and transform, of which the first and third were the most often utilized. 
If we use the variational method on this basis we obtain too high a value 
for the B/ Y, of capacitive windows. The dual procedure on the obstacle 
basis yields too low a value. It is interesting to note that a fairly good 
trial Eran function can yield very close upper and lower bounds to 


[Ei x hy; ara ky 


3-9. Equations for Two Coupled Cavities 


In this section we develop the equations for the fields within cavity (1) 
in Fig. 3-8, and cast the equations into a form suitable for generalization 
to cavities of quite arbitrary shapes and coupled by holes or apertures of 
general shape. We make the important observation that Bethe’s excitation 
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of his cavity is too high by a factor of 2, even though the Etan he calculates 
is certainly correct within his approximations. 
We again concern ourselves with the behavior of the two cavities at 
frequencies near the resonance of the first short-circuit cavity mode. That 
mode has the patterns shown in Fig. 3-8, which 


(1) (2) may be defined by Eq. 1-21: 
V x 1 = PA, 
V >< A; = PE 
P, = w/e, Ey, X i=O0on 


walls and hole 


where P, is the resonant frequency of the mode 
lL. sda) with the holes electrically shorted. Equation 
L 1-21 also describes, with appropriate normaliza- 
Fig. 3-8. A resonant mode tion factors, the dominant TM waveguide mode 
in two cavities which is not at its cutoff frequency, where it has only £, and 
disturbed by cuttingahole Af, components, as well as the dominant TE 
in the wall between them. waveguide mode above its cutoff frequency, with 
a sin (z/L) variation across the cavity (Fig. 
3-7a, for example). We repeat the patterns £, and H, in both cavities 
with the same orientations, and since £, and Ay .are thereby continuous 
across the hole we see that this mode represents the true field at k = P, 
for zero phase shift of amplitudes between the two cavities. It is con- 
venient to normalize both £, and H, to the volume 7 of either cavity: 


{ E? dv = H’dV=7, cavity volume (3-42) 
V V 
We may verify the fact that both £, and H, may be so normalized by 
employing Green’s vector theorem for two vectors A and B with con- 
tinuous zero, first, and second derivatives within 7: 
[v-axv x Bav=| (wv x BV x A—A-VxV x B)dv 
V Vv 
=$4xY x B-fidS (3-43a) 
Ss 


By subtracting the alternate relation with 4 and B interchanged we obtain 
another useful form, 


[(Gvxvx B-B-vxVx dav 
FS 


=$(BxV x -4xV x B)-adS (3-430) 
S 
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Here S goes over the entire cavity surface on which fi is the unit outward 
normal. Equation 3-434 will be referred to again and again in the text. 
Substitution of 4 = £, = B into Eq. 3-43a verifies Eq. 3-42. 

We now wish to solve Maxwell’s equations within cavity (1), say, at a 
normalized frequency k ~ P,. If the other resonant cavity modes have 
normalized resonant frequencies P, << P;<..., such that P, —k > 
P, — k, it is clear (or will be later) that only the first resonant cavity mode 
will be strongly excited. Let us therefore represent the fields E and H 
within cavity (1) at this frequency as E = V,£, and H = J,A,, so that 
amplitudes V, and J, remain to be found. Then Maxwell’s equations 
read 

V x E= —jou(l,A,) (3-44a) 


Vax = Voet Kab.) (3-44) 
within cavity (1). 

To evaluate amplitudes V, and J, we follow the procedure of Schel- 
kunoff" which is not equivalent to Bethe’s procedure [1]. We dot- 
multiply Eq. 3-44a by H, and integrate it over the volume of cavity (1). 
We do not however, expand V x E as V,V x &,; we rather integrate 
the left side by parts, as 


[acy “ £av={ £-V : Aav+d £ x Ay-adS (3-45) 
4 4 s 
From the definition of £, and A, this becomes 
[a-y x Edv= P,V,r +| jae x ae ih ds, (3-46) 
F. hole 
and so we obtain from Eq. 3-44a the amplitude relation 
ole 


Next we dot-multiply Eq. 3-445 by &,, integrate it over cavity (1), inte- 
grate the left side by parts, observe that ba x £,-idS=0 since 
E, x fi = 0 on the hole, and obtain the second amplitude relation 

Pil, = joeV, (3-48) 


We can combine these last two equations to obtain one equation for 
amplitude V,: 


Wes a Ae — el afi x A, ; is dS (3-49) 


T 


uS. A. Schelkunoff [8, p. 1233]. 
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On the other hand, Bethe derives a somewhat different expression. He 
expands the vector potential as g,H, and excites it with K,, on the hole, 
obtaining, in cgs units, 


d’q, 2 Airc? 4 eS 
== = — — — K,,): Hyd - 
it + 01°41 i ik a thas: (3-50) 
With K,, = —i, X E,.,/27, oc =P, and V, 2 g,P, this is 
(Pe —_ kV, = -— oy if 7 Ean x A, dS (3-50’) 
7T Jhole 


which is twice the correct excitation because K is larger than Etan by a 
factor of 2 in mks units. The factor Etan in both of these formulas is the 

total tangential electric field due to the fields in both cavities. 
There will be further verification of Eq. 3-49 
(1) (2) in Chapters 4 and 5, but right now let us verify 
it by calculating the first 7 cutoff frequency of 
two cylindrical cavities coupled by a centerhole, 

ViE; -ViE,| Fig. 3-8. The parameters chosen are 


k,L=a, k,a = 1 ii@esnolewsdine) 
P,b =2.405 = (b = outer radius) 


In Eq. 3-49 we set k =k, and Eian equal to 
the short-circuit resonant '¥iCe the Eten of Eq. 3221 (with k, = P, and not 
cavity mode in each of two k,). because the fields of cavity (2) also induce 
cavities coupled by a hole a K,, on the hole which doubles Etan due to one 


which is effectively mag- cavity alone (see Fig. 3-9). Equation 3-49 then 
netically shorted. The field yields 
fringes and creates tangen- 


: (P," — k,*)b? = —0.69NNmIN (esa) 


tial é,") on the hole. 


Fig. 3-9. Perturbation of 


known from Green’s theorem to be somewhat 
low in magnitude. By the Chu-Schwinger method discussed in Section 
6-6 there obtains k,b = 2.555 + 0.005, whereupon 


(P,? — k,?)b? = —0.74 (3-51b) 


This verifies quite well Eq. 3-49 as opposed to Bethe’s Eq. 3-50’. 

Some very accurate measurements of the first passband of the Stanford 
linear accelerator structures” also verify Eq. 3-49. Moreover, if we 
examine Collin’s expressions [5] for the effective dipole moments of 
apertures that couple sections of waveguide we find that he, too, measures 
the tangential electric field on an aperture by one-half the sum of the 
contributions to it on either side. 


12 Data furnished by Doctors K. Mallory and G. Loew. 
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We now wish to cast Eq. 3-49 into more significant form for generali- 
zation in the next chapter. This form will introduce the expressions for 
Eitan and 


Pisa x hi % re dS 
hole 


calculated or discussed in Sections 3-3 through 3-8. We write Bran as. 
Tien onhole = Vi Eien Ar 3g Ve Bion (3-52) 


where the first portion is due to “incident” fields in cavity (1) alone and 
the minus sign is taken because £, and H, have the same directions on 
both sides of the hole (Figs. 3-8 and 3-9 show this) and will tend to induce 
opposing components of Eian. Clearly this is correct for zero phase shift 
when there is no net Etan. Now, at 7 phase shift V{) = —V(, and the 
normal electric and tangential magnetic fields cancel on the hole; see 
Fig. 3-9. At this frequency an open-circuit mode is resonating within both 
cavities, such that the electric field on the hole is purely tangential. Let 
us denote the pattern of this mode on the cavity (1) side of the hole as 
é), so that 


a) = 2B tan (3-53) 
Equation 3-49, with Eqs. 3-52 and 3-53, now reads 
(PAK = — FY anna — ane) x Ay-1,dS (-54) 


and this is the form we generalize in the next chapter. 


In order to apply Eq. 3-54 to a calculation of the passband characteristics 
of common structures we must obtain expressions for the hole integral 
from Sections 3-3 through 3-8. Bethe’s expression 3-14 can be written as 
Fian = VoEtan, where V, is the amplitude of the resonant cavity mode of 
normalized electric field pattern £,. Equation 3-53 gives us é{) in terms 
of this pattern £,. Upon integrating Etan x H, over the hole there 
obtains 


(—[_ a? x A= 7, as) = $0°P,12 1Ai(O)? — LEO 
ole 
Bethe theory (3-55) 


18 The extra superscript on A, indicates that it is measured on the same side of the hole 


or aperture as e}”. 
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Here a is the hole radius; A, and £, are the uniform portions of the 
magnetic and electric field patterns on the hole. Equation 3-55 has the 
same form in both the cgs and the mks units. 

For the centerhole-coupled cavity chain &) = 2Etan = 2Etan/V in Eq. 
3-21 so the coupling integral is 


(- | a” x AY 7, as 
hole 


3.71 = |E,(0)/? 


where A and B are given by Eq. 3-20. 

For a hole of nearly uniform magnetic field A, and inflecting £, the 
coupling integral would be evaluated by expressing E, of Eq. 3-22 in the 
form V,E5 throughout the cavity volume (denoted by i,£x over the hole), 
whereupon K,, of Eq. 3-28 equals —2i, x (Etan/Vo) = —i, x & for the 
integral. Similar remarks apply in case Ey is nearly uniform and Ay 
inflects, for which we use Eq. 3-30 for K,,. 

For the elliptical holes treated in Section 3-7 we have the coupling 
integral identically in Eq. 3-38, where it is understood the H, and £, are 
the normalized patterns. 

Now the Marcuvitz procedure of Section 3-8 yields Etan on various 
magnetically shorted apertures, so his formulas measure the open-circuit 
mode patterns é() directly. To obtain 


i ape tas 
ap 


from Eq. 3-41 in terms of the resonant cavity mode patterns defined by 
Eq. 1-21 and 3-42 we must proceed as follows. We first write Eq. 3-39 
for the first TE circular- or rectangular-waveguide mode somewhat 
differently : 

aw 1 


E= (ve 24) (wp, sin = dx) = Vib 
N EP, T os 


A 


1 mee 12 = a L eae 5 
H= (= Ne Jv cos 7 hy — i,Nk? ~ Wt sin 2) = 1,H, (3-57) 


Where 7 is cavity volume and P, = [k,2 + (z/L)?]“. It may be verified 
that the E, and H, patterns obey Eq. 3-42 with the normalization factor 
N as defined. Then to convert Ftan(J,”) of Eq. 3-41 to é() we must 
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divide the former by V,, the amplitude of the resonant cavity mode. We 
can write, then, Eq. 3-41 in the form 


B A iI," 
-| (72) x (4) ,as=-2A (ass) 
ap\ V, N cos 7 B/2 
With the relation between V, and V,” in Eq. 3-57a and the waveguide 


mode Eqs. 1-28 and 3-39 we see that 
ee i,” & 
eee NLP, | ja NLP, _ jNP; _ in, [* (3-59) 


, Ae A cou 
Therefore Eq. 3-58 becomes 
. N?/elu 2N? 
all Cue i, ot, as ee 
ap B/2 377B 


(first TE mode; mks units) (3-60) 


This integral relates the equivalent circuit susceptance of the first TE wave- 
guide mode to a coupling integral which will turn out to be proportional 
to the passband width of a (narrow) dispersion curve associated with this 
mode. 

Consider, now, the first TM waveguide mode impinging upon an 
aperture at a frequency just above the mode cutoff frequency. This mode 
with the “straight-through” E, pattern will also have a narrow dispersion 
curve associated with it. Jf the aperture has a symmetry such that the 
propagating TE mode is not excited and if the cutoff modes do not 
contribute appreciably to the fields at adjacent apertures, then we can 
evaluate the coupling integral associated with the passband of this mode. 
Expressions analogous to Eq. 3-57 through 3-59 show that the relevant 
integral is 


a N} oy ee 
(- [ Bee Hy i, as) ee (first TM mode) (3-61) 
ap B/2 
where (N!)? = A, the waveguide cross-sectional area. 

Occasionally the sign of Eq. 3-60 may be in doubt. If so, the sign of 
the integral can be determined by reference to Green’s theorem, Eq. 
3-43b, with B = é,, the pattern of the open-circuit resonant cavity mode, 
and A = E£,, the pattern of the short-circuit mode. Then we obtain the 
identity 

fe ot P| E,-édV= 2P,(— | 
V 


ap 


pal qo bea. ee as) (3-62) 


The integral over one aperture of the cavity volume V equals the integral 
over the other aperture because of the assumed mirror symmetry of the 
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cavity about a transverse bisecting plane. For the TE waveguide mode P, 
is a 7 phase shift resonant frequency (see Fig. 3-7), whereupon p, is the 
zero phase shift cutoff frequency. The coupling integral has a sign 
depending on which is higher; the higher frequency can usually be 
selected from the nature of the aperture susceptance. On the other hand, 
the first TM waveguide mode with its “straight-through” pattern (see 
Fig. 3-8) has a cutoff frequency P, at zero phase shift per cavity. Its 
open-circuit mode resonates at a » = 7 phase shift frequency p,, which 
is higher only if the coupling integral is negative. 


Problems 


1. Show that the fields of Maxwell’s equations may be separated into sym- 
metric and antisymmetric portions with respect to the plane of Fig. 3-2 and 
that the symmetric portion with no reversal of Etan across the hole enables 
us to satisfy the boundary conditions on the hole. 

2. Equations 3-4 and 3-5 imply (V2 + k®)F = 4K only if V- F = —iky in 

the diffracted region. Show that Eqs. 3-6 do imply this condition. 

. Verify Eq. 3-9 by direct evaluation in Eq. 3-8, using Eq. 3-10 as a guide. 

. Verify directly the Etan/2 and Atan/2 terms in Eq. 3-12. 

5. Verify relations 3-15 by direct substitution into Maxwell’s and the continuity 
equations. 

6. Verify Eq. 3-17 for patterns Ey and A normalized within a cylindrical cavity. 

7. Derive the expressions for A and B of Eq. 3-20 by solving the pair of 
relations for A and B which arise from Eq. 3-75. 

8. Show that for small (ka)? « 1 the quadrupole term of Eq. 3-34 is negligible 
for the incident fields of Section 3-5 and 3-6. For what ka does it begin 
to be important? 

9. Evaluate the coupling integral of Eq. 3-55 with reference to the remarks 
just preceding it. 

10. Verify the fact that the mode patterns of Eq. 3-57 obey Eq. 3-42 with N as 
defined. 

11. Check Eq. 3-60 by showing that the expression for the susceptance B of a 
small round hole as given in Ref. [6, p. 238; Eq. (15)] yields a coupling 
integral which agrees with Eq. 3-55 in the limit of a waveguide of infinite 
cross section. 


-& Ww 
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Chapter IV 


The Single-Passband Behavior 
of an Infinite Cavity Chain 


4-1. Synopsis 


In this chapter we formulate the basic equations for the symmetrical 
periodic cavity chain as we shall use them throughout the remainder of the 
book. The adjective “symmetrical” means the chain has mirror symmetry 
with respect to any transverse plane which bisects a cavity. We assume that 
the frequency of interest lies within or near a passband which is narrow 
compared to the width of the adjacent stopband(s).1 Then only the one 
open-circuit and one short-circuit resonant cavity modes of this passband 
are strongly excited. This single-passband analysis of the structure may 
alternatively be called the single mode-pair analysis, because both the 
open- and the short-circuit modes are required to represent the fields. 

We first derive the dispersion or w-p (y = fAoL) relation for a passband 
in which the fields have even symmetry. This is defined by the E, com- 
ponent of field having an even number 0, 2,...of reversals across a 
cavity. The field amplitudes of the short-circuit mode are excited by 
tangential electric field on each hole, as given by one-half the sum of the 
open-circuit mode expressions for it on either side. The amplitudes of the 
open- and short-circuit modes are related by the equivalence of both 
modes for the electric field within a cavity.’ This enables us to obtain the 
dispersion relation in which k* = w*ue varies as 1 — cos gm. A passband 
parameter M is defined which measures the width of the passband in units 
of k very simply as an integral of the mode patterns on the coupling hole. 

Then we repeat the derivation of the w-q relation for a passband in 


* This restriction will be removed in Chapter 5. 
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which the fields have odd symmetry: £, reverses an odd number of times 
across a cavity. Now k? varies as | + cos @. 

We can eliminate the passband parameter from both these dispersion 
relations and obtain a theorem which says that the shape of a narrow 
passband is independent of the size or shape of the coupling hole. The 
hole geometry only determines the open-circuit mode resonant frequency 
of the passband. Such a theorem enables us to judge on the basis of 
experiment the relative effect of neighboring passband modes in the field 
expansions at frequencies in the first passband. The greater this effect 
the more the dispersion curve for the first passband will differ from a 
shape specified by k? — (1 + cos 9). 

The sign of the passband parameter M very easily determines the slope 
of the dispersion curve, and we distinguish four cases, according to the 
symmetry of the fields and the sign of M. 

A given passband of a cavity chain may be characterized by two modes 
resonating at the cutoff frequencies and defined either within the cavity 
proper or else within a unit cell centered around the coupling element. A 
resonant-slot coupled structure exhibits both kinds of modes. We first 
observe that one passband of such a structure is characterized by two 
“cavity” modes resonating between electrically and magnetically shorted 
slots and centerholes. Then we point out that a neighboring passband is 
characterized by two “slot” modes resonating between electrically and 
magnetically shorted cavity midplanes. These two sets of modes are 
closely related, and we always find the “‘cavity” modes in the process of 
cataloging the “slot” modes and vice versa. 

We verify the dispersion relations obtained for a single passband by 
checking the power flow-stored energy-group velocity relation. In this 
relation we approximate the power flow and stored energy by the modes 
of the given passband alone. 

Then we consider the problem of maximizing both the fractional pass- 
band width and the gain per cavity with an electron beam present, but at 
the single-passband level of approximation. A gain parameter Cz is 
introduced which is well behaved at all frequencies throughout the pass- 
band. The fractional passband width can be increased while keeping Cz 
fixed by introducing extra cavity-cavity coupling beyond the centerholes. 
The gain per cavity of the growing wave is nearly proportional at fixed 
frequency to C, for frequencies right up to the a cutoff frequency. In 
Chapter 9 we discuss more of the properties of Cz as related to the Pierce 
Cp parameter as the latter is naturally defined for the cavity chain. But 
from the form of Cz we can see that large gain per cavity requires cavities 
of small volume operated at low frequencies and large beam voltages. 
About the best cavity chain in this respect is a series of thin cylindrical 
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cavities operated in the first TMo15 passband. The cavities cannot be too 
thin, however, for then the electric field of the resonant cavity mode will 
not penetrate effectively into the beam region between centerholes. Then 
the chain behaves as a fin-loaded waveguide with a wider dispersion 
curve. 

We then show that the previously derived “‘cold”’ circuit w-@ relation 
can be obtained by the alternate procedure of expanding the fields of 
Maxwell’s equations with the open-circuit mode of a narrow passband, 
as excited by tangential magnetic field on each coupling hole. This 
magnetic field is given by one-half the sum of the short-circuit mode 
expressions for it on either side of the hole. The amplitudes of the two 
modes are now related by their equivalence for the magnetic field within 
the cavity volume. 

Lastly, we derive some equivalent circuits to represent the amplitude 
equations for the short- and open-circuit modes of the mth passband. We 
cite examples in which these circuits do not behave according to our 
intuitive notions of an equivalent circuit. This means that many so-called 
“equivalent” circuits would not describe the fields and stored energies 
according to the mode solutions of Maxwell’s equations. As an example, 
the circuit susceptances which represent the effect of apertures on the 
propagating TE waveguide mode, discussed in Section 3-8, have signs 
opposite to those of the coupling elements in the corresponding equivalent 
circuit for that TE mode passband. 


4-2. Dispersion Relation from the Short-Circuit 
Mode Expansion 


In the preceding chapter we studied the coupling between two cavities 
shown in Fig. 3-8 and derived the key Eq. 3-54 for the amplitude Hae of 
the short-circuit mode in cavity (1): 


: P. “ 4 ee 
(pt — KY = — Pal ame — Ye) x Ay te dS 
T Jhole 
where various expressions for the coupling integral 
-| 6; x Aeeieds 
hole 


were given in Section 3-10 for various holes and apertures. 

The factor A, is the magnetic field pattern of the short-circuit mode 
which resonates at normalized frequency P, (Figs. 3-8 and 4-15, for 
example), and é{!) is the electric field pattern of the open-circuit mode 
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which resonates when k = k, and V{ = —V{?) (Fig. 3-9). The use of 
just one short-circuit mode for the fields implies that the others are 


weakly excited; Eq. 3-54 indicates that this is true at frequency k such 
that 


P,, being the normalized resonant frequency of the next short-circuit mode. 

We now wish to sharpen this description of one passband of a cavity 
chain so that it will apply to any passband of the chain with quite arbitrary 
coupling between cavities. Our generalization of Eq. 3-54 will lead to a 
dispersion relation for the nth passband of a cavity chain which has all 
the properties mentioned in Section 1-7: symmetry of the w-@ curve about 
the y = 0 axis [w(y) = w(—¢)]; zero slope at p=0, 7; and group 
velocity which is consistent with the power flow-stored energy relation of 
Section 1-4. 


A. A Passband Described by Fields of Even Symmetry 


Let us assume for definiteness the centerhole-coupled cavity chain shown 
in Fig. 4-la along with its first k-p curve. We are concerned with the 
behavior of the structure at frequencies within or near the first passband 
bounded by normalized frequency P, of the first short-circuit mode and by 
the frequency of the open-circuit mode, which we shall call p,. We say the 
fields have even symmetry because the LE, field reverses an even number of 
times—zero in this case—across the cavity. Since Eq. 3-54 tells us that 
the short-circuit mode is excited by tangential electric field on a hole as 
given by the open-circuit mode pattern é,, let us define that open-circuit 
mode by direct analogy with the short-circuit mode. So, just as we 
defined the short-circuit mode patterns £, and A, by Eqs. 1-21 and 3-42: 


Vx&,=P,H, &£, x i=0 on walls and holes 
VxA,=P,E, Py =oWpe 


i Ej? dv =(| AH dV=7, cavity volume 
V V 


so we define the open-circuit mode patterns é, and h, within a cavity by 
Eq. 1-22: 

Vxé=ph, &xA=O00n walls 

Vichy = 7,2, é,:fi=0on_ holes 


Pas ov be 
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Fig. 4-1. A centerhole-coupled cavity chain and its first four resonant cavity modes. 
(a) Side view of the physical structure and the first dispersion curve. (b) Patterns of 
the first short-circuit resonant cavity mode resonating between electrically shorted 
centerholes at frequency P,. Superscript (0) denotes the reference cavity. (c) Patterns 
of the first open-circuit cavity mode resonating between magnetically shorted center- 
holes at frequency p,. (d) Patterns of the second short-circuit resonant cavity mode. 
(e) Patterns of the second open-circuit resonant cavity mode. All patterns are repeated 
from cavity to cavity as shown. 


and Green’s theorem, Eq. 3-435, again allows us to normalize both é, 

and h, as 

| é dV =| h?dV=7, cavity volume 
V V 


This é, is the pattern which appears inside the coupling integral defined 
on the holes and apertures between neighboring cavities and evaluated in 
Section 3-10. 
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For the analysis of the infinite cavity chain we may repeat the patterns 
E, and H, from cavity to cavity with the same orientations, as shown in 
Fig. 4-15. But we must satisfy Floquet’s theorem, at a given frequency, 
so we must phase shift the amplitudes V, and J, from one cavity to the 
next. Let Vi and /{° within cavity (0) be the reference amplitudes, then 
VOY = VO < and K+) = 1 e4?, Since we have <” time depend- 
ence, a ““wave”’ of positive ¢ will have its phase velocity in the +z direction. 
It is important to note that such a description of the fields implies a 
discontinuity across each hole; for example, on the left side of hole (M+) 
in Fig. 4-1a we have electric field V{° £,, but immediately on the right side 
we have V{°) <%?E,! We are not certain of how most proponents of 
continuous field expansions would regard such a representation; we can 
only say that it not only works but works extremely well, provided we 
average the field expressions on both sides of the hole. By analogy, we 
associate amplitudes v, and i, with the patterns é, and /, and phase shift 
these amplitudes in the same way. 

Now we are ready to reinterpret Eq. 3-54 more significantly. That 
equation really tells us this: When we represent the fields of Maxwell’s 
equations by V,£, and J,H, within a cavity and operate on those equations 
as in Section 3-9 so as to obtain V, and J, in terms of the tangential 
electric field on the holes, that tangential electric field on a hole is one-half 
the sum of the open-circuit mode expressions for it on either side. Observe 
in this connection that the bracket of Eq. 3-54 can be written for V{ 
of cavity (0) as 

Avie ze De ad 
on the right-hand hole of Fig. 4-la, since pattern é, reverses direction 
across this hole in Fig. 4-1c! But now we have two amplitudes, V{® and 
v\), describing the same electric field within cavity (0). It only makes 
sense to say that they both represent the same electric field. When we say 
that v,é, of the open-circuit mode represents (tangential) electric field on 
a hole, obviously v,é, must represent the electric field within the cavity as 
well and should be equivalent or nearly so to VE, of the short-circuit mode. 

Let us write down all these statements concisely to see how they deter- 
mine the fields within reference cavity (0) of Fig. 4-1. We represent the 
fields by V,E£, and J,A, [omitting the superscript (0) for brevity] of the 
short-circuit mode and operate on Maxwell’s equations as in Section 3-9, 
so as to obtain two equations for V, and J, in terms of Etan. The hole 
excitation is given by 


| Eran x A, -ndsS 
holes 


where 7 = +i, on the right-hand hole and 7 = —i, on the left-hand hole. 
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The Ftan on the right-hand hole is 4v,(é&{° + «%@*”),, (44) and is 
40,(E + </%€—) (7) On the left-hand hole. We obtain straightfor- 
wardly 


PY = — Fo, { ae + ei”) x Ay 1, ds (4-1) 
T JM+ 
— Prof 4 + ee?) x Ay (i) dS — jouh 
Tt Me 
Pil, = joeV,, (4-2) 
from which we can form the equation for V, within cavity (0) as 
(Pp? os k*)V, ays Py A) He + rm i) x A, “, 3 dS 
Te M+ 


fi, 


T 


+o, i He” + te") x A,-i,dS (4-3) 
M— 
We have been very careful to attach a superscript in parentheses on each 
é, to denote on which side of the hole the pattern is measured. As a 
matter of fact we ought to have written H, as H{° because we are evalu- 
ating the mode amplitudes within cavity (0). But A, of an even short- 
circuit mode does not change direction across a hole (Fig. 4-15), and so 
the superscript is irrelevant. 
In Fig. 4-1c we observe the change of direction of é, across each hole: 


é,(x, y)ontu—) = —&(2, Yocm_) = +2,(2, Yo a+) 
= —é,(x, yond +) (4-4) 


at a common transverse point (a, y). With these relations we can write 
the right sides of Eqs. 4-1 and 4-3 in terms of a single integral which is the 
very important passband parameter M: 


My, = 2 | a x AY.7,dS, units of k = @/pe (4-5) 
T J(M-) 
It is defined at the left hole of Fig. 4-1 in accord with the literature. 
Because we assume cavities with mirror symmetry about a transverse 
bisecting plane it follows that 7, x é reverses direction from a point on 
one hole to the same transverse point on the other hole. Therefore M,, 
is precisely 7~ times the coupling integral as evaluated in Section 3-10 on 
the right-hand hole of the reference cavity, for passbands of even field 
symmetry. In terms of M,, we can write Eqs. 4-1 and 4-2 as 
Pil, = joeV, 
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which combine to give us 
Pete == K*)V; = P\M,,(1 ae cos Q)vy (4-7) 
for V, and v, within cavity (0). 


The relation between V, and 1, is obtained by invoking the equivalence 
of both V,£, and v,é, for the electric field within the cavity: 


VE, & v,€, (4-8) 


This equivalence, of course, breaks down on a hole where £, is normal 
and é, is tangential. But if it is true over most of the volume, we can dot- 
multiply the equation by either £, or é,, integrate over the cavity volume, 
and obtain 

ee 

v= at | B-eav 

TJV 

; (4-9) 

T JV 
Since both of these relations cannot be exactly true there exists some 


ambiguity in this single mode-pair description of the fields. The varia- 
tional treatment of Section 6-7 resolves the ambiguity as 


V; = Te ae ies = a | FE, 2 e, dV (4-10) 
V 


This is entirely reasonable when we recall that our single-passband 
approximation is valid for a narrow passband for which P, ~ p,, the 
coupling holes are small,.and so £, ~ é, within the cavity. Equation 
3-54, too, was derived by assuming a small perturbation of a short-circuit 
cavity mode so that the hole excitation is also proportional to V,. The 


error in taking 
Z | E,:é,dv 
T JV 


equal to | is a small fractional error in M,, but M,, is still good enough 
to describe the width of a narrow passband. 

Equations 4-7 and 4-10 then furnish us with the determinantal equation 
for the first passband of the Fig. 4-1 structure: 


(P? — k*)Ty = P,M,,(1 — cos P) (4-11) 


which is correct at y = 0 where the short-circuit mode resonates atk = P,. 
We can also check it at p = 7 by invoking Green’s theorem Eq. 3-430. 
For if we let A = é,, B = E,, and use the definition in Eqs. 1-21 and 1-22, 
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we obtain within cavity (0) 
(P,° aa | E,:é,dV 
4 


“ — Pio 20” x A. ads 
S 


=P, i &” x Ai” - i, dS — P, | op Me dS 
M— M+ 


= 2P,Myt (4-12) 


where we also used the fact that (2, y) at (M+) = —é(a, y) at (M—). 
We see that Eq. 4-12 does verify the fact that k = p, at p = m where the 
open-circuit mode resonates. 

Does Eq. 4-11 imply the correct stopband behavior just above k = p,? 
In this case |P,? — k?| > |2P,M,,|, and so |1 — cos g| > 2. If we set 
jy =ja + 4, we obtain 


(P2 — k*)T,, = P,M,,(1 + cosh a), k>p (4-13) 


Detailed calculations on a periodically lumped-loaded transmission line 
verify the accuracy of Eq. 4-13 (with p, = k, in place of P, on the right 
side because P, = 0 in this line) but only in a narrow frequency range 
just above the 7 cutoff frequency. As the frequency rises the modes of 
the next passband very rapidly become important in the field expressions; 
only by including them in an extension of this analysis do we obtain an 
accurate picture of the stopband behavior. The fact that our dispersion 
relation is accurate for both real and imaginary @ indicates that it should 
be accurate for complex g which result when an electron beam is intro- 
duced into the chain (Section 8-4). 


B. A Passband Described by Fields of Odd Symmetry 


According to the definition of even symmetry in the preceding sub- 
section we say that fields of odd symmetry have E, components which 
suffer an odd number of reversals across a cavity; the predominant modes, 
naturally, have this same property. Examples are the two modes of Fig. 
1-6d,e and repeated in Fig. 4-ld,e, which describe the second passband 
of the centerhole-coupled cavity chain provided the cavities are not too 
short, in which case they describe a higher-frequency passband. The 
analysis of the preceding subsection is only altered by the fact that the 
transverse @, pattern of the odd open-circuit mode does not change 
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direction across a hole, whereas H, does: 
Ai,(«, yon ut) = —A,(x, y)on(4-) = + A(x, y)on (a4) 
= —A,(a, yon) (4-14) 
This changes Eq. 4-6 for reference cavity (0) to 
ees — +P,M,,(1 + cos Po — joul, 


(4-15) 
Poly = jaeV 5 
with the passband parameter defined as before: 
Meee i ex Ay tds (4-16) 
7 JM— 


The parameter M,, is 7! times the coupling integrals for TE or TM 
modes as defined at the (7+) hole in Section 3-10 for passbands in which 
the fields have the odd symmetry across each cavity. Equations 4-15 
combine to give us an equation for V, in terms of v,: 


(P.2 — k*?)V, = P.M,.(1 + cos ¢)v2 (4-17) 
The relation between the two mode amplitudes V, and v, is 
Vz = i [ @. - 6, dVv, & Toa. 
T JV 
and so the determinantal equation for k(@) is 
(P.2 — k*)To, = P.M..(1 + cos ¢) (4-18) 


This equation is correct at y = 7 where the short-circuit mode resonates: 
k = P, (see Fig. 4-1d), and Green’s theorem, Eq. 3-430, verifies its correct- 
ness for k = p, at p = 0. 


4-3. A Theorem about the Passband Shape 


We see that the passband parameter M,, or M,». very nearly measures 
the width of a narrow passband. By either Eq. 4-12 for a passband of 
even symmetry or Eq. 4-17 (with gy =0 and k = p,) for one of odd 
symmetry we have 


The exact expression for |M,,,,| multiplies the right side of Eq. 4-19 by 
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Now let us express M,, in terms of P; and p, by Eq. 4-12 and substitute 
it into dispersion Eq. 4-11. Then we obtain the passband equation in 
terms of P, and p, alone: 


Py’ — Ke — PY — pr) — cose (4-20) 


Although Eq. 4-20 was derived with reference to a centerhole-coupled 
cavity chain it generalizes to a passband of any chain in which the fields 
have even symmetry. If we express M,, in Eq. 4-18 in terms of P,” — p,? 
at y = 0, we can write that equation as 


Px? — k? — 4(P,? — p,(1 + cos @) = 0 (4-21) 


and this equation describes any narrow passband with fields of odd 
symmetry. 

Observe that dispersion relations 4-20 and 4-21 give us k? = w*ue in 
terms of y = AL and the cutoff frequencies alone, independent of the size 
or shape of the (small) coupling hole. We have the following theorem? 


Given a passband for a symmetrical periodic structure [one that supports 
resonant modes of either even or odd symmetry] which is narrow (on a 
frequency scale) compared to its two adjacent stopbands, then its w*-By 
curve (By = /L) is independent of the nature of the coupling and is a 
1 + cos p function between the cutoff points. 


The theorem says that if the structure is operated at a frequency within a 
narrow passband the fields are almost entirely given by the modes of that 
passband and the w*—f, curve “has no choice” but to follow a 1 + cos 
curve. Since the passband is presumed narrow, this amounts to saying 
that the w-—f) curve has the same variation. We have derived this 
theorem independently of any equivalent circuit representations of the 
structure! 

It is evident that the theorem is valuable as a first approximation to the 
passband behavior of a periodic cavity chain. The extent to which a 
dispersion curve does not obey the theorem indicates the relative proximity 
of other cavity mode resonances to the cutoff frequencies of the passband 
of interest. For example, in certain resonant-slot coupled structures 
treated in Section 7-2 the “cavity” passband (defined as one in which the 
fields tend to phase shift across the slots) grossly violates the theorem 
because certain resonant slot modes contribute strongly to the fields, 
even at frequencies within the “cavity” passband. The converse of this 
statement, however, is not necessarily true; if a passband obeys the 
theorem well, neighboring modes may contribute rather strongly to the 


2 See R. M. Bevensee [1]. 
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fields. This is because the modes of the upper passband tend to push 
the “sandwiched” wf, curve down, while the modes of the lower pass- 
band tend to push it up. The result is a passband that usually very nearly 
obeys the theorem. 

We mentioned earlier that |M,,,,| is very nearly the passband width of 
the mth passband in units of k. The sign of M,,, gives the slope of the 
dispersion curve more conveniently than a calculation of relative stored 


Table 4-1. Character of the nth Dispersion Curve of a Symmetrical 
Cavity Chain 


E, Field Sign of Mode Resonating Slope, 9w/d9, 


Symmetry Mann at» =0 over0 <gy <a 
1. Even - Short-circuit a5 

2. Even + Short-circuit — 

3. Odd = Open-circuit - 

4. Odd ae Open-circuit a 
Examples: 


1, First passband of a centerhole-coupled cavity chain. 

2. First passband of a cylindrical cavity chain coupled by holes 
near the outer walls. 

3. A passband (it could be the first or second one) defined by a 
pair of resonant-slot modes (Fig. 4-2). 

4. First TE,;) mode passband of a chain of rectangular cavities 
coupled through round holes. 


energies. For example, we observe that the first passband of the center- 
hole-coupled chain in Fig. 4-1 is described by a pair of modes of even 
symmetry. We go to Eq. 4-11, which is appropriate to a passband of this 
symmetry, and observe that if 4,, < 0 the passband slopes upward from 
yg =0,k = P,; if M,, > 0, it slopes downward. We find in Eq. 4-5 that 
@) points inward on the (0) cavity side of hole (M—) in Fig. 4-1c and 
that H, circles in the +6 direction in Fig. 4-1b. Therefore M,, < 0 and 
the first passband slopes upward, Fig. 4-la. This kind of reasoning is 
valid even for a passband which is not narrow and with other passbands 
in close proximity. This is because it is really based upon Green’s relation 
of Eq. 4-12, which is exact. 

The four possible choices of field symmetry and sign of M,,, for the nth 
passband are listed in Table 4-1, along with the dispersion curve shape 
and one example of each choice. 

In examples 1 and 2 we can understand the effect of moving a small 
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Fig. 4-2. A resonant slot coupled chain and the two modes which resonate at the cutoff 
frequencies of the ‘‘slot’” passband. (a) Physical structure and the first two dispersion 
curves, (b) the first open-circuit mode resonating at frequency p, between magnetically 
shorted (B+) planes bounding the “‘slot”’ cell, (c) the first short-circuit mode resonating 
at frequency P, between electrically shorted planes (B+). 


coupling hole from the center to the edge of a cavity with reference to 
Eq. 3-55?: 


Uy ee 
Mu = 2 ee 


For the first passband a centerhole will displace Z, more than H, so 
M,, < 0 and the z resonant frequency rises. The fringing electric field 
around a magnetically shorted hole creates more stored electric energy, 
which drives the resonant frequency upward to restore the energy balance. 
A small hole near the outer wall of a cavity changes the sign of M,, to 
plus and lowers the 7 resonant frequency with respect to the zero resonance. 
In this case the introduction of a magnetic short on the hole effectively 


* This looks like Bethe’s expression but it is actually only half as large because our r is 
the full cavity volume, not the volume of a single half-cavity in Fig. 3-8. 
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raises the stored magnetic energy around the hole and lowers the z- 
frequency. This latter effect is somewhat difficult to verify in terms of 
energy, but it is obvious from the sign of M,,. 

Example 3, illustrated by the resonant-slot coupled structure of Fig. 
4-2, is included to show that the phase shift of amplitudes may effectively 
occur across boundaries (B+) which bisect the cavities proper rather than 
across hole or slot surfaces. This “‘slot’’ passband could be the first or 
second passband in the chain, depending upon the slot length. Both the 
open- and short-circuit resonant slot modes resonate at frequencies such 
that the slot is very nearly half a free-space wavelength long. We have 
much more to say about such structures in Sections 7-2 through 7-4. The 
passband parameter M for such a “‘slot” passband is defined exactly as 
before except that the left-hand boundary of the periodic cell is now (B—) 
instead of (M—). 


M,,(‘‘slot”” passband) = | CL xd dS 
T JB- 
where (0) denotes the reference “‘slot’’ cell. Curiously, none of the ordinary 
hole-, slot-, and loop-coupled structures supporting axial electric field 
illustrate case 4 for the first dispersion curve. 

Confusion has undoubtedly now arisen concerning the resonant modes 
defined within a “cavity” cell in Fig. 4-1 and the modes for the “‘slot”’ 
passband defined within the “slot” cell of Fig. 4-2. We wonder which 
pair of modes to use for which passband, and whether to define both 
“cavity” and “‘slot’’ mode-pairs for a given structure. The answer is: we 
must be on the lookout for both types of modes, but we will usually find 
both types in the search for the modes of either type. To illustrate, 
suppose the structure of Fig. 4-2 has the first passband shown, as defined 
by the two resonant “slot” modes within the “slot” cell, and a second 
passband defined by the resonant “cavity” modes within the “‘cavity”’ cell, 
like those of Fig. 4-1. But we may not know of these two varieties of reso- 
nant modes when we begin searching for resonant “cavity” modes which are 
defined with respect to electrically and magnetically shorted slots and 
centerholes. The very first two such modes we find resonating within 
a “cavity” cell of Fig. 4-2 resemble roughly the patterns of Fig. 4-Ic,e, 
except that half the lines are reversed in Fig. 4-1c so the mode appears as 
shown in Fig. 4-2c. But both these modes resonating within a “cavity” 
cell are open-circuit on the slots and holes; they cannot couple together 
on the slots and holes to give us a single-passband dispersion relation like 
Eq. 4-11 or Eq. 4-18 because M would be identically zero! This fact is 
the clue that these two modes should be redefined for continuity through 
the “slot” cell and with phase shifts across boundaries (B+). Sure 
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enough, when we so redefine them (Fig. 4-2b,c) we find that we now have 
an open-circuit-short-circuit mode-pair.which describes the first or “slot” 
passband. Then if we continue with our search for resonant “cavity” 
modes we find the next two resemble those of Fig. 4-1b,c. These are an 
open-circuit-short-circuit mode-pair on the slots and holes which do 
describe the qualitative behavior of the second passband. So we labeled 
that passband by the adjective “cavity.” 

Now suppose we had begun searching only for resonant “slot” modes 
within the “slot” cell of Fig. 4-2, as defined with phase shifts across the 
(B+) boundaries. The very first pair of modes we find do indeed describe 
the first passband, labeled “‘slot.”’ But the next pair of modes we find look 
like those of Fig. 4-1b,c except that the patterns of the open-circuit mode 
to the left of (/—) and right of (M+) in Fig. 4-1c are reversed so as to 
provide for field continuity throughout the “slot” cell. But both of these 
modes resonate within the “slot” cell as defined by electrically shorted 
(B+) and as such cannot describe the behavior of the second passband, 
according to the single mode-pair analysis. This fact is the clue that 
these two modes should instead be defined for continuity through the 
“cavity” cell, with phase shift of amplitudes across the slots and holes. 
Sure enough, when we so redefine them we can describe the second 
passband, labeled “‘cavity.” 

For the single-passband or single mode-pair analysis of this chapter we 
must define both the resonant “slot” modes of Fig. 4-25,c to explain that 
“slot” passband and both the resonant “‘cavity’’ modes like those in Fig. 
4-1b,c to explain that “‘cavity” passband. In principle, however, we could 
use either one set of modes or the other to describe the dispersion at any 
frequency (assuming completeness of both types of modes). As a matter 
of fact we use both types when we formulate a dispersion relation vari- 
ationally for the resonant-slot coupled chain (Section 7-5). 

Perhaps it would be of interest to show that, as the frequency increases, 
the density of passbands increases as k? and therefore the width of each 
passband must decrease to zero. This means that, as frequency increases, 
the é,, and H,, mode patterns “wriggle” more and more rapidly across the 
coupling hole and the passband integral M,,,, (see Eq. 4-5) goes to zero. 
In order to measure the density of short-circuit mode resonances let us 
assume the cavity has a uniform cross-sectional area A and write the 
equation for E, = E,(x, y) cos (m7mz/L) of one of those resonances as 


(Vo? + P,? — kom JE, = 0, k. —— (4-22) 


Here P,, is the normalized resonant frequency of the nth short-circuit 
cavity mode. This two-dimensional Helmholtz equation for E, has been 
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studied for very general boundary conditions, so that if P,,? — k,,” is a 
very large number we can say that the number of resonances dn between 
eigenvalue “/ P22 — ky? and VP,? — kine + dy/P,,? — k,,,2 18° 


We: = Nee (4-23a) 
T ; 


Since dV P,? — Kn? = (Py? — Ka2)~“P,, AP for fixed k,,,, the number of 
resonances between P, and P,, + dP is 


dn=4 Pap (4-236) 
2a 


This same density of resonances corresponds to k,,, = 0, 7/L, 27/L,... 
but diminishes as k,,,, approaches P,,. But let us use the same density for 
all k,,, up to P,, and calculate the total number of resonances in the dP 
interval as 


ge ead 2 oo lee 
27 


“i 
= — P,* dP 4-24 
7 2n* ( ) 
The error in dN is a term proportional only to P,. 
In this way we see that the density of short-circuit cavity mode reso- 
nances, dN/dP, increases as P? as P — oo, so that the bandwidth of succes- 
sive passbands approaches zero as P~®. 


4-4. The Power Flow-Stored Energy-Group Velocity 
Relation 


In Section 1-4 we proved that for a periodic lossless structure the 
relation between the time-average real power flow Pay and the total time- 
average stored energy VW, is 

_ W, 80 
L OB, 


at the frequency at which group velocity dw/0f, is measured. This means 
the group velocity is not only the velocity of transport of a low-frequency 
carrier wave envelope, Eq. 1-16, but also the velocity of energy transport. 

We now wish to verify our single-passband or single mode-pair relations 
4-11 and 4-18 with respect to Eq. 1-14. The time-average power flow may 
be measured by the averaged tangential electric and magnetic fields on 
surface (M—) of Fig. 4-1, or on (B—) of Fig. 4-2, for the nth passband as 


Pay (1-28) 


Pay = 4Re | 40,(e + 2”) x H,*(A,” + «A ”)*-i,dS (4-25) 
M— 


® See P. M. Morse and H. Feshbach [2, p. 761]. 
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If the mth passband has fields (modes) of even symmetry, 2(-))(a, y) = 
—é& (x,y) on (M—) or (B—); if the fields have odd symmetry, 7, 
reverses direction across surface (M—) or (B—). We obtain 


Pope 1 eat: line upper sign, even symmetry; (4.26) 
lower sign, odd symmetry 

Thus the power flow goes to zero at the resonant frequencies where 

= 0, 7. We should add that Eq. 4-26 also obtains if we average either 

Eran OF Aya, in Eq. 4-25, or measure one of them on one side of the hole 

and the other by the mode expression on the other side. 

Our single-passband approximation says V, = T,,v, and by Eqs. 4-6 

and 4-15 we know P,,J,, = jweV,,, so we may write Eq. 4-26 as 


Pay = F4V,*v, ea M, qr sin y (4-27) 


n 


The time-average electric stored energy is easily computed as 


W,= Al eéV,,*E, * Une, dV = tye (4-28) 
4J/y 4 

by the definition of T. The time-average magnetic stored energy is equal 

to this, so the total stored energy is 


W, = teV "0.1 a (4-29) 


If we now differentiate Eqs. 4-11 and 4-18 relative to m we obtain the 
group velocity as 
00 eke L LPM yn Sin Y 


Therefore when we substitute Eqs. 4-27 through 4-30 into Eq. 1-14 we 
find the latter is indeed true. We realize, however, that we have neglected 
the contributions of other modes to the fields at a frequency in the nth 
passband. Nevertheless, we can prove by accounting for all the modes 
that this formalism verifies Eq. 1-14 exactly (see Appendix A, Section A-1). 


(4-30) 


4-5. The Maximization of Electronic Gain per Cavity 
and the Fractional Passband Width 


In Section 8-4 we discuss the formal relationship between the resonant 
cavity mode and traveling wave (Pierce) descriptions of the waves in a 
cavity chain interacting with an electron beam. Certain necessary, but 
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not sufficient, conditions which amount to low gain per cavity and near- 
synchronism of d.c. beam and circuit must be fulfilled for these descrip- 
tions to agree. As a matter of fact, close examination of the waves 
(Chapter 9) indicates that the Pierce analysis which serves so well for 
helix-type traveling wave tubes is not particularly appropriate for most 
narrowband cavity-chain amplifiers and oscillators of interest even at 
frequencies away from cutoff. The cavity chains are better characterized 
by a new gain parameter C; (the subscript B distinguishes it from Pierce’s 
Cp) which is roughly equal to the appropriately defined Cp at frequencies 
away from cutoff and remains well behaved at cutoff. Parameter Cz 
varies essentially as (see Eq. 9-3) 
Gee lg Wy 


Cy oc 2m pu, 2 (431) 
OT 


Here w, is the plasma frequency, w, is the reduced plasma frequency, po 
is the d.c. space charge density, u is the d.c. beam velocity, and relativistic 
corrections are not included. Parameter C, is neither an explicit function 
of the fractional passband width nor one of the “cold” circuit power flow 
per unit amplitude, the latter proportional to sin y® where °° is the “‘cold”’ 
circuit phase shift per cavity. 

Physically, gain parameter C, is very insensitive to the fractional pass- 
band width because we can always introduce extra cavity-cavity coupling 
beyond the centerholes which little affects e, in the beam region between 
centerholes. 

Equation 4-31 indicates that, for large small-signal gain per cavity, we 
should design cavities of small volume 7 and operate them at low fre- 
quencies. We should also operate in the fundamental region0 < i)L < 7 
of the w—fy curve so that beam velocity uy will be large. And, of course, 
a greater d.c. space charge density p, will enhance the gain per cavity. 

About the best we can do to maximize Cz with respect to cavity dimen- 
sions is to design a cylindrical cavity chain for operation in the first TMo1o 
passband, at a frequency just above the “straight-through” short-circuit 
mode cutoff frequency P,. Since P,b = 2.405, 6b being the outer radius, 
and k ~ P,, the cavity cross-sectional area is determined. Now, if we 
start with rather long cavities, the first passband is narrow and the nor- 
malized e, is essentially NOM J(P,r) (no «0? factor), uniform within a 
cavity. As we decrease cavity length L, at first €é, remains nearly uniform 
but 2,2/7 increases because 7 decreases. The passband width also increases. 
When L reaches approximately the centerhole diameter, @, takes on the 
“bowed” appearance shown in Fig. 4-1c at frequencies within the passband, 
and é, in the beam region starts to diminish. Then as L decreases still 
further the chain starts to resemble more and more a fin-loaded waveguide 
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and should be analyzed as such (Sections 2-6, 6-6). The behavior of the 
cavity chain composed of cavities with square cross sections is nearly the 
same. 

If we include relativistic corrections, Cz behaves as* 


52 , 2\%4 
Cyt oc 2 5 Mig oo (1 Ss; ws) (4-32) 
wr a c 

with w,’/w,’, the ordinary plasma frequency reduction factor, as measured 
in a coordinate system moving with d.c. beam velocity uw. Space charge 
density po is measured in the rest or laboratory frame. But even at a d.c. 
voltage of 100 kv the last factor in Eq. 4-32 is (1 — 0.552)“ = 0.76 and 
not too serious a reduction. 


4-6. Dispersion Relation from the Open-Circuit Mode 
Expansion 


Since we have elevated the open-circuit mode to the status of the short- 
circuit mode by using them both to represent the electric field within a 
cavity, we ought to be able to derive the same dispersion relations by 
expanding the fields of Maxwell’s equations with the open-circuit mode. 
Such proves to be the case, and verifies the consistency of the two mode- 
expansion techniques. 

We now follow the procedure dual to that in Section 3-9. We represent 
E by v,é, and H by i,,h,, at frequencies in the nth passband: 


V x é= —jouli,Ay 
x 6 = —jouligh,) me, 
V x h=joe(v,é,) 


where the nth open-circuit mode patterns are defined by Eq. 1-22 with 
subscript 1 changed to n on page 95. We dot-multiply the first equation 
by ,, integrate it over the cavity volume, and integrate the left side by 
parts as in Eq. 3-45. With 


Ex hn: fidS =0 


holes 
because h,, x 7 = 0 on the holes, we obtain just 

Pn = JOM, (4-34) 
for the amplitudes within reference cavity (0). We next multiply Eq. 4-335 


* The factor (1 — up*/c*)4 appears because of the considerations in Appendix D. 


EEE 
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by @,,, integrate it similarly, and obtain 
: 1 is ‘1 
Pain = + | é° x A-ndS + jwev, (4-35) 
7 Jholes 


Notice that Atan on the holes cannot be given by ih which is normal to 
them. Combining the last two equations, we obtain an equation for open- 
circuit mode amplitude i,, as excited by H on the coupling holes, 


|S [ & x H- ads (4-36) 


holes 


We now represent H on hole (M—) of Fig. 4-1, for example, by the 
short-circuit modes which can represent Atan there: 


Biss ont = H(A,” + AD) (4-37) 
with a similar expression for H,,,, on the (M+) hole. All the mode 
patterns é, and H,, on both sides of each hole can be related to those 
patterns on the +z side of hole (M—) by Eqs. 4-4 and 4-14, and so Eq. 
4-36 becomes 

7,” — )i, = —p,M,,(1 + cos 9)I,, upper sign, fields (4-38) 
of even symmetry 
Now the two representations i,,4,, and /,,H,, are equivalent throughout 
the cavity volume as a whole: 
ih, = I,H,, (4-39) 
If we multiply both sides by h,, and integrate over the cavity volume we 
get 


i= Tat | Aah dV (4-40a) 
T JV 
But we can just as well obtain 
eile i oy ay. (4-40b) 
T JV 


The variational discussion of Section 6-7 resolves this ambiguity as 


i, =Unnln,  Unn& : i A, h, dV (4-41) 
TdJIV 


with U,,,,~ 1 for a narrow passband. 
With Eq. 4-41 the amplitudes cancel in Eq. 4-38, and we obtain the 
dispersion relation 


(p,° a R)U nn = —p,M,Al + cos Q) (4-42) 


This is equivalent to Eq. 4-11 for an mth passband with fields of even 
symmetry (upper sign), since the open-circuit mode resonates at k = p, 
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where gy = 7 and fork =P,, gy = 0, we obtain just Green’s relation 
4-12 with the additional relation P,U,, = TnnP, derivable from Eq. 
3-43a. Similarly we find that Eq. 4-42 for a passband of odd field symmetry 
(lower sign) is equivalent to Eq. 4-18 for the nth such passband. 

Since we obtain essentially the same “cold” circuit dispersion relation 
by an open-circuit expansion of the fields in Maxwell’s equations as by a 
short-circuit expansion of those fields we may question the utility of the 
former expansion. We should make an open-circuit mode expansion of 
the fields if we can obtain a more accurate representation of Atan than of 
étan on the coupling surfaces. Such is the case for the cloverleaf structure 
(Section 7-7), in which we will represent the fields within each “slot” cell 
by an open-circuit “slot”? mode which is excited by the magnetic field of 
a short-circuit “cavity” mode on the cavity midplanes. 

For most single-passband analyses, however, it does not matter which 
point of view we take even if an electron beam is present, except that we 
should measure the beam-circuit coupling by { /- £,, dV if the operating 
frequency k is nearer to the short-circuit resonant frequency P,, and by 
j J-é, dV if it is nearer to p,, of the open-circuit mode. 


4-7. Equivalent Circuits for the nth Passband 


In the event that a narrow nth passband is described well by its two 
resonant cavity modes at frequencies in or near the passband, we can 
convert the amplitude equations into equivalent circuit form. This is not 
necessary for a description of the waves in either the “cold” or the “hot” 
structure; indeed, it proves to be impractical if we wish to include more 
open- and short-circuit modes in the field expansions. However, the 
single mode-pair equivalent circuits are very convenient for studying the 
termination of an amplifier which matches to the growing wave. Therefore 
we introduce the “cold” circuits here and modify them later to include 
the presence of an electron beam. 

The equivalent circuit for the short-circuit mode amplitudes V,, and I, 
of a passband is obtained by converting Eqs. 4-1 and 4-2 into proper form, 
with the definition of M,,,. Let usignoreT,,,,~ U,, = 1 for convenience. 
We define these circuit quantities for reference cavity (0): 


Vine = a , volts Lie = = , henrys 
s Gs (4-43) 
Las In , amperes G= = , farads 
P, P, 


so that when we write v, ~ V,, = P,,I,/jwe in Eq. 4-1 we can divide these 
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equations by P,,” and get, for a passband of even field symmetry, 


(. — aay ¢ Man se ; IMS ze ie Man . (0) 
Ve = 3 ee i ; JO ae 
Beemer, § 20C,, P, wl, Pp (4-44) 
1 = joC,,V. (passband of even symmetry) 


If the passband has odd symmetry (Eq. 4-15) the signs in front of the J{-) 
and J) terms change to plus. The circuits for both types of passbands 
are shown in Fig. 4-3a,b. At m = 0 there are no voltage drops across the 
coupling capacitors of the Fig. 4-3a circuit and w =(L,,C,,.)-% = 
P, |v je of the short-circuit mode with even symmetry. The circuit of 
Fig. 4-3b resonates at » = 7 for the mode of odd symmetry, such that 
the voltage drops across all the condensers but C,,, cancel. 

In both circuits of Fig. 4-3 L,,, and C,,, store the magnetic and electric 
energy of the cavity proper and the coupling capacitors, F2(C,,,.Pn/M nn) 


| 
L——~<—-—“}—---— 
~* Beam 


(6) 


Fig. 4-3. Equivalent circuits from the short-circuit mode representation. (qa) Passband 
of even E, field symmetry, (b) passband of odd symmetry. The effect of a beam inter- 
acting with the E£, field is represented by the dashed generators. 
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store energy associated with the coupling hole. The second circuit for 
the short-circuit mode of odd symmetry has an additional capacitor, 
—+(C,,.P,/Mn»), Which is not combined with C,,, in order to illustrate 
the reaction of the cavity fields back upon themselves due to the hole 
presence. This is a consequence of the fact that the fields on the coupling 
hole are one-half the sum of the mode fields on either side. No funda- 
mental significance should be attached to the fact that the circuit of Fig. 
4-36 shows this reaction while that of Fig. 4-3a does not. 

The equivalent circuit for the open-circuit mode amplitudes v,, and i, 
of the same passband is obtained by converting Eqs. 4-34 through 4-37 
into proper form. We define 


= La 

Pe he (4-45) 
i= Cy = 

Pn P,P, 


so that when we divide the first two equations by p,,” and express I, ~ i, 
as P,V,/(—jop) in Eq. 4-35 we get for a passband of even field symmetry 


(0), 2 ° -(0) 
a Sel (51) Saye bi 


Une 
(0) (=) (+1) 
(0) Une em Mian Une S Mise Une "1 Mow 


nc 


(4-46) 


Joly Py | 2ole py olga 

If the passband fields have odd symmetry the signs of the vo) and v(t) 
terms change to minus. The circuits appear in Fig. 4-4a,b. We observe 
in the first circuit that at p = 7 there is zero net current through all the 
inductors except L,,, so this circuit resonates at frequency (L,,,C,,.)-* = 
PalV. pe Of the even open-circuit mode, as it should. The second circuit 
resonates at » = 0 when no current flows into the adjacent terminals 
because the same odd open-circuit mode voltage exists across all of them. 

In the circuits of Fig. 4-4 L,,, and C,,, also store the magnetic and electric 
energy of the cavity proper, while coupling inductors, =2(L,,,p,/Mnn), 
store the energy associated with the coupling holes. Inductor $Z,,,(p,/Mnn) 
represents the reaction of the cavity fields back upon themselves in 
the first but not the second circuit; this difference is not particularly 
significant. 

It is certaintly true that more than two equivalent circuits can be 
constructed to represent the behavior of the nth “cold” citcuit passband. 
The question of which is the best equivalent circuit does not become 
important until we insert a beam into the structure. Then the nature of 
the growing wave is rather dependent upon the form of the circuit because 
of the very particular way in which J comes into the second Maxwell equation. 
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+t) 


(0) 


Fig. 4-4. Equivalent circuits from the open-circuit mode representation. (a) Passband 
of even E, field symmetry, (b) passband of odd symmetry. The effect of a beam interacting 
with the £, field is represented by the dashed generators. 


An obvious example will make this point crystal clear. Suppose the effect 
of the beam upon the circuit is'a current generator /, in shunt with C,,, in 
Fig. 4-4 (which is the correct effect). Then v{+) = v() et” in an infinite 
line, where complex y obviously depends upon the strength of the beam 
current. Now suppose we were to put a current generator /, e”/? in shunt 
with the left coupling inductor —2(L,,p,/M,,) and another with the 
current J,<—”/? in shunt with the other coupling inductor such that the net 
current out of the v(°) terminal is J,(<”/2 — «~/?). The generators satisfy 
the periodicity condition but clearly this excitation is distinctly different 
from the correct one, especially so near the zero “cold” circuit cutoff 
frequency. To be certain of the correct circuit excitation we derive the 
circuit and beam excitations directly from Maxwell’s equations in Section 
8-4. 

Equivalent circuits derived from Maxwell’s equations (the solutions to 
which are based upon variational principles) do not always agree with 
our intuitive notion of an appropriate circuit. Two such instances clarify 
this point. For example, Chodorow and Craig [3] say that the positive 


116 Electromagnetic Slow Wave Systems 


—|Lel —|Le| —| Let —|Le| 


Fig. 4-5. An “‘equivalent”’ circuit for the single-passband behavior of a cavity chain (from 
Chodorow and Craig [3]). 


group velocity of the first passband of a centerhole-coupled chain is due 
to negative mutual coupling in the “equivalent” circuit of Fig. 4-5. In 
this circuit at » = 7 the mutual inductances in parallel with the cavity 
inductance lower the total shunt inductance and raise the frequency. But 
this is not the picture at all in Fig. 4-4a. In our circuit the mutual in- 
ductors are positive for this passband since M,, < 0. If the phase shift 
changes from y= 0 to »=7, the frequency rises, not because of a 
negative mutual effect, but because the positive mutual inductors cancel 
the negative inductance —}(L,,P,/|My,|) of the cavity due to the reaction 
of its fields back upon themselves, and this effect raises the 7 cutoff 
frequency. From another point of view we might expect the centerhole 
to cause a reduction of capacity for the 7 mode, and yet in Fig. 4-3a this is 
the wrong picture. Rather, at » = 7 there are more positive capacitors 
in the series circuit representing more fringing electric stored energy 
around the holes and the resonant frequency rises to offset it. 

On the other hand Chodorow and Craig say that slots cut in the outer 
walls of a chain of cylindrical cavities will raise the inductance of the 7 
mode relative to the zero mode so that the 7-mode has the lower resonant 
frequency. This statement does indeed describe the behavior of the circuit 
of Fig. 4-4a for our example 2 of Table 4-1, with M@,, > 0. If the phase 
shift changes from zero to 7 in this circuit the negative mutual inductances 
cancel +4(L,,p,/|M,;|) and lower the 7 resonant frequency. 

We believe this discussion proves that we cannot choose any likely 
“equivalent” circuit and expect it to describe the fields in a given passband 
according to the mode solutions of the fundamental Maxwell equations. 

Let us now compare Marcuvitz’ equivalent circuit element for a given 
aperture with the coupling element in the circuit of Fig. 4-3. For the first 
TM mode incident upon the aperture both circuit elements have the same 
sign; for the first TE mode incident they have opposite signs, a fact 
which, however, is not of real basic significance. From Ref. [4], p. 218, 
we find that the aperture for the first TE mode passband of odd symmetry 
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(see Fig. 3-7 for the symmetry) is represented by a positive capacitance if 
the window is capacitive (naturally). The short-circuit mode of this 
passband, shown in Fig. 3-7, resonates at y = 7m with the aperture electri- 
cally shorted; the zero phase shift resonant frequency must be higher if 
the circuit element is capacitive. In Table 4-1 this is case 3, for which 
M,, <0. And we see the sign of M,,,, checks with Eq. 3-60 written as 
2 2 
Ae ae 
377B 377@Cap 
N being a normalizing constant. Now if we glance at our equivalent 
circuit illustrating shunt coupling between cavities for this passband of odd 
field symmetry, Fig. 4-35, we find the coupling capacitance, 2(C,,P,/M,), 
is negative! And our derivation of bandwidth parameter M,, in terms of 
Cap is certainly correct. 

In fact, this difference of sign will occur between any aperture element 
for the first TE waveguide mode and the coupling element in the circuit 
of Fig. 4-35 for its passband. For the alternative case of an inductive 
aperture element the g = 0 resonant frequency will be lower than the z 
resonant frequency, case 4 of Table 4-1 applies, M/,, is positive, and our 
equivalent circuit coupling element is a positive capacitance; that is, a 
negative inductance. We are not trying to confuse anyone with these 
statements, for there is no fundamental reason why the signs of these two 
circuit elements should agree. 


Problems 


1. Consider the ladder lines of Fig. 2-7c,d, the dispersion curves of which 
appear on Fig. 2-8. The open- and short-circuit modes have which symmetry 
in Table 4-1? From sketches of the é and H patterns on a transverse plane 
midway between two “rungs” of each line verify the sign of M and the slope 
of the dispersion curve. 

2. Derive the single mode-pair dispersion relation for the first passband of a 
coaxial waveguide loaded periodically by shunt capacitors and show it can 
be written w = w, sin (9/2). 

3. Consider a centerhole-coupled cavity chain with nonresonant S-shaped 
loops effecting additional coupling where the magnetic field is strong. 
(See Fig. 4-6). The free-space wavelength is assumed to be far greater than 
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dimension ¢. Verify from sketches of the é, pattern that the passband width 
will be increased. 


. Compare the general single mode-pair dispersion Eq. 4-20 with that shown 


in Fig. 4-27 on p. 70 of Traveling Wave Tubes by J. R. Pierce. Let wy ~ P,, 
Op ~ Py, and wn = 0.90_. 


. Calculate the exact periodic attenuation « vs. k in the first stopband of the 


lumped-loaded line of Fig. 1-5 with these parameters: 


@2Cz/ Yo i Dh, Yo — 1 
Le Sic Cr, = 106.1 put 
so 
,/27 = 3.0 kMc, the second = cutoff frequency. 


Show that the single mode-pair dispersion Eq. 4-13, written as p,” — k? = 
—p:M,,:(1 —cosh«) with M,, <0, rapidly becomes inaccurate as k 
increases above pj. 


. Consider the nonsymmetrical periodic chain of cavities shown in Fig. 4-7. 


Assume a surface M exists such that if it is short-circuited the short-circuit 


} } ae 
Fig. 4-7 


mode resonates at p = 0 and if it is open-circuited the open-circuit mode 
resonates at y = 7. Derive the modified dispersion Eq. 4-11 and show that 
an inconsistency arises even if all the terms happen to be pure real. There- 
fore surface M with these properties does not exist. 


. Prove that we can write the time-average real power flow across a coupling 


surface in at least three equivalent ways, depending on whether é or H or 
both are averaged on the surface. 


. Show that the equivalent circuit presented in Fig. 4-3 is not the dual of the 


circuit in Fig. 4-4 either with or without the current generators representing 
the beam (refer to E. A. Guillemin [5]). 


. If an electron beam were interacting with a slow wave structure, verify from 


Maxwell’s equations the placement of the equivalent current generators 
(dashed lines) in Figs. 4-3 and 4-4. How are the equivalent currents 
evaluated ? : 
Suppose alternate cavities of the Fig. 4-la structure are changed so as to 
make it doubly periodic but allow it to retain its mirror symmetry about a 
transverse plane bisecting each cavity. Derive the new single mode-pair 
dispersion equations by the procedures of Sections 4-2 and 4-6 and show they 
are consistent. Sketch the two dispersion curves which replace the singly 
periodic one. 
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Chapter V 


General Theorems about 


Symmetric Cavity Chains 


5-1. Synopsis 


In the preceding chapter we considered the behavior of a cavity chain 
at frequencies in just one of its narrow passbands. The predominant 
component of E, field had either even symmetry characterized by an even 
number of reversals across the cavity, or odd symmetry. These field 
symmetries were implied by the mirror symmetry of the structure about 
a transverse plane bisecting a cavity. The result of our analysis was a 
theorem stating that the shape of the w—y (m = BL) curve for this pass- 
band is, to a first approximation, independent of the nature of the coupling 
between cavities. In this chapter we make statements about all the 
dispersion curves and the fields which determine them. 

We continue our discussion of only those structures with mirror 
symmetry about a transverse plane bisecting a cavity. In such structures 
every open- and short-circuit solenoidal cavity mode which resonates 
between magnetic or electric shorting planes, respectively, on the coupling 
surfaces or cavity midplanes has physical significance. For example, the 
even short-circuit mode with patterns shown in Fig. 4-1b represents the 
true field at an operating frequency corresponding to that mode’s resonant 
frequency. For if the amplitudes phase shift by zero radians across the 
coupling surfaces, the total field consisting of amplitude times pattern is 
continuous. This mode, then, represents the true field at a zero phase 
shift cutoff frequency. This class of symmetrical structures is wide enough 
to include most hole-, slot-, and loop-coupled cavity chains of practical 
interest. 

We then proceed to generalize the definitions of the solenoidal (curl 
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but no divergence) short- and open-circuit modes for the field expansions, 
with respect to periodic scalar permeability and permittivity. Orthogo- 
nality relations exist which help us later to evaluate the mode amplitudes. 
In general, the fields also possess irrotational components (divergence but 
no curl), so we define sets of irrotational short- and open-circuit modes 
for the fields. Orthogonality relations also exist for these modes. In 
addition, every irrotational mode pattern is orthogonal to every solenoidal 
mode pattern defined with respect to the same boundary conditions. 

We expand the fields of Maxwell’s equations with all the short-circuit 
solenoidal and irrotational modes, excited on the coupling surfaces by 
tangential electric field. By following Schelkunoff’s procedure we evaluate 
the amplitudes of these modes. Irrotational magnetic field exists, but 
there is no irrotational electric field. Then we follow the dual procedure 
of expanding the fields of Maxwell’s equations with the open-circuit 
modes, excited by tangential magnetic field on the coupling surfaces. We 
evaluate the new mode amplitudes and discover that irrotational electric 
field but no irrotational magnetic field now exists. Thus the two expansion 
procedures yield different expansions for the same electric and magnetic 
fields—the short-circuit mode expansions contain no irrotational electric 
field components but the open-circuit mode expansions do. Schelkunoff 
gives a simple example to show how both kinds of expansions, one con- 
taining no irrotational components but a d.c. component and the other 
containing an irrotational component, can represent the same magnetic 
field within a cavity. 

From these expressions for the mode amplitudes of the short- or open- 
circuit mode expressions we show how to derive dispersion relations 
independent of the amplitudes of the irrotational modes. The expressions 
for the amplitudes of the irrotational modes merely form a set of auxiliary 
relations in terms of the relative amplitudes of the solenoidal modes. 
These relative amplitudes are determined by the value of k?(~) which 
satisfies the dispersion relation for the particular w- curve of interest. 
The irrotational modes do not determine the dispersion characteristics 
provided we use both the open- and short-circuit mode expansions within 
the same periodic cell, with phase shift of all amplitudes across the bound- 
aries of that cell. If, however, we expand the fields one way within one 
unit cell, as excited by the fields of another expansion defined within a 
disjoint unit cell, and vice versa, the irrotational modes do affect the 
dispersion relation. For example, we may wish to represent the fields in 
a resonant-slot coupled structure by the “cavity” modes and also by the 
“slot” modes centered around the slots. In this case the irrotational 
modes cannot be ignored in principle, but they usually affect the dispersion 
only slightly. 
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We then go on to show that the effect of the modes of the second pass- 
band in the field expansions for many of these structures is to depress the 
w-y curve of the first passband. Two conditions are sufficient for this 
effect. The fields in both passbands must tend to phase shift rapidly 
across the same coupling surfaces and also must tend to have even sym- 
metry in one passband and odd symmetry in the other. In Sections 7-5 
and 7-6 we show that the same effect is true in many of the resonant-slot 
and resonant-loop coupled structures. In order to prove the foregoing 
statement we derive the 2 x 2 determinantal equation for k(¢) using the 
modes of the first two passbands. The derivation illustrates the procedure 
to follow with any number of modes in the field expansions. The deter- 
minantal equation is the same whether we develop Maxwell’s equations in 
which the fields are expanded in short- or in open-circuit modes. 

The form of the dispersion relation for the first two passbands illustrates 
an interesting conservation relation for the sum of the squares of the 
frequencies in all the passbands, at any given phase shift m. It turns out 
that this sum is equal to the sum of the squares of all the frequencies which 
lie on single mode-pair or single-passband curves connecting the same 
cutoff frequencies, for the same phase shift @. 


5-2.. Symmetry of the Structure 


Figure 5-1 shows a schematic diagram of the general symmetrical 
cavity chain we wish to treat in this chapter. The chain has mirror sym- 
metry with respect to either transverse plane (B+) bisecting a cavity. This 
means the point (x, y, z) goes into the point (w, y, —z) where z $ L/2. 
Arbitrary symmetrical coupling lies within the dashed pillboxes which 
enclose coupling surfaces denoted by (M+). From elementary group 


eR 1 i 
| 

Coupling! ! Surface! ! YA v*! NW ae 

element -]~ (M-) “77 vee og 2 % 


Plane (B—) (B+) 


Fig. 5-1. A general symmetrical cavity chain. Cavity (0) is the reference cavity of phase 
zero and coupled to the neighbors across surfaces (M+). Alternatively, a cavity cell may 
be defined between planes (B+). 
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theory considerations we know that the fields of Maxwell’s equations at 
any given frequency in a cavity can be split into two portions. One 
portion has the longitudinal symmetry specified by 


E(x, y, +2) = +E,(2, y, —2) (5-1a) 
A(«, y, 2) x i, = +A(2, y, -2) x i, ate L (5-16) 
A,(2, y, 2) = —H,(x, y, —2), 2 (5-1c) 
E(@, y,z) x i, = —E(x, y, —2) x i, (5-1d) 


within the cavity. This portion is said to have even symmetry, as defined 
on page 95, and the fields may be represented by a complete set of even 
short-circuit modes [each with £, ~ 0 and £ x i, = 0 on the coupling 
surfaces (M+), according to definitions on page 95] or, alternatively, by a 
set of even open-circuit modes [each with E, = 0 and F x i, €0 on 
(M+), as defined on the same page]. The other portion of the fields has 
the odd symmetry expressed by 


E,(«, y, +2) = —E,{(x, y, —2) 


A(x, y,2z) x i, = —H'(z,y,-2) xi, lel< 3 
and so on, and these fields may be constructed with either the odd short- 
circuit modes or, alternatively, the odd open-circuit modes within each 
cavity. To represent the complete solenoidal fields within a cavity we can 
expand the fields of Maxwell’s equations with either the short-circuit 
modes denoted by capital letters as 


E(F) = & Va (7) +S VnEn( 7) (5-3a) 
d 
a H(?) = > In lr) fe dmAnl?) (5-3b) 


where the position vector r lies within reference cavity (0), or, alternatively, 
with the open-circuit modes denoted by small letters, as 


E(F) = ¥ ve (7) + Y VmEm(7) (5-4a) 

and even odd 
A(F) = > inha(F) + > imhm(?) (5-4b) 

even odd 
In these expansions the relative amplitudes V,,..., i,, all depend upon 


the frequency corresponding to a given value of phase shift y. The fields 
in cavities adjacent to reference cavity (0) in Fig. 5-1 are represented by 
either Eqs. 5-3 or Eqs. 5-4 multiplied by the appropriate factor «*/?, as 
indicated on the figure. 

The symmetry means that each open- and short-circuit resonant cavity 
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mode represents the true field at that cutoff frequency of the chain which 
is the mode’s resonant frequency. For example, suppose we examine the 
first even open-circuit mode of the centerhole-coupled chain of Fig. 4-1. 
This mode, Fig. 4-lc, has the symmetry described by Eqs. 5-lc,d. By 
repeating its patterns é, and h, from cavity to cavity we see that é, x i, 
reverses direction across each hole. Therefore if the mode amplitudes v, 
and i, also change sign across each hole, that is, phase shift by 7, the 
total fields v,é, and i,/, will be continuous. In addition, the power flow 
in this mode is zero because only é, X i, exists on the (magnetically 
shorted) holes. Hence this mode represents true field at the first 7 cutoff 
frequency of the first passband, where the group velocity is zero. This was 
the argument presented in Section 1-6 and adopted to cavity chains, to 
the effect that every w-f, curve of this structure has zero slope and no 
power flow at every zero and 7 phase shift resonant frequency. 

It also follows that the true field at every cutoff frequency of a passband 
must have the properties of at least one open- or short-circuit mode. At 
any cutoff frequency the fields have either even or odd symmetry except in 
special cases where resonances can exist with both symmetries. If the 
fields have even character at a zero phase shift cutoff frequency we can 
insert electric shorting planes on the coupling surfaces without disturbing 
them, according to the symmetry properties of Eq. 5-1. If the fields have 
odd character for this phase shift we can insert magnetic shorting planes 
without disturbing them. It follows that, at a given cutoff frequency, we 
can always insert the appropriate shorting planes on the coupling surfaces 
so as to define short- or open-circuit cavity mode(s). If more than one 
mode exists, we have a degenerate case. 

These remarks indicate that we can represent the total solenoidal fields 
at any operating frequency by expansions 5-3 or, alternatively, 5-4, in 
which each mode has an amplitude partially determined by the proximity 
of its resonant frequency to the operating frequency. We assume com- 
pleteness of both these expansions although we can only prove it for 
cavities of constant cross-sectional area. In such cavities each resonant 
cavity mode can be regarded as composed of a linear combination of TM 
and TE waveguide modes, each with fields which vary as sin (n7z/L) or 
cos (n7z/L) across the cavity. These waveguide mode-harmonics do form 
a complete set for the fields, so that linear combinations of them will also 
be complete. But despite the cavity shape and precise nature of the 
coupling within the dashed pillboxes of Fig. 5-1 we expect to obtain good 
field representations with just the few cavity modes that have resonant 


*G. B. Walker and G. C. Englefield [1] show that this can happen in a waveguide which 
supports the TE,;) mode and which is loaded periodically by dielectric spacers. They 
speak of a confluence between the first and second passbands at the phase shift point . 
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frequencies near the operating frequency. These fields will then yield a 
dispersion relation that is most accurate in a narrow frequency range 
which is far from the resonant frequencies of the neglected modes. In 
line with these statements we obtain, in Section 5-5, 2 x 2 determinantal 
equations for the first two passbands of a structure that are most accurate 
for the first passband and less accurate for the second passband because 
of the proximity of the modes of the third passband. 

If our model did not have mirror symmetry we could still expand the 
fields with the short- and open-circuit resonant cavity modes. Then, 
however, each such mode would not represent a true field at a physical 
cutoff frequency. If we repeated the patterns of these modes from cavity 
to cavity, the tangential and normal components would be neither con- 
tinuous nor continuous but for a directional reversal across the coupling 
surfaces. Thus the mode could not represent true continuous field for 
either zero or 7 phase shift of amplitudes across the coupling surfaces. 
Furthermore, the complete dispersion relation would not contain cos » 
and sin » factors, as in Eqs. 4-20 and 4-21, but would have complex terms 
representing the asymmetrical couplings of each cavity to its neighbors. 


5-3. The General Field Expansions 


We now expand the fields of Maxwell’s equations with all the short- 
circuit modes, as excited on the cavity coupling surfaces (M+) of Fig. 5-1 
by the tangential electric field. This latter field may be expanded with the 
open-circuit modes, as we shall show. Then we follow the dual procedure 
of expanding the fields with all the open-circuit modes, as excited by 
tangential magnetic fields on the (M+) surfaces. However, before we 
carry out the expansions we redefine the solenoidal short- and open- 
circuit modes more generally and also introduce the irrotational modes for 
the sake of completeness. 


A. The Solenoidal Mode Characteristics 


In Chapter 4 we analyzed a single passband with a pair of solenoidal 
short- and open-circuit modes defined with respect to free-space perme- 
ability ~) and permittivity ¢. To account for the presence of dielectric 
or possibly magnetic material within the cavities, we redefine the modes 
with respect to periodic scalar distributions of relative permeability 1,(7) 
and permittivity ¢,(7). Our expressions to follow will also be valid if yu, 
and ¢, are Hermitian dyadics for lossless media, with minor changes in 
notation. 


126 Electromagnetic Slow Wave Systems 


The nth short-circuit solenoidal mode is therefore redefined within a 
cavity by the relations 


Vx £,7) = P,u4,AH,(7)  £, x i =O on cavity walls  (5-5a) 
Vx A,r) = P,e (Hz) and coupling surfaces (5-55) 
P,= wav Lofo the normalized resonant frequency (5-5c) 


Here 7 is merely the position vector. We may prove that E£,, has weighted 
orthogonality with respect to £,, if P,, ~ P,, as follows. We multiply Eq. 
5-5a by wu, 1, take the curl, and substitute Eq. 5-55. After dot-multiplying 
by £,, and integrating over the cavity volume 7 we obtain 


i E,-¥ x 410. x Ed ee i Bcgeskeivia ieee) 
V V 


By the divergence theorem we can convert the left side so this expression 
reads 


| uV CL, V OR, dy ee i EE Sy aes CS) 
V V 


because fu, 1E£,, x V x E,,- dS =0 on the cavity walls and coupling 
surfaces. Now, by subtracting Eq. 5-7 with n and m interchanged we find 
that 


i fief. dV=0 = Pee (5-8) 
V 
Similarly, we may show that 
| 4. su Eh, dv 
V 


at the same time. Moreover, we may dot-multiply Eq. 5-5a by A, and 
Eq. 5-55 by E,,, subtract the equations, and integrate the result over the 
cavity volume to show that 


i ae ae av={ b,H,? dV 
V Vv 


We may then normalize both £, and A, so these latter integrals are both 
equal to the cavity volume. 
Summing up these relations we have the orthonormalities 


| En-eEnaV =| Fg-peAlydV =9 if P, ~ Pm 
" V 


: : 53-9 
7 cavity volume, if? P, = P,, 8, 
which are useful when evaluating the mode amplitudes. 

* If several short-circuit modes resonate at the same frequency P,, we can extract 
linear combinations of them which are orthogonal among themselves as well as with 
respect to all other short-circuit modes. The Schmidt process is an orderly procedure 
for doing this. 
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The mth open-circuit solenoidal mode is defined more generally as 
V x é,(F) = prl,(Fh,(7)  &, X A =0 on cavity walls 


V xh?) = pp8(F)é,(F) &,° = 0 on coupling surfaces (5-10) 


Pr = On'v Moe 


and we can also normalize the é,, and h,, patterns so as to have the ortho- 
normalities 


=e 8 = ee: rT ; L = 0 if Pn # Pm 
[ a) 5s oan Tt cavity volume, if p, = Dm one 
Those d.c. short- and open-circuit modes for Py) = 0 and py = 0 are 
regarded as degenerate solenoidal modes. 


B. Irrotational Mode Characteristics 


In general a field may be broken into two portions: a solenoidal portion 
with curl but no divergence, represented by the modes of Eqs. 5-5 and, 
alternatively, the modes of Eqs. 5-10, and an irrotational portion with 
divergence but no curl. Now it is true that the total electric and magnetic 
fields within an empty cavity have no divergence. Nevertheless, one or 
the other of them may have an expansion containing irrotational modes, 
each having divergence but whose sum total has none within the cavity. 
We prove this statement by construction. We define a set of irrotational 


_ modes each of which is orthogonal to all the solenoidal modes within a 
_ cavity, evaluate their amplitudes by Schelkunoff’s procedure as on page 85 


and discover that certain of the modes have nonzero amplitudes. 

The irrotational cavity mode patterns and amplitudes are labeled with 
the superscript 7, with capital letters for the short-circuit modes and small 
letters for the open-circuit modes as before. Let us define the nth short- 
circuit mode pattern £,,’ for the electric field as 


E,,(7) = —V®,(7) within a cavity (5-12a) 


so that its curl will be identically zero. Scalar function ©, is taken to 
satisfy the modified Helmholtz equation 


such that £,,* is normal to the walls and coupling surfaces, 


V®, x 7=0 on walls and coupling surfaces (5-12c) 
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The nth irrotational short-circuit mode for the magnetic field is defined 


analogously as 
H,'(®) = —VY,(?) (5-13a) 


V-(u,VP,) + k,2",=0, Rk, #0 (5-130) 
such that H,,’ is tangential to the cavity walls and coupling surfaces, 
V¥,:%7=0 — on walls and coupling surfaces (5-13c) 


Modes with Q,) = 0 or Ry = 0 are d.c. modes that are grouped with the 
solenoidal modes. 

The nth irrotational open-circuit mode for the electric field is defined 
analogously to Eqs. 5-12, with respect to a scalar function ¢,: é,' = 
—V¢,,. The scalar function ¢, satisfies the boundary conditions of 
é,' X # =0 on the cavity walls and é,’-7=0 on the (magnetically 
shorted) coupling surfaces. The nth irrotational open-circuit mode for 
the magnetic field is defined by an equation for a scalar function yp, 
analogous to Eq. 5-13, such that h,’- 7 = —Vy,:n =0 on the cavity 
walls and Vy, x 7 = 0 on the coupling surfaces. There are both even 
and odd varieties of all these irrotational modes, according to whether 
E,, and A,’ x i,, or é,,' and h,,’ x i, suffer an even or an odd number 
of reversals across each cavity. 

We can also develop orthogonality relations for these irrotational modes 
that are useful when evaluating their amplitudes. Suppose we consider 
the short-circuit E,,’ and E,,* patterns, defined by Eqs. 5-12. Then we 
can write this identity within a cavity: 


i V-(®,,¢,V®,) dV = i ®,,V « (e,V®,) dV + | V®,, -¢,V®, dV 
V V V 


= $ ®,,¢,V®,+:idS=0, ©,,,=OonS (5-14) 
S 


If we interchange m and n in this equation and subtract it from Eq. 5-14 
as it stands, we obtain, with the definition of ® in Eq. 5-12, 


(—Q,, “f 0,')| 0,0, dVv=0 (5-15) 


Thus, if Q,, ¥ Q,, then ®,, is orthogonal to ®,,, and this implies in Eq. 
5-14 that E£,,‘ can be adjusted so that 
BRD ins 0 ifQ, AQ, 
| Le ek a = (5-16) 
V rt cavity volume, ifQ, =Q,, 


where we have normalized £,,' to the cavity volume for convenience. By 
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a similar procedure we may obtain the weighted orthonormality of the 
H,; patterns as 
_ aan 0 if R, ~R,, 
i H,, pH, dV = | (5-17) 
V t cavity volume, if R, = R,, 
We may also verify analogous relations for the open-circuit mode patterns 
é,’ and h,,’ as well. 

Lastly we note that every short-circuit or open-circuit irrotational mode 
pattern is orthogonal to every short-circuit or open-circuit solenoidal 
mode pattern, respectively, of the same type. For example, consider the 
patterns £,, and E,,’. From the identity 


[¥-(o,, x #,)4v = -| v0,-V x H,, dv 
V V 


VO,,xX 7=O0onS 


we see that | E,,* €-Em' dV = 0 for all m and n. 
4 


C. Fields of Maxwell’s Equations Expanded in Short-Circuit Modes 


To generalize the single-passband solution of Maxwell’s equations in 
Chapter 4 let us now expand the fields, but not their curls, with a pre- 
sumably complete set of short-circuit solenoidal and irrotational modes. 
We seek to determine their amplitudes V,, V,,’, J,, and I,’ so as to satisfy 
the equations 


Vx p= ~joue 5 Lous re > In‘ (S-19a) 
Vx A= jor,(S VE. + ¥ Vn'En') (5-196) 


within reference cavity (0) in the periodic chain of Fig. 5-1. We again 
follow Schelkunoff’s procedure (page 85) and dot-multiply the first of 
these equations by solenoidal 77,, and the second by solenoidal E,, so as to 
obtain expressions for V,, and /,. When we integrate the equations over 
the cavity (0) volume and integrate the left sides by parts, as in Eq. 3-45, 
we obtain . 
PPV -1{ éx Al -ndS — jowl, 
meee (5-20) 
Pan = JMEV, 
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Here é (tangential) on the coupling surfaces is unspecified as yet; it will 
be represented by open-circuit modes. Superscript (0) reminds us that the 
field pattern is measured on the (0) cavity side of a coupling surface (M+). 
In deriving Eqs. 5-20 we have employed the volume orthogonalities of the 
E,, and 7, patterns with all the other solenoidal and irrotational mode 
patterns. 

To obtain expressions for /,,’ and V,,,’ in Eqs. 5-19 we first dot-multiply 
Eq. 5-19a by H,,,', integrate over reference cavity (0), and integrate the 
left side by parts. The 7,‘ pattern is orthogonal with respect to the other 
irrotational patterns and all the solenoidal patterns and so we obtain just 


+jopol ? = — : | éx Hi. Ads (5-21) 


This proves that irrotational field components do contribute to the 
magnetic field when we solve Maxwell’s equations this way. However, 
when we dot-multiply Eq. 5-196 by E,,’, integrate throughout the cavity 
volume, and employ the orthogonality relations, we find that 


Vin. =O0 for allm, (5-22) 


that is, the short-circuit electric field generated within each cavity is 
purely solenoidal. We use this fact in Section 5-4 in order to justify the 
neglect of the irrotational components in the equivalent open-circuit mode 
expansion for this electric field. 


D. Fields of Maxwell’s Equations Expanded in Open-Circuit Modes 


We can alternatively extend the work of Section 4-6 and expand the 
fields of Maxwell’s equations in a presumably complete set of solenoidal 
and irrotational open-circuit modes, as 


Vxé= —jousu,(S tis + Dinthy!) (5-23a) 


Wax jaee,(S eh +3 ny!) (5-236) 


within reference cavity (0). To isolate the solenoidal amplitudes v, and 
i, we dot-multiply the first of these equations by h, and the second by @,,, 
integrate over the cavity volume, integrate the left sides by parts again, 
and utilize the orthogonalities of these patterns with all the other sole- 
noidal and irrotational patterns. Since h, x i =0 but é, x 7 #0 on 
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the (M+) surfaces in Fig. 5-1 we obtain just 


PV = —JjOUoin 
: 1 z 
pi. = +4 é x H-ndS + jae, 
M+ 


T 


(5-24) 


The field A, which will be expanded with the short-circuit modes, is not 
yet specified on (M+), and &) lies on the (0) cavity side of these surfaces. 
To obtain the irrotational v,,’ amplitude we dot-multiply Eq. 5-236 by 
é,,' and proceed similarly. Since 
A x é,'-nidS £0 


M+ 
because é,,’ X 7 ~ 0 on (M+) we obtain 


—jOEVn = | & x H- nds (5-25) 

T JM+ 
This shows that irrotational electric field exists when we satisfy Maxwell’s 
equations within the cavity with the open-circuit modes. However, when 
we dot-multiply Eq. 5-23a by h,,’ and evaluate the i,, amplitude we find 
that, because é x hi - 7 dS = 0 on the coupling surfaces, 


inf =O for allm (5-26) 


This fact will help justify the complete absence of irrotational magnetic 
field components when we obtain the dispersion relation from Eqs. 5-24 
in the latter portion of Section 5-5. 

The short-circuit mode expansions have a different structure from the 
open-circuit mode expansions. We see by Eqs. 5-21 and 5-22 that only 
irrotational magnetic field exists in the short-circuit field representation 
but that only irrotational electric field exists in the open-circuit mode 
representation, Eqs. 5-25 and 5-26. Both mode expansions in principle 
represent the same fields. Nevertheless, when we expand the fields with 
the short-circuit modes, the tangential electric field on the coupling 
surfaces excites only the irrotational magnetic field components, whereas 
if we expand the fields with the open-circuit modes the tangential magnetic 
field on the coupling surfaces excites only the irrotational electric field 
components. These statements imply the nonuniqueness of the repre- 
sentation for a field within a bounded region of space, such as a cavity. 
Schelkunoff [2] gives a simple example of this nonuniqueness for the 
magnetic field within a shorted section of rectangular waveguide. We 
now discuss his example. 

Schelkunoff considers the rectangular cavity of length 7 shown in Fig. 
5-2, with an incident TE,) waveguide field at z= 0. Because of the 
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Incident 


Fig. 5-2. A waveguide cavity. 


symmetry the fields in the range 0 < z <¢@ remain TE; and therefore 
vary as sin (72/a) or cos (aa/a). One expansion for the fields £,, H,, and 
A, within the cavity is the solenoidal 


E{2, 2) => A, sin LR Le 

n=1 a ¢ 
A 2 . . t ae 
Hil ayeyice>: noes sin — cos ~~ + Ay sin — cone 

n=l JO pple a is a a (5-27) 
Ps = fo 
Ai{x,2)=> — att cos sin = + Ag COS — sink ose) 

n=1 j@,ua a ¢ a a 


> 2 
Pe oe fag rail a 
ee El (3) 


The A, mode is the d.c. mode of zero curl and divergence, which we 
regard as a degenerate solenoidal mode. The mth mode of amplitude A,, 
resonates at frequency w, within the cavity shorted at z=0 by an 
electric shorting plane. 

Schelkunoff chooses these amplitudes so as to make the current of each 
mode unity at the z = 0 “terminals” and proceeds to obtain the correct 
input admittance Y at any frequency w from his formula [3] 

; Jo 
Ye) “ 2€,(@,° — w*) 
where @,, is the energy stored in the mth mode as determined by the 4,, 
amplitude. 

He then alternatively satisfies Maxwell’s equations within the cavity 
with the new expansions 


(5-28) 


A Be Se 
£, = sin —) A,’ sin —, 
a n=1 ¢ 


0<z2<% 
: (5-29) 
A, =sin™=>B, cos, O<z<?¢ 
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in which the E, expansion is identically zero right at z = 0 and the A, 
expansion includes the n = 0 irrotational mode 


A,=0, #A,=sin oa Ba Veto (5-30) 
By substituting these expansions nue into Maxwell’s equations for E, 


and i, alone, 


A 


OE, Ps 
— = joulH,, 
Oz ae Oz 


he evaluates the amplitude B, in terms of electric field E, (at z = 0) = 
by integrating the first equation from z = 0 to¢@. The result is 


joulB, = —Ey (5-32) 


2 , we NTE 
= (ioe +- 3) Ey (5-31a,b) 


jopa 


He then multiplies both sides of Eq. 5-31a by cos (n7z/¢), integrates from 
z = 0 to/, integrates the left side by parts, and obtains the relation 


Se. Ay! =tjoulB,, n=1,2,... (5-33) 


If we now substitute relations 5-29 and 5-30 directly into the Maxwell 
Eq. 5-3la and eliminate A,,’ with Eq. 5-33, we find that there is a dis- 
crepancy term of value 

IA ni7z naz 


—)>— — — S * B, cos = 
sin > Zo, jou sin mee 7 


= sin (7) (1 +23 cos ne) (5-34) 
a A n=1 A 


The quantity within the last parentheses is merely an expansion for an 
impulse (delta) function at z = 0 and of strength 7 Hence we see that 
the amplitude relations of 5-32, 5-33 do check Maxwell’s Eq. 5-3la 
directly within the cavity over the open intervalO0 <z <7 

Schelkunoff then multiplies Eq. 5-315 by sin (n7z/) and operates on it 
to obtain the second amplitude relation 


nw , 7 ‘ 
- %p, = ( ale (5-35) 
which verifies Maxwell’s Eq. 5-315 directly. Then Eqs. 5-32, 5-33, and 
5-35 determine all the amplitudes for expansions 5-29 and lead to the 
same input admittance as previously derived. 

Here is a simple example in which the magnetic field may be expanded 
either in a set of solenoidal modes by Eq. 5-27 or, alternatively, by a set 
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of solenoidal modes and one irrotational mode by Eq. 5-29. The two 
expansions are equivalent within the cavity volume, which is all we ever 
require. If an expansion for a field component, such as either of the 
preceding ones for H7,, is continuous from a point within the cavity to a 
point on the coupling surface, we can, of course, use the volume expansion 
to represent that field component on the coupling surface. In this way 
our short-circuit mode expansion for magnetic field within the cavity 
yields the tangential magnetic field on the coupling surfaces, and the 
open-circuit mode expansion yields the tangential electric field on those 
surfaces. 

We shall now discuss the effect of the irrotational modes in expansions 
5-19 and 5-23 upon the dispersion characteristics of the cavity chain. 


5-4. Effect of the Irrotational Modes upon the 
Dispersion Characteristics 


We now demonstrate how the short-circuit mode amplitude relations 
of Section 5-3C may be solved to yield a complete dispersion relation 
unaffected by the irrotational modes. Then we show how the dual 
relations of Section 5-3D may be solved to yield a dispersion relation 
unaffected by those irrotational modes. The irrotational modes are not 
important when we reexpand the exciting é field of Eq. 5-20a with the 
open-circuit modes which also phase shift their amplitudes across the 
(M+) coupling surfaces, or reexpand the exciting field of Eq. 5-24b by 
the short-circuit modes with the same phase shift properties. 

To begin the discussion, consider the short-circuit mode expansions for 
the field, Eqs. 5-19 through 5-22. All the irrotational and solenoidal 
modes are considered to be defined within the cavity proper, between 
coupling surfaces (M+) in Fig. 5-1. Alternatively these coupling surfaces 
could be taken as planes (B+). This means all their amplitudes will 
phase shift across those surfaces. The V,,, /,,, and I,,'(V,, = 0) amplitudes 
all depend upon é x fi on the coupling surfaces. Let us alternatively 
expand the electric field @ within each cavity by a set of open-circuit 
modes defined by Eq. 5-10 so as to have nonvanishing tangential electric 
field on (M+). We presume that such a set of modes is complete for the 
electric field within the cavity and, by continuity, for the tangential 
electric field on (M+). For cavities of uniform cross section the expansion 
will be complete since each open-circuit mode is just a linear combination 
of waveguide TM and TE mode-harmonics which are known to form a 
complete set. But since the electric field has no divergence in this chain 
we can employ just the solenoidal open-circuit modes. Schelkunoff’s 
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example in the preceding section illustrated in general the existence of 
either a mode expansion composed of solenoidal modes alone or an 
expansion composed of both solenoidal and irrotational modes for the 
same field. Here we choose the solenoidal expansion and write electric 
field é as 
é(7) = > v,é,(7), solenoidal within a cavity (5-36) 
n 


in which we do not yet know the v,”s. They will be related back to the 
short-circuit V,, amplitudes in the process of deriving the dispersion 
relation. 

As supporting evidence for the fact that we may expand é in this way 
we observe that no irrotational electric field has been generated in the 
short-circuit mode expansion: V,,,’ = 0 in Eq. 5-22. Now, if irrotational 
LinYmEm field were present in Eq. 5-36, we could proceed to evaluate 
the amplitudes of the short-circuit modes for electric field by equating the 
short-circuit mode expansion on the right side of Eq. 5-195 to X,,v,é, + 
LinUm'm Within the cavity volume. Suppose we do this and evaluate the 
amplitudes V,,* to see if they are still zero. We dot-multiply both sides of 
this volume equivalence by ¢,£,,’, integrate over the cavity volume, 
observe the orthogonality of E£,,’ with all the other short-circuit modes, 
as well as with all é,: 


(Be “68, dV & | VO, -Vxh,dVv= [y- (®,,V x h,) dV 


V 
cc Oye, dS = 0, 


®,, = 0 on cavity walls and coupling surfaces (5-37) 


(see Eqs. 5-10, 5-12), so that we would obtain 
=>», be i 6.) &,Em dV #0 in general 
k tT JV 


Each V,,’ could conceivably still be zero for nonzero v,' but the fact that 
every one is identically zero in the generated short-circuit electric field 
expansion is good reason to take the open-circuit expansion for electric 
field as purely solenoidal. Teichmann and Wigner [4] have arrived at the 
same conclusion. 

With solenoidal open-circuit mode expansion 5-36, it is easy to see why 
the irrotational short-circuit modes in Eqs. 5-19 do not affect the dispersion. 
All the solenoidal V,, and /,, amplitudes are related to solenoidal é in 
Eq. 5-20, and the v,, amplitudes of é can be related to the V,,’s by equating 
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the two expansions for electric field within the cavity volume: 
> .V,.£4 Sian (5-38) 


We can dot-multiply both sides of this equation by ¢,£,, integrate it over 
the cavity volume, use orthonormality Eq. 5-9, and obtain 


Va=ZTuntw Tom [s ee (5-39) 


The phase shift enters the problem in our expression for tangential é on a 
coupling surface (M+), which is® 


€on(M+) = (y ne Ae oye*e2) (5-40) 


in Fig. 5-1. We used this averaging technique successfully in Chapter 4 
and use it again in Section 5-5 in order to derive the dispersion relation 
for the first two passbands of a structure. Observe that we do have 
enough relations now to obtain a set of homogeneous equations for the 
Vm amplitudes alone, the determinant of which gives us a dispersion 
relation for k*(y) without invoking Eq. 5-21 for the irrotational J,,' 
amplitudes. This irrotational magnetic field is simply an auxiliary mag- 
netic field within the cavities. 

Now let us outline the dual reasoning for the expansion of the fields of 
Maxwell’s equations in open-circuit modes, Section 5-3D. Now it is the 
tangential magnetic field on the (M+) coupling surfaces of Fig. 5-1 which 
determines the v,, 7,, and v,,' open-circuit mode amplitudes in Eqs. 5-24 
and 5-25. We regard that magnetic field as expanded within the cavity by 
the alternative short-circuit mode representation 


H=Y1,H, (5-41) 


in terms of solenoidal modes with initially unknown amplitudes. In 
general, irrotational magnetic field cannot be present in Eq. 5-41 or else 
it would imply the presence of irrotational open-circuit mode components 
of magnetic field within the cavity by the volume equivalence of the two 
expansions. These irrotational components are identically zero by Eq. 
5-26. 

By the continuity of tangential component of each A, pattern at the 
coupling holes, Eq. 5-41 will also give us the tangential magnetic field on 


* In Section 6-7 we introduce a variational expression for k*(@) in terms of electric field 
alone, in which expression 5-40 will be implicit. The variational expression will also 
imply Eqs. 5-39 in the process of deriving the determinantal equation for the dispersion 
from the relations among the v,, amplitudes alone. 


=a 
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an (M+) coupling surface provided we properly average the expansions 
on both sides of the surface.* 


Hon(mt) = (5 THO + iretie a) (5-42) 


in Fig. 5-1. Thus we obtain one set of relations for the v,’s and i,’s in 
terms of the /,,’s, the frequency, and the phase shift y in Eq. 5-24, and we 
can relate all the i,,’s to all the /,,’s through the volume equivalence of 
both solenoidal expansions for magnetic field within a cavity: 


Di lee (5-43) 


If we dot-multiply both sides of this relation by u,h,, integrate over the 
cavity, and use orthonormality relation 5-11, we obtain 


in eo >» Uinnl ms Un = : | 1e0s 4 LyAy dV (5-44) 
™ TJV 


With this relation we can forma set of homogeneous equations for the J, 
amplitudes alone, the determinant of which yields the dispersion relation 
for k*(y). Equation 5-25 simply gives us the amplitudes of the auxiliary 
irrotational electric field within the cavity, in terms of the solenoidal 
H = X1,H,,, field, the relative amplitudes of which are known once k*(q) 
in a given passband is known. 

As a result of the foregoing considerations we have the following useful 
theorem [5]: 


Closed cavity modes with divergence but no curl [irrotational modes] are 
not necessary for obtaining the frequency-phase shift characteristics of a 
periodic structure. 


The theorem means that we may neglect the irrotational modes (but not 
the d.c. modes) within each cavity in the process of deriving the dispersion 
characteristics from the properties of the specially defined open- and 
short-circuit solenoidal modes. All these solenoidal modes must be defined 
either within a cavity bounded by surfaces (M+) in Fig. 5-1 so as to have 
phase shift of amplitudes across these surfaces, or within a cell bounded 
by planes (B+) and with phase shifts across those surfaces. 

It so happens there is a modified procedure for solving Maxwell’s 
equations in periodic structures which is particularly convenient for 
certain resonant-slot and resonant-loop coupled structures in which the 


4 Equation 5-42 is implied by a variational expression in Section 6-7 for k?(¢) in terms 
of magnetic field alone. The expression will also imply Eq. 5-44 in the process of 
deriving from it the dispersion relation from the equations for the J, amplitudes alone. 
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Fig. 5-3. Field representations in a resonant-slot coupled structure. (a) “cavity” mode 
(subscript c) excited on the slots (M+) by é of the ‘‘slot” mode (subscript s), (b) ‘“‘slot’”’ 
mode excited on the planes (B+) by A of the “cavity” mode. 


fields tend to phase shift across the (M+) coupling surfaces in one pass- 
band and across the (B+) coupling surfaces in a neighboring passband. 
An example of such a structure was the resonant-slot coupled chain 
discussed on page 105. In this modified procedure we employ two sets of 
modes, one set of “cavity” modes defined between the (M+) coupling 
surfaces of Fig. 5-1 with phase shift of amplitudes across these surfaces, 
and another set of “coupling” modes defined between planes (B+) so 
as to have phase shift of amplitudes across those surfaces. In Fig. 5-3 we 
show the first such short-circuit “cavity” mode as well as the first open- 
circuit “coupling” or “slot” mode for the aforementioned resonant-slot 
coupled chain. The V, and J, “cavity” mode amplitudes phase shift 
across the (M+) surfaces and the patterns £, and H, repeat from cavity 
to cavity with the orientations shown. The »v, and i, “slot” mode ampli- 
tudes phase shift across the (B+) surfaces and the é, and h, patterns 
repeat from “slot” cell to “slot” cell. Let us now describe how we could 
proceed to obtain the dispersion relation in terms of both these mode sets. 

Within the cavity between the two slots we can expand the fields of 
Maxwell’s equations with the short-circuit ‘“‘cavity” modes, as excited by 
tangential electric field é on the slots according to Eq. 5-20. This é field 
we choose to expand with the open-circuit “slot”? modes, which converge 
rapidly to the true slot field at frequencies such that the slot is about half 
a free-space wavelength long. In order to evaluate the “slot” mode 
amplitudes we can expand the fields of Maxwell’s equations with these 
“slot” modes within each “slot” cell, excited by tangential H field on 
(B+) according to Eq. 5-24. We choose to expand this A-field with the 
more rapidly convergent “cavity” modes. To summarize: We excite the 
“cavity” modes with the “slot’”” modes on (M+) and the “slot” modes 
with the “cavity” modes on(B+). There are as many amplitude equations 
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as there are mode amplitudes, and so we are assured of obtaining a 
dispersion relation for k*(q). 

The point we now wish to make is that both the irrotational “cavity” 
and “slot” modes now contribute to the dispersion relation. Irrotational 
magnetic field is present in the short-circuit “cavity” mode expansion, 
Eq. 5-21, and it helps excite the “slot” modes on surfaces (B+). In 
addition, irrotational electric field is present in the open-circuit “slot” 
mode expansion, Eq. 5-25, and it helps excite the “cavity” modes on (M+). 


Table 5-1. The Resonant Modes of a Symmetrical Cavity Chain 
“Coupling” Modes 


“Cavity”? Modes Defined within a Periodic Cell 
Defined within a Periodic Cell Centered around the Coupling 
Which is the Cavity Proper Element 
Solenoidal Irrotational Solenoidal Irrotational 
Even Odd Even Odd Even Odd Even Odd 


—oeeeO S O S O SMO MSF OMES4 O SO 


S and O stand for short-circuit and open-circuit modes. 


Although we cannot neglect in principle the irrotational modes when 
we expand the fields in two disjoint cells of the structure in this way, it 
often happens that the irrotational field affects the dispersion curves only 
slightly. In Section 7-2 we find this is true for this class of resonant-slot 
coupled structures useful for high-power microwave beam amplifiers. In 
many of these resonant-slot and resonant-loop coupled structures we can 
simply ignore the irrotational modes, derive the form of the dispersion 
relation in terms of a few appropriately chosen solenoidal modes, and 
then adjust several parameters in that relation so as to obtain a good 
“fit” to the measured dispersion curve(s). This procedure is usually 
satisfactory for the analysis of such cavity chains interacting with electron 
beams, since the irrotational space charge field is better represented by 
the beam excitations than by the slowly convergent irrotational cavity 
modes. 

We have just introduced the “coupling” modes, which have all the 
properties of the “cavity” modes except that they are defined within a 
different unit cell of the structure. Let us categorize all these different 
varieties of modes: “coupling” modes, irrotational modes, open-circuit 
modes, and so on, in Table 5-1. Reading downward in the table, any 
combination of adjectives such as “cavity, irrotational, even, open-circuit” 
applies to at least one mode of the structure. 
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5-5. Corrections to the First Dispersion Curve due to 
the Modes of the Second Passband 


In this section we develop the dispersion relation for the first passband 
of a symmetrical cavity chain, Fig. 5-1, in terms of the solenoidal open- 
and short-circuit modes of the first two passbands. The development will 
illustrate the general procedure to follow for deriving the dispersion 
relation for more passbands in terms of more resonant cavity modes. We 
demonstrate that, for a great many structures, the modes of the second 
passband have the effect of depressing the w—y (y = fyL) curve of the 
first passband, so that w for a given tends to be less than specified by 
the single mode-pair or single-passband formula of Eq. 4-20 or 4-21. We 
consider structures that behave like the centerhole-coupled chain of Fig. 
4-1; in Sections 7-5 and 7-6 we explain why many resonant-slot and 
resonant-loop coupled structures have this same property. 

We treat here only those cavity chains in which the fields in both the 
first two passbands tend to phase shift abruptly across the coupling 
surfaces (M+) in Fig. 5-1. Our treatment will also describe chains in 
which the fields in both passbands tend to phase shift abruptly across the 
planes (B+) since these structures only differ in the definition of the unit 
cell. In Section 4-3 we pointed out how to decide whether the fields in a 
given passband tend to phase shift across the coupling surfaces or the 
cavity midplanes. The criterion was this: If both cavity modes which 
resonate at the two cutoff frequencies of the passband are either short- 
circuit or open-circuit on the coupling surfaces, say, then the fields tend 
to phase shift rapidly across the cavity midplanes instead, and vice versa. 
In such a case the patterns of the two modes should be defined for con- 
tinuity across the coupling surfaces and with phase shift of amplitudes 
across the midplanes, whereupon they will form an open-circuit-short- 
circuit mode-pair on the midplanes. This mode-pair will then describe in 
first approximation the w-g curve of this passband according to the 
analysis of Chapter 4. 

In view of these remarks we now wish to treat cavity chains for which 
each of the first two passbands is characterized by one open-circuit 
and one short-circuit mode resonating between coupling surfaces (M+) 
[or (B+)] in Fig. 5-1, with phase shift of amplitudes across those 
surfaces. 

Having selected the type of symmetrical chain for discussion, let us 
solve Maxwell’s equations with the short-circuit modes as in Section 
5-3C. We have two such solenoidal modes, of amplitudes V,, 7, and V3, 
J, in this approximation. From Eq. 5-20 we obtain the expression for 
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V, 2 of either mode as 
(P,? — kV, = — af én ds. n=1,2 (5-45) 
TJM+t 


where P,, is the cutoff frequency of the mode, k? = w?we, and the (0) 
superscript measures a field on the (0) cavity side of coupling surface (M+) 
in Fig. 5-1. Tangential é field on the coupling surfaces is given by Eq. 
5-40, 


2 
éon(M+) = 5 > 0,20 + gpetren? m=1,2 (5-40’) 
m=1 


where the fields phase shift by «*/? from cavity (0) to cavity (+1). If the 
field of the nth mode (n = 1 or 2) is even, then é, reverses direction across 
a coupling hole; the é, field of Fig. 4-1c is a good example. If the field 
has odd character @,, does not reverse direction, as in Fig. 4-le. Therefore 
we can relate the é, patterns on both sides of coupling surfaces (M+) by 
the relations 


Fé,(z, 9) loniw-)= é,(x, y) lon (M-) = F2,(2, y) lon (M+) 
upper sign, even mode, 
lower sign, odd mode 
The upper sign of a double sign prefixing a mode pattern will always be 
taken for an even mode, and the lower sign for an odd mode. With 5-46, 
Eq. 5-40’ can be written as 


= é,(x, y)™ lon cae+) (5-46) 


A 1 
on (M+) “5 A 22 v me? ah 1)é lon ¢at—)s 
Lee 
=a > Vm(1 + <1) 0 lon cat +) (5-47) 
; m=1 


Next we substitute Eqs. 5-47 into Eq. 5-45 and relate the integral over 
the (M+) coupling surface on the (0) cavity side to that over (M—) by 
means of the relation 


| &, x AY): Ads = I (=e) x (LAM)-i,dS (5-48) 
M+ M- 


in which we recognize the fact that only 7, reverses direction from one 
coupling surface to the other if the mode is odd, Eq. 5-2. In this way, we 
can write Eq. 5-45 so as to represent both possible cases as 

(P, — Vs 

=—* fol S D v9 ( Fei + nf. 2 x A. (7) dS 


T m=1 


= Fol So Fe%)| (Fe) x(LAY)-idS, n= 1,2 (5-49) 
m=1 M— 
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We must add that the sign prefixing </” and eis chosen in accord with 
the symmetry of @,,, the upper sign for an even @,, pattern. 

Equation 5-49 represents two equations for V,. in terms of v,», the 
phase shift y, and frequency k. The relations we need in order to eliminate 
V,. from the problem are obtained from the volume equivalence of 
electric field expansions within the cavity, 


2 2 
> VE. => tees (5-38’) 
n=1 m=1 
whereupon 
2 
V.=Z Ton? Tom =~ | By eee (039) 
m=1 TIJIV 


according to the variational treatment of Section 6-7. 

Now let us particularize these equations to more specific structures. 
Suppose the fields and the modes in both the first two passbands are either 
even (upper signs) or odd. An example is a centerhole-coupled structure 
of narrow cavities such that the short-circuit electric field E, pattern varies 
as J,(P,r) and J,(P,r) in the respective passbands. Then we can obtain 
two homogeneous equations for v, and v, alone from Eq. 5-49, with 
appropriate sign choices, and the preceding Eq. 5-39’. If we set the 
determinant of the matrix of coefficients equal to zero, we obtain the 
determinantal equation for k*(¢) in the form 


(Pi? — k*)Ty — P\My(1 = cosy) (Py? — k*)T 12 — P,M,,(1 + cos ¢) 
(P.? — k?)T2; — P3M2\(1 F cosy) (P2? — k*)T22 — P2M22(1 # cos ¢) 


=0 
with 


(5-50) 


We see that the 11 or 22 term alone set equal to zero gives the single- 
passband dispersion relation according to Chapter 4. The terms M,, and 
Mo, are the passband parameters for the first and second passbands; Mj, 
and M,, represent crosscoupling between the modes of the two passbands 
on the coupling surfaces. 

Unfortunately we cannot make any general statements about the effect 
of the crosscoupling upon the shape of the first passband because we do 
not know the relative magnitudes of (P,? — k*)T,. and (P,? — k?)T., 
relative to P;M,, and P,Mg,, respectively. 
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Now consider those cavity chains for which the first passband has fields 
of even (or odd) symmetry, while the second passband has fields of odd 
(or even) symmetry. Then the appropriately chosen signs in Eq. 5-49 and 
Eq. 5-39 yield for the dispersion 


(P,? — k*)T,; — P\My(1 F cos 9) +7 sin pP\My, 
Fj sin P.M, (P* = 1c) We acl P,M,,(1 - cos Q) 


=0 (5-Sla) 
which, upon expansion, is 


((P2? — k*)Ty, — P\My,(1 F cos ¢)][(P2? — k*) To. 
— P,M,,(1 # cos ¢)] — PyP2M,.M,., sin?g =0 (5-51d) 


The upper signs of both 7 terms are selected if the field in the first passband 
has even symmetry and that in the second passband has odd symmetry. 
We have made use of the fact that 7,, = T,, = 0 because the volume 
coupling of an even and an odd mode pattern is zero. This dispersion 
relation predicts that k*(q) in the first passband will almost always be 
lower due to the sin? y term. To see why, we first observe that M,,M,, is 
almost always positive. This follows from the fact that the whole H, 
field pattern flows very much like the H, pattern on a coupling surface, 
since the resonant frequencies of both modes are relatively low and fairly 
close together. Then the £, and £, lines of flow are much alike. Since 
the é, and @, lines are perturbations of the £, and £, lines obtained by 
covering the coupling surfaces with magnetic shorts, the é, and é, lines 
also flow much the same way. Therefore 


| ech wt, as 


will usually have the same sign as 
[a x Ae -ias 
M— 


and M,,M,, will be positive. To satisfy Eq. 5-51, k*(~) will then decrease 
in the first passband so as to make the first bracketed expression positive, 
the second bracketed expression already being positive. 

Our conclusion is this: In a cavity chain with the first passband char- 
acterized by an even (or odd) short-circuit and open-circuit mode-pair 
with phase shift of amplitudes across surfaces (M+) or (B+) in Fig. 5-1 
and with the second passband characterized by an odd (or even) mode- 
pair with these same properties, the first passband will almost always be 
depressed. In reaching this conclusion the modes of the third passband 
were neglected since they are weakly excited at frequencies in the first 


144 Electromagnetic Slow Wave Systems 


passband. The conclusion rests essentially upon the similarity of the é, 
and é, patterns and of the H, and H, patterns on the coupling surfaces. 

We have reached this conclusion from dispersion relations derived by 
expanding the fields of Maxwell’s equations with the short-circuit modes, 
as excited by tangential electric field on the coupling surfaces. We can 
alternatively follow the procedure of Section 5-3D and expand the fields 
with the open-circuit modes, but our final dispersion relations will be 
identical to Eqs. 5-50 and 5-51. The remainder of this section is devoted 
to a demonstration of this fact in order to show the consistency between 
these two expansion techniques. 

From Eggs. 5-23 and 5-24a we have, upon elimination of v,,, 


(p,2—kK)i,=+22| & x A-adS, n=1,2 (5-52) 
T JM+ 
where the (0) superscript reminds us that the field pattern 2, is measured 
on the (0) cavity side of surface (M+) in Fig. 5-1. For magnetic field H 
we use the averaged expression 


2 
Aon (a+) = 2 Cm AS ay ae "oo (5-42’) 


ape 


Because the tangential H,, pattern does not reverse direction from (M—) 
to (M+) if the mode is even (upper signs) but does if the mode is odd 
(lower signs), we have 


+A” (2, ylon iar) = A, (2, ¥) lone) = £Am(2, y) lon cae +) 
= A,,(2, 9) lon ces) (5-53) 
whereupon Eq. 5-42’ reads 


Aon(u +) = i m( be? + 1)A lon car) 


|e gins 


I, (1 + 7) lon caet) (5-54) 


i 


™m 


Next, we substitute Eq. 5-54 into Eq. 5-52 and relate the integral on the 
(M+) coupling surface, (0) cavity side, to that on the (M—) surface, (0) 
cavity side, by Eq. 5-48. Then Eq. 5-52 reads 


2 
(Py! — Kin = PASS Iy(be? + 1)[ 2 x AL (—1) as 


2 
a Pas > Im(1 + etny/ (Fen) x (LAR) 7, dS 
m=1 M— 
=1,2 (5-55) 
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We must add that the sign prefixing <’” and <~/” is chosen according to the 
symmetry of the field (upper sign, even symmetry). 

The remaining two relations between i, and J, are furnished by the 
volume equivalence of the two (solenoidal) mode expansions for magnetic 
field within the cavity, 


2 2 
Dinka = >, lnm (5-43’) 
n= m=1 
whereupon F 
2 
in = > Umnl ms Uns a al Neds , UpAy dV (5-44) 
m=1 tJV 


Now let the first and second passbands both be described by even modes 
(upper signs) or by odd modes (lower signs). The preceding equations 
furnish two homogeneous equations for J, , and the determinant of their 
matrix of coefficients yields the dispersion relation 


(pi? — k*)Uy, + piMy(1 + cosy) (py? — k?)U2y + piMa(1 + cos 9) 
(p2? — k*)Uy. + PoMy(1 + cos) (p,? — k®)U ag + paMoo(1 + cos ¢) 


==) (0) 
with 


U;; = = | H, = bh; dV (5-56) 
V 


We can show the complete equivalence of this relation with Eq. 5-50 as 
follows. In order to transform the 11 and 22 terms we need two relations, 
which may be obtained from the following divergence identity inside 
reference cavity (0): 


[v-(axev x Bav=| (rv x B-V x —A-V xo x B)aV 
Vv Vv 
= p Aa ay aes hd S (5-57) 
Ss 
Vectors 4 and § and scalar function « are presumed to have continuous 
derivatives in the cavity. By subtracting the same relation with A and B 
interchanged we obtain 
[ay xa*V x A—A:V xa'V x B)dV 
Vv 


- $ (4° x IV x BO — B x o3V x 4). dS (5-58) 
S 
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This is a generalized Green’s relation analogous to Eq. 3-43b. Now to 
transform the 11 term of Eq. 5-56 let B = H,, « = «,, and A = h, in Eq. 
5-58. By the definitions of the mode patterns in Eq. 5-5 and 5-10 we 
obtain 
[a * Pr'Uhy — hy + Py"u,H,) dV 
Z ch x PLE! — A x pa) ads 
Ss 


= ps él x Fees (5-59a) 
M+ 


since E(” x 7 = 0 on walls and (M+). This relation reduces to 
(p? — P)Uy, = —2p,My, (5-595) 


provided both the open-circuit and short-circuit modes are either even or 
odd by the definitions of U,, and M,, given earlier. With Eq. 5-59b the 
11 term of Eq. 5-56 can be rewritten as 


(P,? — k*)U\, — pi:M,(1 F cos ¢) (5-60) 
The other relation we need is obtained by substituting B = Hy, « = «,, 
and A = h, into Eq. 5-57: 
\ (PLE, + pyé,€, — hy: Pyu,f,) dV = f h x P,EO -AadS =0 
V s 


sf (5-61a) 
with E{° x 7 = 0 on walls and (M+). This is just 


ATy = PUy (5-615) 
With this, Eq. 5-60 for the 11 term becomes 


i (Pr = k*)Ty, ag P\M,,(1 + cos 9)] (5-62) 
1 
The. 22 term of Eq. 5-56 can be similarly transformed into 
= [(P2” — k”)Tz2 — P2M29(1 ¥ cos ¢)] (5-63) 
2 


To transform the 12 term we write Eq. 5-58 with B = H,, « = e,, and 
A = h, so as to develop the relation 


(pi? — P?)Uy, = —2p\M, (5-64) 


provided both the first open-circuit and the second short-circuit modes are 
either even or odd. We also find 


Pils, = P2Ua (5-65) 
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With these expressions the 12 term of Eq. 5-56 can be written as 
p (Pat = K*)Ta — PaMan(1 ¥ cos 9] (5-66) 
2 
Finally, the 21 term can be transformed into 
Pz 2 2 
P [(Pi — k yer oe P,M;,(1 + cos P)] (5-67) 
1 


With relations 5-62 through 5-67 our determinantal Eq. 5-56 reads 


a — k*)T,, — P\M,\(1 F cos ¢) (P.? — k*)To, — P2M;,(1 F cos | 
(Py? — k*)Ty2 — PyM,(1 cosy) = (P2? — k*) Tx. — P2Mo9(1 F cos ¢) 


Pot 
x 
Ohi 


which is the same as the previously derived Eq. 5-50 in spite of the trans- 
position of the 12 and 21 terms in the bracketed portion. 

Now, if the first passband fields are characterized instead by even (or 
odd) modes and the second passband fields by odd (or even) modes, we 
can modify this procedure to show that the determinantal equation 
obtained from Eqs. 5-55 and 5-44’, 


(5-68) 


(px? — K*)Uy, + piMy(1 + cos ¢) Fj sin gp:Ma 
+ jsin p2My. (po? — K*)Usg + poMy,(1 + cos 7) 


=0 (5-69) 


can be converted into Eq. 5-51 (the upper sign for the 7 terms is taken if 
the first passband is “‘even’’). 

These last few paragraphs have shown the equivalence of the 2 x 2 
determinantal equations for k?(y) in the first or second passband, as 
obtained by expanding the fields of Maxwell’s equations with either the 
short- or the open-circuit modes. The equivalence can be generalized® 


°R. M. Bevensee [5]. In this reference extra minus signs were introduced into the 
definitions of the even-odd coupling elements such as M,, so that the extended version 
of Eq. 5-68 in matrix form differs from the extended version of Eq. 5-50 by a trivial 
conjugate sign. 
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for all the passbands and we have the following statement. 


In principle, the dispersion characteristics of a symmetrical cavity chain 
can be obtained by employing the solenoidal short- and open-circuit modes 
defined within a particular cell. It does not matter which set of modes is 
used to expand the fields of Maxwell’s equations. 


5-6. The Frequency-Squared Sum Rule 


We can consider the complete dispersion relation for all the passbands 
as written in a particular determinantal form, with the various elements 
of the determinant expressed by the parameters of the solenoidal short- 
and open-circuit modes. In this form the diagonal elements alternately 
represent passbands of even and odd field symmetry. Then the upper 
left-hand corner of the complete determinant for k*(@) looks like Eq. 5-51 
or the equivalent Eq. 5-69. If the first two open- and short-circuit modes 
of a structure are both even or both odd the infinite determinant cannot 
be approximated by the upper left-hand 2 x 2 portion at frequencies in 
the first or second passband; Eq. 5-50 or Eq. 5-56 should be used instead. 
But the form of Eq. 5-51 exemplifies a conservation property of all the 
passbands, so let us examine it. 

If we solve quadratic Eq. 5-51 for the two values of k*(q) in the first 
two passbands at a given @, we obtain 


1 4P,P.My.Mq, . 
ki o(¢@) = 3) kst(@) “+ kao"(¢) “s oy — Ke de + 1* 2*"* 12°" 21 sin® | 
i Ty Toe 


(5-70) 


where kyo°(~) = P\? — P,M,,(1 F cos ¢)/T,, is the single mode-pair esti- 
mate of k® in the first passband, according to Eq. 4-11 or Eq. 4-18, and 
Kao°() = Pg? — PyMg9(1 F cos ~)/To: is the single-passband estimate of 
k*® in the second passband. This relation tells us that, for structures 
described by Eq. 5-51, 


Kip) + Ka*(p) = Kio) + Kao) (5-71) 


that is, the sum of the squares of the two frequencies in the actual pas - 
bands as calculated here is equal to the sum of the squares of the fre- 
quencies on the first two single mode-pair curves between the same 
cutoff frequencies. 

A general statement [5] can be proved from the complete dispersion 
relation for all the passbands: 


General Theorems about Symmetric Cavity Chains 149 


At a given phase shift per cavity, yp, the sum of the squares of the fre- 
quencies of all the passbands equals the sum of the k*(q) for all the single- 
passband curves, each of which follows a simple 1 + cos p variation 
between the actual cutoff points. This rule is independent of the nature 
of the coupling in the symmetrical periodic cavity chain. 


Since the rule is independent of the nature of the symmetrical coupling it 
would apply to the tape ladder lines discussed in Section 2-5, for example. 
Unfortunately we do not have a complementary statement to the effect 
that the deviation of the nth dispersion curve from its single mode-pair 
form goes to zero in a prescribed fashion as n goes to infinity. 


Problems 


. Show the mode relations of Eqs. 5-5 through 5-18 are valid if » and « are 


Hermitian dyadics (such that the transpose conjugate of » equals » and 
similarly for ¢), with slight modifications of notation. 


. Show that Eq. 5-20 also obtains if we solve Maxwell’s Eq. 5-19 for the 


solenoidal mode amplitudes without integrating by parts but with magnetic 
surface current 7; x é on the holes, where fi; is the unit normal inward. 


. Suppose three solenoidal modes exist with the same resonant frequency. 


Construct linear combinations of them which will be orthogonal among 
themselves, with each combination normalized to the cavity volume. 
Develop an argument to show that all the coefficients of the mode patterns 
in each combination may be considered real if the patterns are real vectors. 
Do the A patterns have the same relations among themselves as the E 
patterns, given PH; = V x E;? 


. Suppose the fields of the Fig. 5-1 chain are expanded in short-circuit modes 


within reference cavity (0), as driven by tangential é field on the (M+) 
surfaces, and that field is given by an open-circuit mode expansion between 
planes (B+), driven by tangential magnetic field on the (B+) surfaces. 
How do the irrotational modes determine the amplitudes of each mode? 
The relevance of the irrotational modes in this particular description of the 
chain puts the theorem on page 137 in proper perspective. 


. Equations 5-29 and 5-30 describe a short-circuit mode expansion for the 


rectangular cavity considered by Schelkunoff. Derive the input impedance 
by expanding the fields with open-circuit modes, driven by tangential 
magnetic field on the z = 0 surface. 

Why would Egs. 5-50 and 5-51 be inappropriate dispersion equations for 
the first passband if the second one were characterized by the “slot’’ modes 
of Fig. 5-3b, defined as open- or short-circuit on the midplanes (B+)? 
Would the complete dispersion determinant in terms of all the “cavity” 
modes be correct (in principle) in spite of the field behavior in the second 
passband? 
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Ts 


10. 


Use Eq. A-9 in Appendix A to obtain an expression for the power flow 
across a coupling surface in terms of the resonant cavity modes of both the 
first and second passbands. Equations 5-50 or 5-5la infer the relative 
amplitudes of the short-circuit modes. 


. Prove the general equivalence of the dispersion relations obtained from the 


complete short- and open-circuit mode expansions. If each relation is 
written in matrix form it can be converted into the other by means of the 
generalized relations 5-59b and 5-616 also in matrix form. (The answer is in 
Ref. [5].) 


. Consider the sum of the squares of the short-circuit mode resonant fre- 


quencies as compared to the sum of the squares of the open-circuit mode 
resonant frequencies. From the behavior of the first three or four dispersion 
curves in the line of Prob. 5, Chapter 4, show that these two sums are 
apparently not equal. 

Consider again the doubly periodic structure described in Prob. 10 of 
Chapter 4. Obtain the determinantal equation for k*(y), y being the 
periodic phase shift across any two cavities, by expanding the fields of 
Maxwell’s equations with the first two short-circuit modes of each cell 
“driven” by the corresponding open-circuit modes. Also derive the dis- 
persion relation by following the procedure of Section 4-6 for the doubly 
periodic structure. Transform either of these determinantal equations into 
the other with Eqs. 5-57 through 5-69 as a guide. 
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Chapter VI 


Variational Analyses of 


“Cold”? Slow Wave Structures 


6-1. Synopsis 


In this chapter we discuss the applications of specific variational 
expressions to the calculation of the dispersion characteristics of various 
helices and cavity chains, including the ridged waveguide. The variational 
technique is valuable in slow wave structure analysis because with it we 
can form expressions for the frequency associated with a given prop- 
agation constant or phase shift per period which have the stationary 
property. This means small errors in the field expressions create much 
smaller errors in the calculated frequency, so that with relatively crude 
trial fields we can often obtain an accurate dispersion relation. We must 
take care to employ realistic functions which are capable of representing 
the fields well. 

We first present some examples of the variational technique in order to 
acquaint the reader with its philosophy and the notation. Then we 
develop a very general variational expression for jw which serves for a 
wide variety of helices, including the usual tape and wire helices and the 
ring and contrawound helices described by C. K. Birdsall. After verifying 
the fact that this variational expression yields the correct sheath helix 
dispersion relation, we use it to derive the dispersion relation for the wave 
on a narrow tape helix with primary nth mode (n #0) in the range 
0<£B,a < 0.5 cot y. The fields are approximated by just the mth sheath 
helix modes with variational amplitudes, and certain field continuities 
are explicitly written on the cylindrical surface between inner and outer 
helix regions. The resultant dispersion relation describes well the slow 
wave nature of the nm = 1 mode fields in the higher range of f,a and 
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their fast wave nature as §,a approaches zero near the first forbidden 
zone. 

We then apply this same expression to a derivation of the dispersion of 
the tape helix wave with predominant m = 0 mode component in this same 
range 0 < fya < 0.5 cot y. By specifying only the explicit continuity of 
electric field parallel to the tape on the helix surface we obtain a well- 
behaved determinantal equation for (8). This relation has the asymp- 
totic form of the dispersion relation for the m = 0 sheath helix wave as 
ka approaches both zero and infinity and is well behaved in the inter- 
mediate range. The trial fields have the asymptotic forms of the sheath 
helix fields provided we reverse the signs of the external trial fields. This 
sign peculiarity means the electric field at low frequencies, 2ka < cot y, 
actually behaves as though the m = 0 mode component of electric field 
parallel to the tape were discontinuous across the helix surface; that is, 
zero on that surface. 

We calculated the w—§, curve and impedance of a helix measured by 
Watkins and Siegman using these 2 = 0 mode variational expressions for 
the fields. The calculated dispersion curve was quite accurate, but the 
impedance was erroneous by a factor of 2 or more. 

Next, we apply the variational expression for @ to a calculation of the 
dispersion in a particular ring-plane helix consisting of a chain of rings 
alternating with gaps and supported at opposite points by two planes. 
There are two dispersion curves of interest, both of which are asymptotic 
to the velocity of light line at low frequencies. One of these waves has 
even symmetry of E, about the two planes and the other wave has odd 
symmetry. We represent the fields of each wave by appropriate sheath 
helix modes which propagate only as e~/*0?; that is, we neglect the other 
axial harmonics. The derived dispersion relation for the wave of odd 
symmetry is very accurate over the range 0 < Sop < 7; the relation for 
the other wave is accurate over a smaller range. 

Although the calculated impedance e,*/28,2Pay is not particularly 
accurate, we estimate the impedance of the wave of odd symmetry to be 
equal to or greater than that for the wave of even symmetry. However, 
we can reduce the effect of the former wave in beam amplifiers by cutting 
notches in the planes between the rings. 

The contrawound and multifilar helices may be treated analogously 
with trial fields appropriate to the symmetry. The dispersion diagrams 
are qualitatively those of the single-tape helix. 

Next we apply our variational expression to ridged waveguides. Our 
technique for a waveguide with very thin ridges is quite similar to that of 
Slater, who divided the waveguide into two regions, expanded the fields 
with appropriate modes in each region, and then matched them on the 
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common boundary. Our analysis is not as elegant or accurate as the 
Chu-Schwinger method, but it avoids the use of cumbersome Green’s 
functions for expanding the fields on the common boundary. It has the 
advantage of ready extension to waveguides with finite-thickness teeth or 
ridges. We illustrate this variational analysis by calculating the first 
passband of the fin-loaded waveguide studied by Slater and by Chu and 
Hansen. Our dispersion relation is in the form of a 3 x 3 determinant 
and it checks well with the measured curve. 

To conclude this chapter we quote several variational expressions for 
k? = w*ue appropriate for a periodic cavity chain. We show how we may 
derive from them the same dispersion relations as were obtained in 
Chapters 4 and 5 from the mode expansion point of view. 

After analyzing all these structures we have reached certain conclusions 
about the advantages and disadvantages of variational techniques, and 
they are summarized in Section 6-8. 


6-2. Examples of the Variational Technique! 


A. Minimization of Mean-Square Error by Fourier Expansion 


Suppose we wish to represent a scalar function /(@) over the interval 
(0, 27r) by a finite set of sines and cosines so as to minimize the mean- 
square error 6, 


= [ [1 = S, cosin§ 44 ba sin nf) | a (6-1) 


We now determine a,, and b,, variationally so as to make & an extremum. 
Then we show that the extremum is actually a minimum. 

When we expand the integrand of Eq. 6-1 and invoke the orthogo- 
nalities 


27 27 
{ cos m@ cos né dé =| sin m@ sin nO dd = 7 


0 0 


1H. Goldstein [1, pp. 30-38] explains concisely how the calculus of variations enables 
us to describe the “path” followed by any “‘system” knowing an integral between the 
endpoints of this path is an extremum. He shows how Hamilton’s principle leads to 
Lagrange’s equations of motion when the integral of the Lagrangian function between 
the endpoints in time is made an extremum. In our work “system”’ will refer to fields 
and perhaps electron beam excitations and “‘path”’ will refer to the spatial rather than 
the temporal distribution of these excitations. 
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forn = m # 0, and 


27 
| cos m@ sin nO dd = 0 


0 
we obtain 


Qr N 2m 
6 =| f°(0)d0—2> i f(0)(a, cos nO + b,, sin n6) dé 
0 n=1/0 
+ 2nay +7> (a, + b,”) (6-2) 
We make & an extremum by setting its variation 66 equal to zero, first 


with respect to a variation in a, da), with the other amplitudes held fixed: 


é& ar 
— =0=-—2| f(6)d6 + 4a, (6-3) 
0 


day 


and also with respect to variations da, and 6b,,n 4 0: 


6& 27 

— =0= —2]| f(6)cos nO dé + 27a, 

0a, 0 (6-4) 
66 = . 

— =0= —-2]| f(6)sinn6 d6 + 2b, 

Ob,, 0 


We see that the coefficients are just the Fourier coefficients 


27 27 
ett I HOC ee I f(8) cos nO dé 
27 Jo aT JO 
as (6-5) 
b, = | f(8) sin nO dé 
7 J0 


To prove that these coefficients make & a minimum we let one of them, 
say d,,, vary by 6a,,. Then from Eq. 6-1 


; Qn 2 
&+ 66 =| FO) —,>(a,cosn6 + b, sinn6) — 6a, cos mo | dé 
0 n 


27 
=§-— 234m Lf(8) cos m6 — a,, cos? m6] dé +.(da,,)'7(1 + Smo) 
0 
(6-6) 


The symbol 6,,9 is 1 only if m = 0; otherwise it is zero. The integral is 
identically zero by definition of a,, in Eq. 6-5, and so 6a,, has increased 
&. It follows that & is.also a minimum with respect to changes in every 
b,, as well. 
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B. Solutions of the Scalar Wave Equation 


Consider the scalar wave equation for a function y(z, y,z) within a 
closed volume V: 
V’y + ky = 0 within V 
; (6-7) 
yor Vy-i=0 on S bounding V 


This equation will generally have an infinite number of solutions denoted 
by of “eigenvalue” k,, y, of eigenvalue k,?,.... The solutions po, y,, 
and so on, are called the “eigenfunctions” of the equation. Suppose we 
wish to form an expression which will give us a very good value for the 
lowest eigenvalue k,” from only a fairly good estimate of eigenfunction 
W. We form an integral expression for k* which tends to “smooth” 
errors in y. We multiply Eq. 6-7 by y, integrate it over volume V, and 
isolate k* to obtain 


| yV'y dV 
ce Se es 


[v dV 
: 


We now prove that Eq. 6-8 is variational in the sense that a small linear 
error dy in wy from the correct value of wy» creates only a quadratic error 
in k?, 0(k*), which is on the order of 


5(K*) see | ov dV 


2 
k [ve dV 
P 


Thus the fractional error in k? will be much smaller than the fractional 
error in y. 

To obtain Eq. 6-9 we let y = y) + dy and k® = k,? + 6(k?) in Eq. 
6-8 and move the denominator to the left side: 


= — (6-8) 


(6-9) 


[ko” + a(k)1| toe + 2p dp + (dy)’] dV 


= -| [pV Yo + pov (Oy) ap OyV' YW + dyV*(Sy)] dV (6-10) 
Ls 


We shall consider dy to be a small continuous functional change of wo 
throughout the volume, which may therefore be differentiated just like 
Wo. Since pp satisfies the wave equation V2y) = —ky'y» by definition we 
may cancel the unvaried terms in Eq. 6-10. One of the ky? dy terms on 
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the left cancels with —V*y» dy on the right. We obtain 
kf [yo Op + (dy)"] dV + (ae) [Yo + 20 dp + (dy)*] dV 
v Vv 


= =| tvv*v) + dy ay (6-11) 


We can now eliminate the linear dy terms by inverting the first term on 
the right side of Eq, 6-11, We use the identity 


i V-(«VA) dV = i (aV*p + Va: Vp) dV = $ avp -nidS (6-12) 


With « and f interchanged we obtain another identity which, when 
subtracted from Eq. 6-12, yields 


i («V8 — BV%x) dV = $ (vp — pVu)- ads (6-13) 
v Ss 


If we let « = pp and P = dy in this latter equation we obtain 


| tvev*y) — dyV" yo] dV = f [ys¥(o9) — dpVyo]*#dS (6-14) 


which we can use to reexpress [ yoV°(Ow) dV in Eq. 6-11. 

But what of the surface integral in Eq. 6-14? If yp obeys the boundary 
condition yp = 0 on S, its gradient is generally not zero on S and the 
second surface term in Eq, 6-14 is not necessarily zero. The variation dy 
has, as yet, been unspecified on S. Similarly, if yo satisfies the boundary 
condition Vyo* 7 = 0 on S, the first surface integral is not necessarily 
zero. We ignore mixed boundary conditions for wo. In order to simplify 
the variational argument we now specify dy on S so that, whichever 
boundary condition yp satisfies, the surface integral in Eq. 6-14 is identi- 
cally zero.* 

With variation dy so specified on S we can then write 


— wov (Op) dV 
* v 
in Eq. 6-11 as 


_ OpV wW dV 
* r 


which is 

+k," OpYo dV 
* Nonzero surface integrals demand appropriate surface integrals in the variational 
expressions. We shall encounter them presently in connection with helices and cavity 
chains, 


Variational Analyses of ‘‘Cold’’ Slow Wave Structures 157 


from Eq. 6-7. Then this term cancels the first term on the left side of Eq. 
6-11 and we obtain for 6(k*) 


w(K) Tye + 2v0 dy + Ov) av = —K| byt av — | syv*Gy) av 
V V 
(6-15) 
If we have V*(6y) ~ —k,? dy and also dy « wo we can verify Eq. 6-9 and 
show that the relative error in k? is much smaller than the relative error 
in p. 

This somewhat ponderous proof of the variational nature of Eq. 6-8 
shows that k? is stationary at k,” for small deviations of py about y). We 
can formulate the variational property alternatively as follows: The 
condition of stationary k* will constrain yp to satisfy the wave equation for 
eigenvalue k? with neglect of the quadratic (dy)? terms. As we improve 
upon the function y the variational procedure will determine a value of 
k* closer to ky? and a y closer to yy throughout volume V. The next 
example will make this clear. To verify that Eq. 6-8 has this variational 
property we set a variation of k?, 6(k?), equal to zero with respect to any 
variation in the parameters of the trial function yp: 


[vy dV 
ae ae 
[v dV 

V 


| = (denom)d(num) — (num)dé(denom) = 0 


6(k’) = 0 = —6 (6-16) 


By means of the convenient formula 


| numerator 


denominator 
or (6-17) 
num 
d(num) — | | 6(denom) = 0 


we can write Eq. 6-16, with neglect of the quadratic dyV*(dp) term, as 


0= -| [pV*(oy) + dpV’y] dV — a 2yp dy dV (6-18) 
V Vv 


When we invert the first integral by means of Eq. 6-14 and again assume 
that dy is defined to make the surface integral vanish completely, we 
obtain 


(Uys -| 26yV?p dV — al 2y dy dV (6-19) 
Vv Vv 


{ (Vy + k*y)dpydV=0 ~ within V 
V 
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This last equation, true for arbitrary continuous variation dy within V, 
shows that y must satisfy the wave equation—at least on an integral basis. 
As the number of variational parameters in y approaches infinity py tends 
to satisfy the wave equation at every point within V. This completes the 
proof of the variational nature of Eq. 6-8 by the alternative formulation. 

If we have made a good choice in the form of the trial function for p 
so that it can represent p) reasonably well within V, Eq. 6-18 will deter- 
mine a number of equations for the variational parameters in y which, 
when solved, will yield a value of k? quite close to kg”. As we insert more 
parameters into y and vary them, the number of equations increases and 
one of the k* eigenvalues approaches k, and y more nearly satisfies the 
wave equation at every point within V. Unfortunately we cannot give 
general rules for this rate of convergence of k to ky. 

We can, however, show that k? converges to ky? from above, where 
k.? > 0. To show that k,? > 0 we need only identify « and f in Eq. 6-12 
with wo) so that 


| ve dV 
4 


In order to demonstrate the upper-bound nature of Eq. 6-8 for ky? we 
introduce the set of eigenfunctions defined as 


kg >0 


V2p, t k,*y, =0 mV 
(6-20) 
y, or. Vy,°a=0 on S bounding V 


The first of these is yo, which belongs to the k,” being sought. We do 
not have to know these functions explicitly but only that they exist. 
Suppose, now, we have determined a trial function y with some error in 
it: 


Y= "Yo a X anYn (6-21) 


in which we need not know the value of each a, explicitly. Then we 
could estimate k,” by Eq. 6-8 as 


| (v. =F pF ayia) V*( vo i >» aya) dV 
A n=1 n 
2 
[(e+Za9.)av 
V n 


To simplify this we can invoke the orthogonality property of the y,,’s 


k*(estimate of ky) = — (6-22) 
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based on Eq. 6-13, with « = y,, and Bf = y,3 
{ fs ' if k, # Kms = 
Vr¥m =a -23 
y, i" #0 if k,=k,, Se) 
With Eq. 6-23 we can rearrange Eq. 6-22 to read 
(ke? + ax) { (ve +> a,v,') dv = — [ 
Vv n=1 


(very + 3 a,"7,"yn) dv 
= +] (kotyt +3 ktaey.) av 
§ (6-24) 
The zero-subscript terms cancel and give us 
Ke Sa? ye dV + Ak*(+ number) = ¥a,%k,* [ve dV (6-25) 
and this Frances into ; 
Ak?(+ number) = Yak! — ki) vt dv>0 (6-25’) 


because ky < ky, ka, ..., by definition. 
In this way we have shown that the variational calculation of the first 
eigenvalue k,” by Eq. 6-8 will always be high. 


C. The First Vibration of a Circular Membrane 


As a specific and convincing example of the value of the variational 
method we consider a vibrating circular membrane of radius a and 
vertical displacement y(r), clamped to zero at r= a. We wish to deter- 
mine the eigenvalue k,? of the first circularly symmetric mode with zero 
slope of y at r= 0.4 Equation 6-8 can be written after integration by 


parts as 
1 2 
oL dx 


[ vor dx i 


0 


(ka)? = n= . : (6-26) 


and the exact value of (kya)? = 2.4048 = 5.78316, corresponding to the 
first root of Bessel function Jo(ka). 


3 If several of the p,,’s have the same k,, ~ ky we form linear combinations of them which 
are mutually orthogonal and relabel ky, as kni, Kno... . 
“ See Ref. [2, p. 1116]. 
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First we try y = A(1 — 2*), which has the correct zero slope at x = 0 
and the correct value of zero at x = 1. When we substitute this into Eq. 
6-26, the A? coefficients cancel and there are no parameters to vary. A 
direct evaluation yields (ka)? = 6.00, greater than the correct 5.78+. 

Next we try y = A(l — 2”) + B(1 — x). When we substitute this 
into Eq. 6-26 and set 0(k*)/0A and 0(k*)/OB separately equal to zero 
[which amounts to setting variation 6(k”) = 0 with respect to both dA 
and 6B], we obtain two homogeneous equations for A and B. The 
resultant 2 x 2 determinantal equation for (ka)? is 


e(ka)?—1  3(ka)* — 3 
a(ka)? — § io(ka)® — 3 


The smaller root of this determinant is (ka)? = 5.7837, amazingly close 
to the correct 5.78316 and slightly high, as we proved it must be in the 
preceding subsection. 

This value of ka = kya determines B in terms of A from either of the 
homogeneous equations. A plot of y(x) is almost identical to the correct 
w(x) provided they are both normalized to the same value at x = 0. 


(6-27) 


D. Variational Expression for jw of the Periodically Loaded 
Transmission Line 


In this subsection we introduce variational expressions in the forms 
which conveniently generalize to helix slow wave structures and cavity 
chains. Unfortunately the mathematical formulation of these expressions 
.tends to look more involved then the ideas behind the technique. We 
want to reassure the reader that once he becomes familiar with the 
notation he will be able to understand the variational method as applied 
to all sorts of slow wave structures. 

Instead of the one wave equation we now have the two transmission 
line equations 


a = —joL(2I(2) (6-282) 
ae = —jwC(z)V(z) (6-28b) 


in which C(z) and L(z) represent the arbitrary periodic distributions of 
capacitance and inductance per unit length. One or both of these may be 
regarded as Dirac delta functions on lines with periodic lumped loading 
(Fig. 6-1, for example). Let us try to formulate a variational expression 
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for jw by extension of the procedure leading to Eq. 6-8: we multiply Eq. 
6-28a by I(z) and Eq. 6-285 by V(z), integrate them both over the length 
L of a periodic cell, and either add or subtract the two equations—which- 
ever will prove to be correct. We obtain 


i (V'I & VI') dz 
P L t 
—jo = ——__—_——__ , = 


(6-29) 
{ (LP. + CV?) dz 


Z 
dz 
in which we take both upper signs of + or both lower ones. If this 


(=1) (0) (+1) 


Pal 
oO 
[= 
oO 
=} 
ao 
o 
= 
no} 
wo 
N 
o 
S 
ps 
2 
a| 3 -—--—-— Single mode-pair 
3 —-— 2 mode-pairs 


8 es s 3 mode-pairs 


@, phase shift/section in radians 


(b) 


Fig. 6-1. The first passband of a periodically lumped-loaded transmission line (from 
Goblick and Bevensee [3]). (a) A unit cell consists of a section of transmission line with 
inductance L, and capacitance C, per unit length and shunted on both sides by capacitors 
C,, as shown; (b) exact and calculated dispersion curves for the first passband. dW, is 
the resonant frequency at which voltage and current vary as shown in Fig. |-5d. 
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expression is variational we ought to find that, by forcing a variation 

6(jw) equal to zero with respect to variation dJ(z), say, we can constrain 

one of the transmission line Eqs. 6-28 to be satisfied, with neglect of the 

(61)? terms. Here 6/(z) is a small continuous function within the cell. 
When we set d(jw) = 0 and use the rule 6-17 we obtain 


| [V' oI + V(6I)'] dz + joo2 LI 6I dz=0 (6-30) 
iE We 
which looks somewhat like 
Ka + joLI) oI dz =0 (6-31) 
L 


If we could obtain this latter form for arbitrary d/, V(z) and J(z) would 
satisfy the first transmission line equation within the cell of length L and 
we would have completed half the proof of the variational property. To 
convert Eq. 6-30 into the form of Eq. 6-31 we must invert the second 
integral as 


| V(6I)' dz = -| V' OI dz + V(z) ai(2)|_ (6-32) 


Now if we define d1(0) = 61(L) = 0 at the edge of the cell where V is not 
generally zero, the last term of Eq. 6-32 is zero. Then Eq. 6-32 with Eq. 
6-30 shows that Eq. 6-31 is indeed satisfied, provided we choose the lower 
sign of +. 

Having chosen this sign we must now verify the remainder of the 
variational property, namely that 6( jw) = 0 with respect to arbitrary 
6V(z) will constrain Eq. 6-28 to be satisfied. By the preceding reasoning 
we find that such is the case, provided we define variations dV(0) = 
OV(L) = 0, since (0) and J(L) are not generally zero there. 

In order to make Eq. 6-29 (with the lower sign of +) variational for 
jw we have had to place rather severe restrictions on the variations of the 
trial functions for V(z) and /(z) at the cell boundaries. We can remove 
such restrictions and still avoid the bothersome last term in Eq. 6-32 by 
utilizing the periodic nature of the fields. If this last term were V*9/, 
where the asterisk denotes an ordinary complex conjugate, it would be 
identically zero provided all trial functions phase shift by «7? from one 
cell boundary to the next one. Obviously, then, we will vary the trial 
functions so as to maintain this e~” phase shift. Thus, V*(z) phase shifts 
by e+/®, and 61(z) by <~%, and the two boundary terms of V*6J cancel each 
other. 

In order to have unrestricted (but periodic) variations of trial fields 
V(z) and J(z) on the cell boundaries, let us form a new variational expres- 
sion for jw by writing Eq. 6-28 for one set of trial functions, denoted by 
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a subscript plus, which phase shift by «~/ across the periodic cell of 


length L: 


9 = —joL 1.0) (6-33a) 
29 - —jocQv,e) (6-338) 


Here ¢ is regarded as known and we want a variational expression for the 
@ values associated with it. We also define, for mathematical reasons, 
an independent pair of trial functions V_(z) and J_(z), denoted by a 
subscript minus, which also phase shift by «~%” across the cell. These 
functions are just like V, and J, except that they have independent 
amplitudes and perhaps other variational parameters. We assume con- 
tinuity of V,(z),..., J_(2) across the cell boundaries, although there may 
be rapid changes of phase across these boundaries. To form the new 
variational expression for w we multiply Eq. 6-33a by J_* and Eq. 6-33b 
by V_*, integrate them both over the cell length L, add them (since 
subtraction, it turns out, does not work), and then isolate jw. We obtain 


| (V,'1_* + 1,'V-*) dz i 
L u as 


; (6-34) 
ipimee + CV,V_*) dz 


To prove that Eq. 6-34 is indeed variational we set 6( jw) = 0 first with 
respect to d/_(z). By the rule of Eq. 6-17 we obtain 
{ V,! 61_* dz + jo L(z)L, 61* dz = i (V,! + joLL,) d1* dz =0 
L L L 
(6-35) 


so that, with d/_ arbitrary within the cell, the first transmission line 
equation 6-33a is constrained on an integral basis. If we set d( jw) = 0 
with respect to 6V_(z) we also constrain Eq. 6-335. 

Equation 6-34 must also be variational for the fields V_(z) and [_(z); 
to see if it is we set d( jw) = 0 for a variation d/, and obtain 


i (61,) V_* dz + jo | LI_* 61, dz =0 (6-36) 
L L 
By Eq. 6-32 we integrate the left side by parts and obtain 


L 
I —V_'* 61, dz + V_* dL, |F+ jo I LI_* 61,dz=0 (6-37) 
L 0 
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However, V_* phase shifts by «+#? and 61, by «4° fromz =0 toz = L 
so the two boundary contributions cancel and Eq. 6-37 becomes just 


fw — joLI_*) d1, dz =0 (6-38) 


For arbitrary 61,(z) within the cell V_(z) and J_(z) do indeed satisfy Eq, 
6-33a on an integral basis. By similar reasoning we can show that if 
6(jw) = 0 relative to all 6V,(z) then V_ and I must also obey Eq. 6-335. 

Therefore Eq. 6-34 is variational for both the plus and minus trial 
function fields in the sense specified. We may also verify the alternative 
statement of the variational property: that if the fields V,,..., J_ are 
varied linearly about their correct values at w = Wp (this is not necessarily 
the lowest frequency for a given phase shift ¢), then the variation of o, 
dw, will be quadratic in (6V,)?,..., (6/_)? and therefore much smaller. 


E. Variational Expression for w* of the Periodically Loaded 
Transmission Line 


It is not necessary to write a variational expression for w in terms of 
both voltage and current in any periodic cell. We can work in terms of 
voltage alone, say, by dividing Eq. 6-28a by L(z), differentiating it relative 
to z, and introducing Eq. 6-28, to obtain 


pale y ve) = —wC(2)V(2) (6-39) 


To form a variational expression for w? we regard trial voltage V,(z) as 
satisfying Eq. 6-39, multiply both sides by independent trial voltage 
V_(z)*, integrate over the cell length L, and isolate w*: 


jaa salts . aa oi | [,comr- os (640) 


This equation is variational because if we set 6(w”) = O relative to dV_*(z) 
we constrain V,(z) to satisfy Eq. 6-39 within the cell. And if we set 
6(w*) = 0 relative to dV, and integrate the numerator by parts in order 
to put it into proper form, the boundary terms cancel as before and V_ is 
constrained to obey the same equation 6-39. 

In practice, we would vary only the parameters of one set of trial 
functions in Eqs. 6-34 and 6-40, usually those of the minus set. The 
statement that d(jw) or 6(w?) is zero with respect to these variations leads 
to a set of homogeneous equations for the trial field amplitudes and other 
variational parameters (if there are any) of the plus field set. Solution of 
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these equations gives the allowed values of jw or w* that go with a given 
phase shift y. Each value of jw or w? determines the relative amplitudes 
of the plus trial field set of functions which compose a wave at this fre- 
quency and for this phase shift g. The fields in some of these waves are 
more accurate than in others; for example, if we employ the first N 
short-circuit resonant modes of the cell in Fig. 4-1 to represent V_ and J_ 
(see Section 5-3C) and the first N open-circuit modes to represent V, and 
L,, then the lowest-frequency wave will be the most accurate and the Nth 
wave with larger components of neglected N + 1, N + 2,... modes will 
be the least accurate. 

The thoughtful reader will have noticed our implicit assumption that, 
as the number of variational parameters in the trial functions goes to 
infinity, the values of jw or wm? determined in the variational method will 
all converge to the correct ones. This is certainly reasonable if we use 
more and more open- and short-circuit resonant modes of a structure 
with periodic abrupt discontinuities, or an ever-increasing number of 
waveguide modes for helix-type structures. The procedure followed is 
known as the Rayleigh-Ritz technique [2, p. 1116], which converges to 
the correct series of eigenvalues of jw or w? for a given phase shift 
provided the two sets of resonant cell modes and the set of waveguide 
modes are complete for the fields within a cell. For a cell of the periodi- 
cally loaded transmission line, both the open-circuit and the short-circuit 
mode sets as defined in Section 1-6 are complete for voltage and current. 
But we can prove completeness of the set of resonant cavity modes and 
the waveguide modes only for particularly simple cavity and waveguide 
configurations. 

In general, we can say nothing about the rate of convergence of a 
calculated value of jw or w? to the true value. However, we can show that 
the convergence is nonuniform, in general, by referring to the periodically 
lumped-loaded transmission line shown in Fig. 6-1. The first passband 
has been calculated [3] by employing the open-circuit and short-circuit 
resonant cell modes shown in Fig. 1-5 as trial functions either for V,. and 
I, in Eq. 6-34 or for Vs in Eq. 6-40. The minus fields are expanded in 
short-circuit modes and the plus fields in open-circuit modes.’ The single 
mode-pair estimate of this passband, as calculated with the modes of 


5 Formally it does not matter whether the plus trial fields are expanded with the open- 
or the short-circuit modes. However, the zero-frequency short-circuit mode of Fig. 
1-55 has no voltage pattern so we want to avoid a dispersion relation involving 
T~ ) E,C(2)e; dz, E, being identically zero. With the plus fields expanded in open- 
circuit modes the relevant volume integral is U,, ~ J Hyh, dz, which is finite. For the 
same reason Eq. 6-40 is not useful but the analogous variational expression in terms of 
currents is. 
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Fig. 1-55,c which resonate at the cutoff frequencies of that passband, is 
high. The two mode-pair estimate based on all the modes of Fig. 1-5 for 
the first two passbands is low. And the three mode-pair estimate is 
essentially the correct one. We conclude by analogy that our variational 
procedure will not always determine upper or lower bounds for w(q) in 
the first or any other passband of a symmetrical cavity chain. 


6-3. A Variational Analysis for Wire and Tape Helices 
A. The Variational Expression for jw 


When we look back at the conventional analyses of tape helices reviewed 
in Chapter 2 we notice that they depend upon an assumed electric current 
distribution on the tape. However, the solution to Maxwell’s equations 
for the helix is a pure field problem which should not demand any a 
priori assumptions about this distribution. We should be able to represent 
the fields of a wave by a suitable linear combination of traveling modes 
and compute their relative amplitudes and their common propagation 
constant fy without specifying any current on the tape. After the field is 
determined the current is specified by 7 x A on the tape or ring surfaces 
of the helix, but it is really of no interest whatsoever. Further evidence of 
the insensitivity of the field solutions to the actual current distribution is 
furnished by Sensiper’s work. He has found that the characteristics of 
the n = 0 mode employed in traveling wave tube work little depend upon 
whether the current is assumed to be of constant magnitude across the 
tape or whether it is assumed to go to infinity as the inverse square root of 
the distance from the edge. 

Accordingly, let us formulate a variational expression for jw from 


Maxwell’s equations 
V x £= —jouH (6-41a) 


V x A = jwek (6-415) 


for the wire or tape helix shown in Fig. 6-2, without mentioning the 
current on the tape. Instead, we introduce a surface integral on the sur- 
face r =a which will tend to constrain continuity of the fields on the 
open surface and £,,,, to be zero on the metal surface. We shall develop 
the expression in such a way as to be valid for a wire helix of arbitrary 
cross section wound on a cylindrical surface of arbitrary cross section, 
such as an ellipse or rectangle. We assume for simplicity that the helix 
is not surrounded by an outer conductor; if one is present, we could 
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Fig. 6-2. Wire and tape helix geometry. (a) Wire wound on the surface r =a with 
pitch angle p defined as cot y = 2ma/p, (b) a thin tape of width w and also wound on the 
surface r = a with pitch angle yp. 


easily modify the external trial fields so that each one satisfies the 
boundary conditions on this conductor. Modifications to account for the 
presence of dielectric supporting rods or a glass envelope are mentioned 
later in Section 6-8. We develop the variational expression for a periodic 
volume of the helix, which'is a slab of infinite cross section and one unit 
thick in the axial or z direction. In order to avoid surface integrals over 
the two cross-sectional faces of the slab, analogous to the boundary terms 
in Eq. 6-32 for the periodic transmission line, we work with two sets of 
trial fields which are denoted by subscripts plus and minus and follow the 
procedure which led from Eq. 6-33 to Eq. 6-34. Each set of trial fields 
propagates the same way and represents the same physical wave. 

We dot-multiply Eq. 6-4la written for the trial fields E, and A, by 
A_*, multiply Eq. 6-41b by £_*, integrate the equations throughout the 
slab one unit thick, and subtract (addition, it turns out, does not work) 
the first equation from the second to obtain 


0 =| pe ‘(V x A, — {jo}eE,] dS -| A_*-(V x E, + {jo}uH,] dS 
A A 


(6-42) 
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The braces around jw will remind us that it is to be kept constant when 
we vary the parameters (amplitudes) in the trial fields £_, H,, and so on. 

It is most convenient to define one set of the plus and minus trial fields 
throughout the internal portion of the slab, denoted by A; for r < a, and 
another set of trial fields for the external or A, region. Each set of fields is 
taken to be a linear combination of sheath helix modes as defined by Eqs. 
2-1 and 2-2 within the internal region and as defined by Eqs. 2-3 and 2-4 
within the external region. Each of these modes satisfies Maxwell’s 
equations identically within either region A; or A, and so a linear com- 
bination of them will leave each bracketed expression identically zero in 
Eq. 6-42. However, we must retain these integrals for the proof of the 
variational properties, with the understanding they will be zero when we 
take variations of E_* and H_* within the slab. 

In order to distinguish the trial fields within these two separate regions 
we denote the ones inside the A, or internal region by lower-case letters: 
é,, 6, h,, and h_. Those within the external or A, region are identified 
by capital letters: £,, E_, H,, and A_. At this stage of development, 
Eq. 6-42 looks as if it will tend to constrain é, and h, to satisfy Maxwell’s 
equations within the 4; region and £, and A, to satisfy them within the 
A, region, but we must also constrain continuity of the tangential field 
components across the boundary surface D at r = a in Fig. 6-2: 


(é, — £,) x i, =0 
(_—E£)xi,=0 
(h,, — H,) x i,=0 
(h_— A_) xi,=0 


on open surface D atr =a (6-43) 


We recall from previous discussion that the proper variational expression 
must imply the same properties of the plus fields as of the minus fields 
because they have equal physical significance. The remaining condition 
we must constrain is that of zero tangential electric field on the helix wire 
or tape: 


é_ xf’ =é, x7’ =0 on inner wire surface, 
(6-44) 
BSP She ents 0 on outer wire surface 


Unit vector 7’ points into the wire. For the special case of a thin flat tape 
fi’ = i, on the inner tape surface and 7’ = —i, on the outer surface. 

To modify Eq. 6-42 we must include integrals over the tape of the form 
J é, x A_*- a’ dS so that if 6{ jo} = 0 relative to 6h_* on the tape surface 
é, x A’ will, in principle, be zero there. We also need integrals of the 
form § é_* x (h, — H,)-i,dC on the discontinuity surface D so that 
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(h,. — H,) x i, will tend to be continuous for the same reason. A trial- 
and-error procedure shows that the appropriately modified Eq. 6-42 is 


0 =| é*-[(V x h, — {jwleé,] dS -| h_*-[V x é, + {jo}uh,] dS 
A; A; 
+| B*-1V x A, — (jolek,J as -/ AL*-(Vx B, 
Ao Ao 


+ {joluH,] dS + hit =n de +| hax nde 
W; 


o 


ae a. " a) 
a fe ae) x(n. — H,)'-i, dC 
e : i (é, — £,) x (h.* + A*)-i, dC (6-45) 
D 


We understand that these integrals extend over a cross-sectional slab one 
unit thick, in which W,,, refers to the inner or outer surface of the wire 
and D to the open surface at r = a on Fig. 6-2. 

We can easily prove that Eq. 6-45 is variational with respect to variations 
in the minus trial fields. For example, if we set 6{ jw} = 0 with respect to 
an arbitrary variation dé_* within region A, we constrain the relation 


| 6é_*-(V x h, — jweé,) dS +h oem (h, — ff.) x i, dC 
Aj D 
(6-46) 
If this is true for arbitrary 6é_* within region A; and on surface D, the 
plus fields must satisfy Maxwell’s Eq. 6-415 and have the continuity of 
Eq. 6-43c. If we now set 6{ jw} = 0 for arbitrary 64_* within region A; 
and on D and the wire surfaces we constrain the plus fields to obey Eq. 
6-41a, 6-43a, and 6-44. Similar remarks apply for variations 6£_ and 
6H_ taken within the external 4, region and on the external wire surface. 
To prove the variational properties of Eq. 6-45 with respect to variations 
in the plus trial fields we must integrate the V x 64,, V x 6é,, V x 6A, 
and V x 6£, terms by parts, whereupon the } factors appended to the 


| integrals guarantee the variational properties. For example, we set 
D 


6{jo} = 0 for dh,. We first have 
| é*-V x 6h, dS -| h_* + jou oh, dS 
A; A; 


+ ; i (6* + £*) x 6h,-i,dC (6-47) 
D 
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We integrate the first term by parts throughout the slab one unit thick up 
to the wire and discontinuity surface D: 


[ er-v x oh, dS > oh, -V x eras + Ohi x e.** 1dC 
A; A; 


wire, D 


ore oh, x é*-i,dS (6-48) 
Oz JA; 

The very last integral is zero by our specification that the plus and minus 
trial fields both propagate as «~/?0” as they rotate together along the wire. 
The contour integral can be split into two portions. Then Eq. 6-47 can be 
converted into 


0 = bh, -(V x 6* — jouh.*) dS +| Shi €* Ede 
A; We 
+| bh, x €*-i,dC + : I (é_* + E_*) x 6h,-i,dC (6-49a) 
D D 


By exchanging the order of cross-multiplication in the first integral over 
D we can combine it with the second to obtain 


+f (—é_* + £.*) x 6h, -i,dC = : | (é_* — £_*) x i, - 6h, dC 
2: )Ds RAGE, 
(6-49b) 


Therefore, if Eq. 6-49 is true for arbitrary 64, within region A, and on the 
wire and surface D, the é_ and h_ fields are constrained to satisfy Eqs. 
6-41a, 6-44a, and 6-43b. We can proceed similarly to prove with respect 
to variations 6é,, 6A, and 6£, that the minus fields tend to satisfy Eq. 
6-415 and the other boundary conditions on the wire and open surface D. 

We have now demonstrated the variational nature of Eq. 6-45 and will 
proceed to use it to derive the dispersion characteristics of various helices. 


B. Verification on the Sheath Helix 


We first verify Eq. 6-45 appropriately modified to provide for the special 
sheath boundary conditions at r = a, 


ee E, = 
hy — H, = 0 


Figure 2-1 identifies the perpendicular and parallel field components on 
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the sheath surface. We may verify that, in order to constrain these bound- 
ary conditions, we must replace the last four integrals in Eq. 6-45 by 


2mraley, x hy * — Ey, x AWy_* + (8_* + £*) x (fy, — Aly) 

+ 441, — Lis) x (Ay_* + Ai*)] i, (6-50) 
In the sheath helix the two nth modes representing the TM and TE portions 
of the field do not couple to any of the others (see Section 2-2), so we can 
represent é, and /, throughout the internal region A, by the fields of the 
nth mode of Eqs. 2-1 and 2-2 with amplitudes (B,),, and (B;),. We repre- 
sent fields €_ and h_ the same way but with different (independent) 
amplitudes—call them (C,),, and (C;),,. We represent the external £, 
and #1, fields by the nth mode of Eqs. 2-3 and 2-4 involving amplitudes 
(B,),, and (B,),,. E_and H_are similarly represented, but with amplitudes 
(C,), and (C,),. These modes satisfy Maxwell’s equations identically 
within their respective regions, so the area integrals of Eq. 6-45 (as modi- 
fied by the terms 6-50) vanish. 

We then take variations d(C,),,*,..., 0(C4),* in Eq. 6-50 alone set 
equal to zero, with w regarded as fixed. We obtain four homogeneous 
equations, each in terms of (B,),,,..., (By), It would be unnecessarily 
tedious to obtain the simple sheath helix dispersion relation from the 
determinant of this 4 x 4 matrix of coefficients. Instead we can verify 
that Sensiper’s Eq. 2-11 for the B’s together with the correct dispersion 
Eq. 2-6 do indeed satisfy each of our equations in terms of the B’s. 

Variational Eq. 6-45 has just passed the first test of a useful method for 
describing dispersion of general helices. 


C. Tape Helix Dispersion for the Waves with Predominant 
n 4 0 Mode 


Refer to the tape helix w-f diagram of Fig. 2-4, page 45, part of which 
appears in Fig. 6-3. We wish to calculate the shape of the w-f,, curve of 
the nth mode near the first forbidden region, in the range 0 < fB,a < 
0.5 cot y. Figure 6-3 shows that, as 6,,a, for example, approaches zero 
in this range, the ka — f,,a curve rises, reaches a plateau corresponding 
to a resonance of the structure, and then approaches zero along the Ba = ka 
line as an asymptote. 

According to the discussion of Section 2-3 we are really investigating 
the behavior of a wave with two n = 0 mode components (representing 
the TM and TE portions of the field) of propagation constant fo, two 
n= +1 mode components of propagation constant B,, = By + 27/p, 
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Fig. 6-3. Dispersion of the tape helix wave with predominant n = +1 mode component. 
cot y = l0and¢=0.1. 


and so on, all of which are coupled together on the tape and discontinuity 
surface D. Now it so happens that the predominant fields in such a wave 
are given by that mode of radial propagation constant nearest to zero. 
This is reasonable from the fact that the fields decay less rapidly away 
from the helix wire if the radial propagation constant is smaller. Hence 
the wave we are investigating has predominant nth mode, such that £,, is 
closest to k and radial propagation y,, = (8,2 — k*)“ is smallest. Accord- 
ingly, let us represent the internal trial fields for the variational Eq. 6-45 
by the nth mode of Eqs, 2-1 and 2-2: 


Ex = (Bs) (Yn?) 

E+ = (Bs)n(GBul Yun’ — (By(noulyn Tn 
bo, = —(Bs)a(MB nln Pn — (Ba) JOM/Y nln’ 
| ie (By ln 

hs, = (Bs),(noe/y tn, + (By) GBn/ Yn En’ 
hos. = (Bs)n(J@E/7 nn’ — (Brn(MBnl Yn Tn 
Each mode satisfies Maxwell’s equations exactly. The prime refers to 


differentiation with respect to argument y,r and the variational ampli- 
tudes are (B,),, and (B;),,, with f,, to be determined as a function of w or 


<i-iBn (6-51) 
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k. The minus trial fields are represented the same way but with inde- 
pendent amplitudes (C,),, and (Cs),,. 

Similarly we represent the plus trial fields over the external region of 
Fig. 6-2 with the nth mode of Eqs. 2-3 and 2-4: 


E,4 = (Ba)nK a(n?) 

E,4 = (Ba) AJB nl Yn)Kn’ — (Be) n(nou] yn T)K 

Eo, = —(Ba)n(MB al Yn T)Kn — (Bo)n( JOH Yn)Ky' 

H,, = (B),.K, 

H,,. = (B,),(nwe/ Me 4 \Kn + (Be) IBnl Yn) Kn’ 

Ho, = (Ba)n(J@e/Yn)Kn' — (Ba)n(MBnlYn T)Kn 

The minus trial fields are the same but for new amplitudes (C,),, and (C,) ». 
We now consider for definiteness a helix with cot y = 27a/p = 10 and 

specify a tape width w such that the ratio of the cross-sectional tape 


width w csc y, to the open cross section is 0.1. This means in Fig. 6-2 
that our tape width parameter ¢ is 


(r > a) <in?-IPnz (6.52) 


“fk Ae (6-53) 
27a — wesc p 


This corresponds to Sensiper’s x parameter of value 


™w mwceoty (" csc *) 0.286 
a SS eG od We 
a 


Pp 27a 

If we now substitute these trial fields into Eq. 6-45 with the area integrals 
identically zero, we have an expression for {ja} in terms of four amplitudes 
of the plus field and four amplitudes of the minus field. Rather than vary 
all four of the C amplitudes let us reduce the number of amplitudes to 
two in each trial field by specifying these explicit continuities at r = a: 


€(y 2) — E 10nd) = 0 (6-54a) 
hi (7 7) a Ay.) =0 (6-545) 


The first continuity is true for the complete field even on the tape where 
= E. =0. The second continuity is the assumption of very small 
currents flowing across the tape, which works so well in the conventional 
analyses. We need not write this latter continuity if we choose, but we 
must write either Eq. 6-54a or a similar continuity for é, explicitly if we 
are to obtain field expressions which converge rapidly to the true ones. 
It is easy to see why this is so. If we examine the trial field expressions 
of Eqs. 6-51, 6-52, and the variational Eq. 6-45 we find that nowhere do 
they introduce the parameter cot y explicitly, since we need not relate 
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6, to By = 8B, — ncot p/a in this nth-mode representation of the fields. 
However, Eq. 6-54a will introduce cot yp in the process of establishing 
one of the important continuities across the discontinuity surface D at 
r=a. 

When we express the trial field amplitudes (B3),, and (B,), in terms of 
(B,),, and (B,),, and also (C3), and (C,), in terms of (C,),, and (C,),, by 
Eq. 6-54 we are left with only the amplitudes (B,),,, (Bs)n, (Cy) ,, and (C3), 
in variational Eq. 6-45. We set 6{jw} = 0 with respect to 6(C,*),, and 
6(C,*),, and obtain two homogeneous equations in terms of (B,),, and 
(B;),. These two equations represent the variational condition on é, and 
h, across the open boundary at r = a as well as zero tangential electric 
field on the tape. When we set the determinant of these two equations 
equal to zero we obtain the following dispersion relation for ka vs. 6 ,a: 


2 
| hal a (2) (2 ik oe taal’) 


k/ \y,a 
2 
| 1K, K,! at (2) (= + to,*K ike taf’) | 
k/ \y,a 
2 2 2 
Sas car + (22) (- ie Naneciar * =e ta,%.K,K,,’ + tustslaln) co! 0 
2(y,4) k 2y,a 


(6-55a) 
where t = 0.1 in this instance (Eq. 6-53), ’ = 0/0(y,,r) at y,a, and 


2 
Co a [35 + (£) (14S | 
Yn 


2 
Ot = —Y,0 [TAKS + (=} 1,'K,'Ss| (6-55b) 
Yn 
k 2 
estate [K.S, +(£) (K,")5;| 
and « 
Ss, = tan yr oad 
n& 
f (6-55c) 
S, = cot wideeees IE 
es 
(7na)° 


In this form Eq. 6-55 will describe the behavior of any nth mode which 
predominates in a wave in the region 0 < |f,,a| < 0.5 cot y near the first 
forbidden zone. For narrow tapes such as this one the ¢ terms within the 
brackets are very small; the important terms dependent upon the tape 
width are ¢J/,,/,,/ and tK,K,,’. 
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Equations 6-55 with the ¢ terms neglected futnish, in fact, an accurate 
dispersion relation for narrow tape helices in the range 


0< B,a < 0.5 cot yp 


Without the ¢ terms the equation reduces to the form of two perfect 
squares. When we take the square root with the appropriate signs, 
approximate the «, . , by their first terms alone, and take another square 
root, we obtain just 


2 = 7a (ya)K,(ya)S, = —1 (6-55') 


This is plotted in Fig. 6-3 for the n = +1 mode. 

The solution to dispersion Eq. 6-55 for the n = +1 mode in the range 
0 < f,,a < 0.5 cot y = 5 appears in Fig. 6-3 along with the Pierce-Tien 
estimate [4]. We see that the tape helix dispersion curve does behave as 
expected: It follows the sheath helix n = +1 line down to f,,a = 1.5 
where the structure resonates and then dives toward ka = 0 as f,,a 
approaches zero. The region 0 < f,,a < 1.5 is the anomalous region, in 
which the fields are described as follows. 

First of all, nothing particularly surprising happens at the cutoff fre- 
quency, for which £,,a = 1.5. The terms in Eq. 6-55 vary smoothly 
through the cutoff point and give no hint of the resonance condition until 
we plot ka vs. B,,a. However, the calculated power flow is very nearly 
zero at the cutoff point. When we determine the relative amplitudes 
(B,);,---, (By), by means of the homogeneous equations evaluated for 
6.14 = 1.5, ka = 0.83 and evaluate the internal power flow 


Pay,i = pRe | (és Say é,h,*) dS 


we find that it is nearly zero, the negative component predominating 
somewhat. The external power flow is also nearly zero, the positive 
component predominating somewhat. But the total power flow is indeed 
zero with about a 5% error. However, this does not imply that the cal- 
culated power flow is in general accurate enough to enable us to calculate 
the impedance e,?/26P,,, 4,4 aS accurately as the w-8 curve. Indeed, we 
shall see that the impedance as calculated from the simplest variational 
procedures is usually in error by a factor of 2 or more. The expressions 
in Table 6-1 prove useful for calculating these power flows. 

As 6,4 approaches zero in Fig. 6-3 we expect the fields as given by Eqs. 
6-51 and 6-52, to become transverse such that é, and E, both disappear. 
This is indeed so as we may verify from the relative field amplitudes as 
y,a approaches zero faster than f,a ~ ka and J,(y,a) — y,a/2, K,(y1a) > 
1/y,a. In the limit of ka = 0 the predominant field components have the 
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continuity properties such that é,, = +E, 6, é, = —E,, and h, = —H, 
on the cylindrical surface r =a. Also é > E, — 0 and hy = A —> 0. 
In fact, the low-frequency fields approach precisely those of the n = 1 
sheath helix modes, so that both they and the dispersion curve are well 
behaved as ka approaches zero. 


Table 6-!. Integrals of Modified Bessel Functions 


Function Indefinite Integral 

Me ae Zig, — 42°? — Iple) 

MEE 4a Z*(1,? — Ilo) 

3. Z(,')? —3? + Ly?) + ZIgh, — 32°? — Iple) 

4. 1?7/Z 21” + tZh (Ip — |) 

RR PARS ZI, — $Z7U2 — Iple) 

6. ZIglo ZIgIy — Ip? — 42°12 — Iple) 

7. 240, ZI, — In) — 1)? 

8. ZE,19 ZI, — Ip) + Ip? + 32°C? — Igo) 
92 Ty? + ZL, — Ip) — 1.2 + 42°C? — Iga) 
10, 77/2 TyIo/Z + $2 — 2Iplg — Ip?) + 4250p — Ip) 
2k —ZK)K, —4Z*(K,? — KK) 
12.°22h," Z*(K,? — KK) 
13. —Z(K,’)* 3(Ko? + Ky”) + ZK)K, + 4Z°(K,? — KK) 
14. KZ 4K? — 4ZK,(Ky — Ky) 
15. —ZK,* ZK,Ky + 4Z*(K,” — KK) 
16. —2K,K, ZK,(Ky — Ko) — K,? 
17. —ZK)K, ZK)K, + K,? + 4Z2°(K,? — KoKo) 


d 
For example, ZJ,)? = a [ZIpl, — $Z7,? — Iple)) 
In this table the prime denotes d/dZ. 


We have not investigated in detail the other ka-B,,a curves for |n| > 1 
but each of them ought to be well described by Eq. 6-55 for the appropriate 
value of n. Each curve has mirror symmetry about the ka axis. Therefore 
we can calculate rather accurately and straightforwardly the ka-B,,a curves 
in the fundamental region —0.5 cot y < B,a < 0.5 cot y and translate 
them along the fa axis by multiples of cot y to obtain the complete 
ka-Ba diagram. The only modification in this procedure is in the analysis 
of the wave with predominant n = 0 mode in the low-frequency range of 
ka < 0.25. For this mode we must make a more accurate variational 
calculation, discussed in the next subsection. 
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D. Behavior of the Tape Helix Wave with Predominant 
= 0 Mode 


Dispersion Eq. 6-55 was derived by representing the helix fields of a 
wave with just the nth TM and TE mode components and by adjusting 
their amplitudes variationally, subject to the explicit continuity of é, and 
h across the helix surface at r = a. This relation also serves to describe 
quite well the n = 0 mode in the range ka = 0.25. This is the mode 
utilized in ordinary traveling wave tube amplifiers for its nearly constant 
phase velocity characteristic, Fig. 6-4. In order to illustrate the success of 
our variational technique for thick as well as thin tape helices we shall 
apply the preceding analysis to the helix measured by Watkins and 
Siegman [5] with the following parameters: 


a, helix radius, = 0.243 in. tan y = 0.094 


w, tape width, = 0.064 in. & 
— = 0.444 
Pp 
Tape thickness = 0.020 in. 
: 0.44 
t, tape width parameter of Eq. 6-53, = Nae 0.80 
The impedance and dispersion curves were measured with a hollow 
electron beam 0.005 in. thick at a radius of r/a = 0.825. The measured 


—-— First variational calculation 
—— Second variational calculation 
Low-frequency asymptote 


Ls Yi — — Sheath mode 


0 0.5 1.0 15 2.0 
Boa See 
Fig. 6-4. Dispersion of the wave with predominant m = 0 mode on a narrow-tape helix. 
cot y = 10 and¢ = 0.1. Theserious error in the first variational calculation is apparent. 
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Fig. 6-5. Dispersion and impedance of the wave with predominant n = 0 mode on a 
wide-tape helix. a/p = 1.7 and the radial thickness of the tape is 0.020in. The curve 
labeled “‘Z, model” is a correction by Watkins and Siegman to the sheath helix impedance 
according to the geometry of this structure. 


curves for the n = 0 mode are shown in Fig. 6-5 along with the curve 
calculated from Eq. 6-55 for n=0. The calculated v,/c = k/By vs. 
ka tan y curve has very nearly the value of tan y = 0.094 over the range 
indicated and is somewhat higher than the measured curve. We did not 
calculate the curve in the range ka tan y > 0.06 because it lies near point 
B of Fig. 2-4 where the predominant fields are more accurately represented 
by the n = —1 mode of propagation constant —4 < B_,a < 0 in this 
range. Nor do we plot the calculated curve in the range ka tan p < 0.02 
because serious error develops at low frequencies, as explained in later 
paragraphs. Our calculation verifies the conjecture of Watkins and 
Siegman that the ka—{,a curve is very insensitive to the tape width. 

We also determined the relative field amplitudes from the equations 
preceding Eq. 6-55 and calculated the Pierce impedance at r/a = 0.825 


|é(r/a = 0.825)|* 


7 re = 0.25" 
Voe ees 

2p|2 [est — eofit) as + [" (EA — Ef.) as | 
0 Yot 


(6-56) 
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at a few points on Fig. 6-5. The calculated points are high by factors of 
2 or 3 and demonstrate the usual inability of one or two trial field modes 
to represent the fields accurately enough for an impedance calculation. 
To improve on the calculated impedance we could represent the fields of 
this wave by them = +1, 0 modes in variational Eq. 6-45. After obtaining 
a set of homogeneous equations for their amplitudes in the usual way we 
could solve for their relative values easily enough by inserting the values 
of ka and f,a known from measurement or the preceding variational 
calculation. The recalculated impedance Z will then be more accurate. 

Now let us calculate at very low frequencies the n = 0 dispersion curve 
for the narrow tape helix of the preceding subsection, with cot y =10, 
t = 0.1 in Eq. 6-55. We obtain the broken dashed line in Fig. 6-4, which 
approaches the origin with zero slope. This behavior is contrary to 
measurements which verify the fact that the curve really approaches the 
velocity of light line ka = Ba asymptotically. At very low frequencies the 
fields external to the helix should have the augmented plane wave com- 
ponents E, and H, such that E,/H, =~u/e of free space. We now 
inquire into the reason for the failure of determinantal Eq. 6-55 for the 
n = 0 mode at low frequencies. 

As ka approaches zero, the field continuities should become those of 
é= E. and é) = E, = 0 on the cylindrical surface r =a. But if we 
calculate the relative amplitudes of the fields from the homogeneous 
equations which led to Eq. 6-55 we find that, as ka approaches zero, 
@/¢, > 0 while E,/E,— co at r=a. Therefore, e,—e,siny and 
E, — E, cos y simply cannot go to zero properly. Even without knowing 
the results of measurements we would suspect this first variational cal- 
culation to be erroneous at low frequencies and not particularly accurate 
at higher ones (Fig. 6-4). 

In order to make a second improved variational calculation we first 
recall that we derived Eq. 6-55 with the explicit continuities of é, = E. 
and hy = Ai on the cylindrical surface r= a. Let us relax these con- 
ditions and choose between é, = = £ , and é) = E, at r = a. If we choose 
the first of these constraints the procedure of Section 6.3C yields a set of 
three homogeneous equations for three of the amplitudes (By), .. . , (Ba)o- 
The resultant determinantal equation for ka vs. ya happens to have the 
wrong asymptotic dependence upon pitch angle (cot* y instead of tan* p!). 
Nor does the explicit continuity of hy = Hy yield a better dispersion 
relation. So we choose the second explicit constraint of é(yoa) = E\(y0a). 
With only this condition we obtain, by the procedure which led to Eq. 
6-55, a proper dispersion relation over the entire frequency range of very 
low and very high frequencies. Expansion of the 3 x 3 determinant for 
k(6,) and straightforward although tedious simplification yields the rather 
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simple dispersion relation 


ky, Be 1 1 
~)cot® y| = — 412K 2 | = —— — 411, K, Kit (6-57 
() STG Gait we eau (ya) ee wae 


in which ¢ is defined by Eq. 6-53 and yoa is the Bessel function argument. 
The effect of the relative tape width is rather weak since ¢? and not ¢ 
appears in Eq. 6-57. This relation is plotted in Fig. 6-4 and corresponds 
closely to the n = 0 sheath helix curve given by Eq. 2-7. 

As ka approaches zero the more accurate dispersion relation 6-57 takes 
the form 


2 
(<) = —2 tan? yIn ae , with y= By —k- (6-57’) 
Yo 


independent of the tape width. This is exactly the limiting form of the 
n = 0 sheath helix relation. Equation 6-57’ is plotted in Fig. 6-4 as an 
asymptote and is valid in the range Bya < 0.10. 

Examination of the asymptotic expressions for the fields reveals a 
curious fact: All the external field components apparently have the wrong 
signs with respect to the sheath helix components! Reversal of their signs 
does not change the determinantal equation for ka(Bya) in which the sign 
of an entire row or column will change. The fact that the external field 
signs are wrong indicates that the correct explicit continuity to invoke at 
r = aisé, = —E, instead of é, = E). The statement é)(y9a) = —E,(yoa) 
must be interpreted in an averaged sense. Then = 0 mode by itself cannot 
possibly maintain zero electric field tangential to the tape on the r=a 
surface; rather, this tangential field changes sign across the surface and 
is zero on the surface. We find, upon reversing the signs of all the 
external field components, that the asymptotic fields agree with the 
asymptotic sheath mode fields within fractional differences on the order of 
2t. We expect our dispersion relation to be accurate, however, even for 
tape widths as large as t = 0.2, or 0.3 because Eq. 6-57’ is independent 
of t and because we do not expect the dispersion to be critical of t at low 
frequencies. 


6 A reversal of signs of the fields in the outer region will, in principle, not contradict 
variational Eq. 6-45 in which the true E. x fi’, is 0 on the metal surface and the last 
two integrals are invariant to the changes E, + —E,, Hi + —H x followed by a 
conjugation of the whole equation. However, the sign question is properly resolved 
by changing the explicit boundary condition to é; = —£\ at r =a. This is obviously 
an approximate condition better at lower frequencies and is intended to reduce the 
number of independent mode amplitudes. It need not be made when employing more 
modes in the field expansions. 
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In the intermediate-frequency range 0.25 < ka < 1.5 the dispersion 
curve of Fig. 6-4 behaves like that of the sheath wave but approaches the 
asymptote k/y) = tan y= k/B, somewhat less rapidly with increasing 
frequency. 

In the high-frequency range ka > 1.5 the dispersion curve is essentially 
k/yo = tan y, independent of the tape width. The limiting forms of the 
fields, with the external ones reversed in sign, are also precisely the sheath 
wave fields, this time independent of the tape width. Therefore the 
electric field has the asymptotic continuities of é, = E, = 0 and e, = +E, 
on the surface r = a. It is interesting to observe that, while we initially 
specified only continuity of electric field tangential to the tape at r = a, 
the variational procedure actually constrains each of é, and E, to approach 
zero at very low and very high frequencies. 

There is little doubt experimentally’ that the fields in the wave with 
predominant n = 0 mode do actually behave like the sheath mode fields. 
Cutler measured a large é,~ E, component of field at r = a—in fact, 
larger than the sheath mode component—and also observed a tendency 
of é, to reverse direction across the r = a surface. 

In conclusion, we see that our second variational calculation of the 
tape helix n = 0 mode dispersion, with the single explicit condition of 
é) = E at r = a, has given us a well-behaved ka—f,a curve through the 
entire frequency range of interest. The fields also behave as expected at 
very low and very high frequencies. The fact that we had to reverse the 
signs of the calculated external fields is a striking example of the power 
the variational technique has of yielding an accurate dispersion relation 
in spite of somewhat ambiguous trial fields. 


6-4. The Variational Analysis of Ring Helices 


The appropriately modified variational Eq. 6-45 has proven very useful 
for the study of the behavior of the ring-plane helix [7] shown in Fig. 6-6, 
along with the interesting portion of the ka—f a curve for each of two 
independent waves. One of the waves, labeled (++), has mirror sym- 
metry of é@, across the vertical planes; the less interesting wave for beam 
interaction purposes is the (+—) wave of antisymmetric é, field. The 
(++) wave has a Pierce impedance of several hundred ohms and the 
(+—) wave has an impedance roughly double that of the (+ +) wave, so 
this type of helix is a good candidate for a high-power, high-frequency 


7C. C. Cutler [6]. Cutler made his measurements at ka = 0.20 ona helix of cot y = 11.5 
with a rather thick wire of w/p = w cot y/27a = 0.52. 
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Fig. 6-6. Dispersion and impedance of a ring-plane helix. (+-+) denotes the wave of 
symmetric £, field and (+—), the wave of antisymmetric £, field about the planes shown. 
Both dispersion curves have zero group velocity at Bjp = 7. a/p = 1.83, Wi/p = 0.5, 
and (ring radial thickness)/a = 0.073. 


traveling wave tube. The analysis of the (++) wave proceeds as follows. 

To represent the (+ +) wave fields we again employ the modes defined 
in Eqs. 2-1 through 2-4. Since we are interested in the propagating region 
0 < Bop < 7/2 we choose to ignore the axial harmonics of these modes 
and let them all propagate as <~’*e, Therefore, there is just one radial 
propagation constant, yp = (Bo? — k”)*. However, we must include more 
than one mode of more than one angular variation to represent accurately 
the fields within the ring region, r < a. 

The field symmetries dictate the following linear combination of n = 0, 
+2 modes in Eqs. 2-1 through 2-4 for the internal trial fields, denoted 
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again by lower-case letters: 
(rga, 0<6<2n) 
é,4 = (Bs)olo(vor) + (Bs)ala(yor) cos 20 
7 (8). I)’ + (Bs), io I,’ cos 20 + (B,), 224 eal cos 20 


0 Yor 
e4. = —(B). i2Bo 2, 2 sin 20 — (B,),22 ize I,’ sin 26 
Yo 
fe => he sin oe (6-58) 


= (Baye = Iysin 20 + (B,)»P2 1," sin 20 


Yo 


= Pie Ij’ + (B,), 222 I,’ cos 26 + (Bia. Po a cos 20 
0 Yo 
Me Gl 
A(yor) 


There is no J, component of axial magnetic field because it is antisym- 
metric about the planes and therefore zero on the axis. Each field should 
be multiplied by <~/%s7 to obtain the complete trial field. We represent the 
fields within the external helix region r >a by the n = +1 modes, 
denoted by capital letters: 


(r >a, 0<60<7) 
E oe (Bs): Ki (yor) sin 6 


A if. F 7 iw é 
£4. = (8). K,’ sin 8 — (Bi, K, sin 6 
= (By) ae K, cos 6 — (B,), 2 K,' cos 0 

0 0 
H,, = (Bz),K, cos 6 (6-59) 
ie. => =(B). Kt cos 6 + (B,), JBo Ke cos 6 


ae 


Ay, = (B,), 122 ay sin 0 — (B,), Bo 2, Bt sin 0 
0 yor 
These external fields are defined over the interval 0 < 0 < 7; those in 
the region 7 < 9 < 27 are obtained by changing the signs of the fields 
given by Eq. 6-59 evaluated at the 6 of interest. The minus trial fields are 
the same but with independent amplitudes (C,)9, and so on. 
In variational Eq. 6-45, now written for a periodic volume enclosed by 
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a slab of infinite cross section and axial length p; the area integrals again 
vanish. The i integrals are now taken over the surface of a ring while 
Ww 
the | integrals are taken over a gap between rings. Then we can write 
D 


the new variational expression as 


Ww 7 


0= (é, x 4* — FOX A) ie 
Z=0 J0=0 
W+G fr 
+i i I (é.* + £*) x Ge (6-60) 
2 Jw=z Jo=0 


+ (é, — £,) x Ge eas 


The ring thickness is W and the gap length is G, such that W + G = p, 
the periodic length in Fig. 6-6. We substitute the above trial fields into 
Eq. 6-60 and take variations 6(C3)», 6(C3)o, 6(C,)1, d(Cy)2, and 6d(C,),, 
with w held fixed. No explicit continuities are specified on the surface 
r=a. We obtain five homogeneous equations in terms of the five B 
amplitudes. The determinant of this array set equal to zero yields the 
following dispersion relation for Ba vs. ka: 


ES + (*)- 2F A ae * al 


F, G F, G 
Gh (=) -= 16 2nWY 
a5 | Ea —]|— 4F,A |—— + — F,F,A — |——]F,A = 
F; G * 1F, ae Ga 
(6-61a) 
where 
F = MIs Sam A ey F -_ I)Ky’ a Ty Ky F; coe I,K, 
1 Pa ee z 2 Age 2 Le 2 
2 
Fo= ToKy ands SAT (22) 
Ty Ky’ yoaka 
(yoa is Bessel function argument) (6-61b) 


The trial-and-error solution to this equation for equal gap and ring 
spacing W/G = 1, and for rings of infinitesimal radial thickness, is shown 
by the lower dashed curve of Fig. 6-6. The dispersion relation can only 
be satisfied in a propagating range above Pop ~ 0.257; in this range there 
are two fa roots for each ka and we have plotted only the lowest root. 
The other root must be regarded as spurious. Below the critical point 
Bop <= 0.252 the only solution is Ba = ka on the velocity-of-light line 
(see Prob. 9). The discontinuous nature of the calculated dispersion 
relation is indicated by the horizontal dashed line in the figure. We did 
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not write any explicit field continuities at r = a which might have im- 
proved the low-frequency portion of the calculated curve. 

It is interesting to observe the decrease of external field as the frequency 
decreases and the fields take on the character of a fast wave with cos 26 
variation of e, inside the rings. The relative field amplitudes over the 
range 0.37 < fyp < 0.57 are tabulated in Table 6-2, with (B,), taken as 
reference. These fields should be regarded as qualitative only. 

Although our calculation of the Pierce impedance Z (Eq. 6-56) at 
Bop = 0.37, with é, taken just inside r= a at 6 = 7/2, agreed exactly 
with the measured value as shown on Fig. 6-6, the calculated value at 
Bop = 0.57 was below the measured value by more than a factor of 2. 
We should note that the effective impedance for a hollow electron beam 
of radius r = a would be estimated by 


i! | 1é.(a, 6)|* 40 
7 J0 


which is lower than the “‘point” impedance at r = a, 6 = 7/2. According 
to a calculation at By)p = 0.37, we estimate the averaged impedance to be 
lower by a factor of 2.5. 

Now we turn our attention to the dispersion curve of the (+ —) wave, 
which is the upper curve on Fig. 6-6. For this wave we obtain a very 
accurate dispersion relation if we take the plus trial fields to be (excluding 
the <0? factor), 

(nip 60 <0 27) 
é,, = (B3),J,(yor) sin 8 


(ee (B,), Pe I,’ sin 6 — Gace I, sin 6 
Yo Yor 
en, = (Ba) i I, cos 6 — (B,), 12H I,’ cos 6 
hi. = cae 6 ; ES 
Nya. = =(B) I, cos 6 + (B,); iBo I, cos ¢ 
0 


0 


P= B,),2— 1, 'sin.d— (Ba Jo I, sin 6 

Yo Yor 
The plus fields in the external r > a region are obtained by changing 
(B;);, (Bi),, and J, to (B,),, (B2);, and K,, respectively. If we now sub- 
stitute these fields along with the minus trial functions into variational 
Eq. 6-60 and proceed to obtain four homogeneous equations in terms of 
amplitudes (B,),,..., (By), we find that the TE portion of the field is 
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Table 6-2. Relative Field Amplitudes* of the (+ +) Mode at Different Frequencies. 
(B.), = | 


Bop ka (By)2 (Bz)p@ey9a” (Bz),w ea” (By) @e79" 
0.32 0.90 —0.77 —0.48 1.85 —3.14 
0.47 0.95 —0.12 —0.24 0.59 —6.75 
0.57 0.975 —0.03 —0.11 0.23 —10.8 


* Signs of external fields have not been changed. Rings have infinitesimal 
radial thickness. 


decoupled from the TM portion! We do not obtain a proper dispersion 
relation at all. But we can remedy this state of affairs by imposing con- 
tinuity of é, and hy atr =a just as we did for the tape helix. For the ring 
helix this means we set 6, = E,andh, = AH, atr = aand thereby eliminate 
two of the B and C amplitudes in the variational procedure. When we 
take variations of the remaining two C amplitudes we obtain a two-by-two 
determinantal equation for ka vs. bya of the form 


el + () 70a)*2(700) Kila)’ = 4p Pe ()| (,K,) 
(6-63) 


We may check the fact that 4(y9a)*J,K,])'K,’ is one of those Bessel function 
combinations which has very nearly a constant value (—1) over the whole 
range of yoga. Then the bracket on the left side of Eq. 6-63 cancels the one 
on the right and we take the square root to obtain 


ka = 2Baly(7704)Ky(y02), Yo = (Bo? — k)4 (6-64) 


Equation 6-64 is the dispersion relation for the (+ —) wave, and agrees 
with the measured curve very well indeed on Fig, 6-6. We observe with 
interest that the relation is independent of the ring-gap ratio, W/G. 

We often want to design these ring-plane helices so the electron beam 
will interact primarily with the (++) wave alone. This is not easy to do, 
since the (+—) wave is more strongly resonant and will tend to have a 
high impedance. In fact, we estimated at Byp = 0.37 that the Pierce 
impedance averaged around the ring just inside its radius is about twice 
as great for the (+ —) wave as for the (++) wave. The situation may be 
remedied somewhat by cutting notches in the planes between the rings, 
shown in Fig. 6-7, which have the effect of lowering the ka-fya curve for 
the (+-+) wave while leaving the (+—) wave virtually unaffected. At 
first thought we might be inclined to believe that a notch would allow 
some H, and H, components of the (++) wave to cancel on its surface 
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(see Fig. 6-7a), reduce the magnetic stored energy near the notch, and thus 
raise the dispersion curve of this wave. But the opposite effect is true, 
and we now outline a general procedure whereby the correct effect can be 
predicted. 

First of all, it is clear that a notch will not affect the (+ —) wave with 
continuous field components across the plane at 0 = 0 (Eq. 6-62 written 
for the external region). However, the (++) wave has the discontinuous 
field components pictured in Fig. 6-7a. After we cut a notch the £; field 
fringes and looks like £’ of Fig. 6-7b. We need not know the details of 
the associated A’ field in the considerations to follow. Now, we should 
like to have a relation between the frequency k before the notch is cut and 
frequency k’ (at the same value of /,) after it is cut, in terms of the fields 
on the notch. Such a relation is Green’s theorem, Eq. 3-435, written for 
the infinite cross-sectional slab between the two rings of Fig. 6-7b. In 
this theorem, we let 4 = £’, the electric field existing after the notch is 
cut and B = E*, the conjugate of that field before the notch is cut. Then 
we have the relation 


[ery eevex BY —£*->V x V x EL) dV 
4 
= $s x Vx £’— £' x V x E*)- dS (6-65) 
Ss 
Since £” satisfies the same equation as E but at a different frequency, 


non S9 
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Fig. 6-7. Perturbation of the (++) wave by notches in the planes. (a) Field components 
before cutting the notches, (b) E’ field present when the notches are cut. Surface S3 
between the rings in the r < a region is effectively a magnetic short. 
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namely V x V x E£’ — (k’)2£’ = 0, we can write the left side as 
[k? — ll EL’  Etay 
slab 


The sign of k? — (k’)? is the quantity of interest. Now, if the notch is 
small it has only a local effect on £, and so E’ = E£ throughout most of the 
slab. Certainly this approximation is good enough to say that the left 
side of Eq. 6-65 is [k* — (k’)?](+ number). 

In the right side of Eq. 6-65 £ and E£’ are both perpendicular to the metal 
plates so the integrand is zero on them. Moreover, the integral over 
surface S, of the slab in Fig. 6-7b cancels the integral over surface S, a 
period away because the phase shift factors cancel and normal fi reverses 
direction. Finally, the integral over inner surface S; cancels because 
tangential h, and fh, are zero there (see Eq. 6-58). Therefore the right 
side of Eq. 6-65 is simply 


i ene JO UE* x A’ — jouk' x A*)- Aids 
note 


= —jo| E' x H*-7ndS (6-66) 
notch 


where we have used the fact that £ is parallel to # on the notch surface. 
Our relation between the frequencies and fields on the notch is now 


[k? — (k’)?](+ number) = —jou | * E’x H*-nidS (6-67) 
note 

We know Ai on the notch surface before it is cut, but we must estimate 
E’. Let us say it is just a perturbed £, of the same amplitude but different 
flow lines, shown on Fig. 6-7b. Then we can see that E’ x H,* portion of 
the integral will be zero because the z component of &’ reverses direction 
across the notch. Therefore the sign of the right side of Eq. 6-67 depends 
upon the sign of E,’ x H,*-7. We have the amplitudes of £,, that is, of 
E’, and of H, in Table 6-2. With them, the right side of Eq. 6-67 turns out 
to be a positive real number over 0 < f)p < 0.57. Therefore we have 
deduced that k? — (k’)? > 0, which means that the notches tend to depress 
the ka-f,a curve for the (++) wave. We do not have sufficient faith in 
the calculated amplitudes of E, and H, to warrant a reliable calculation of 
the magnitude of this depression. 


6-5. Contrawound Helices 


Figure 6-8a shows one type of countrawound helix considered by 
Chodorow and Chu [8], and Fig. 6-8b shows a more practical structure 
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discussed theoretically and experimentally by Birdsall and Everhart [7]. 
These helices are appropriate for high-voltage, high-power traveling wave 
tubes and have higher forward wave (predominant n = 0 mode) and 
considerably lower backward wave (predominant n = —1 mode) im- 
pedances than do the single-tape helices. 

Chodorow and Chu have shown that the form of é,, or h,, appropriate 
to the symmetry is 


A “12nd Meeker) et ad 


2 
Bém = Boo =F pare 2m) 
if 


— 0 m=— 0 


(6-68) 


Yin” = Bin? — kK? > 0 for all Z m 


A linear combination of these mode-harmonics for é, and £, and a 
similar combination for h, and H, determines the other field components 
through Maxwell’s equations. All expansions may then be inserted into 
variational Eq. 6-45, where now the periodic volume may be taken to be 
an infinite slab of axial width p/2 rather than p because of the form of Eq. 
6-68. The w-—f diagram for either contrawound helix differs only in detail 
from that of Fig. 2-4 for the single-tape helix, but now a series of points 
on the various branches of an w—f curve represents an infinite number of 
mode-harmonics for different values of “and m which correspond to the 
same value of fo instead of fy. 


(b) 


Fig. 6-8. Contrawound helices (from Birdsall and Everhart [7]). Compare with the 
bifilar helix of Fig. 2-5. (a) Structure analyzed by Chodorow and Chu ([8]), (b) structure 
which has been built and tested (Ref. [7]). 
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Let us now turn to the ring-bar contrawound helix of Fig. 6-8b and ~ 
compare it with the ring-plane helix of Fig. 6-6. If we cut wide notches — 
between the rings of the ring-plane helix and alternate them between the © 
planes, and then cut off the remaining extensions of the planes, we can ~ 
perturb this helix into the ring-bar contrawound helix. This will have the — 
effect of lowering the (+ +) curve of Fig. 6-6 so that it follows roughly the — 
n = 0 curve of the single-tape helix. The (+ —) curve of the ring-plane 
helix in the range 0 < Bop < 7m becomes, so to speak, the n = —1 curve 
of the contrawound helix in the range 0 < 6_,a<O0.5coty. But now 
B_, has associated with it many values of and min Eq. 6-68. The remaining 
portions of the ka-fa curves for the contrawound helix waves with pre- 
dominant n = 0, +1 mode-harmonic components are determined by the 
symmetry and translational properties of the w-f diagram, Fig. 2-4. 


6-6. The Variational Analysis of the Ridged Waveguide 


We now wish to apply our variational technique to the calculation of 
the first w—By curve of a ridged waveguide like the one discussed in Section 
2-6. Now, however, we consider the practical closed structure shown in 
Fig. 6-9, which has been studied by Slater [9] and by Chu and Hansen [10] 
and is well understood experimentally. These workers neglected the fin 
thickness in their calculations of the z-cutoff frequency; the difference 
between the measured curve for s4-in. thick fins and the calculations for 
zero-thickness fins is almost unnoticeable when dimensions a is more than 
b/2. We shall develop our variational analysis so as to account for fins 
of any thickness in the calculation of the entire w-f, curve in the range 
0 < B,L < 7. But first we want to summarize the elegant Chu-Schwinger 
method [10] of calculating upper and lower bounds to the 7 cutoff 
frequency. 


Ipeeat iee 


Fig. 6-9. A ridged waveguide. I denotes the inner region and II denotes the outer 
region, separated by surface D. 
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The Chu-Schwinger method starts by guessing a reasonable E, field 
along discontinuity surface D which separates regions I and II in Fig. 6-9. 
From this £, field we calculate by means of a Green’s function defined in 
region I the H, field (which is the only magnetic field component in this 
passband) on D. Let us call this field H,;. We then calculate from this 
same E, the magnetic field, H,;; on D from the appropriate Green’s 
function in region II. Generally these two H, will not be equal, but 
Schwinger’s method asserts that if we choose k, = w,/c, the 7 cutoff 
frequency, so as to make 


| 2.Cte — Hox) dz = 0 


then this value of k, will approach the correct one as E, approaches the 
correct field. Furthermore, the calculated k, will always be /ower than the 
correct one, and its error will be quadratic in the error of the assumed £,. 

We can reverse the procedure and guess a distribution of H, on D, 
whereupon we calculate E,,; and E,,;; by means of new Green’s functions 
defined within regions I and IJ. Then if we choose the frequency k,’ so 
as to obtain the condition 


| (E.x — E,11)He dz = 0 
D 


we will obtain a k,’ which is always higher than the correct one and with 
an error which is quadratic in the error of H,. With this procedure, Chu 
and Hansen quote bounds on the values of k,a which, for five relatively 
simple trial functions chosen, differ by no more than 0.02. 

Elegant as the Chu-Schwinger method is, the calculations are tedious 
because of the slow convergence of the Green’s function expressions for 
the fields. Furthermore, one of the functions must be redefined if the 
fins have appreciable thickness in order that E,; remain zero on the fin 
edges. For these reasons we now adopt the variational analysis of the 
preceding sections to the ridged waveguide structure, even though it will 
not give us upper and lower bounds to the frequency corresponding to a 
given value of fp. 

Let us assume for the moment the fins in the Fig. 6-9 structure do have 
zero thickness and that the dimensions are as shown in Fig. 1-10, for 
definiteness. We can employ variational Eq. 6-45 with the periodic 
_ volume now taken over axial distance L. We can simplify matters by 
employing a set of trial functions each of which satisfies Maxwell’s 
- equations identically within region I or IJ. Then the volume integrals in 
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Eg. 6-45 vanish. The gth trial field in region I, denoted by small letters, is 
taken to be 


1 
og = Ag Il yar) vo = +V 8. — 
WE 
Crg = JAg Pa LG) pee (|8,| assumed >k) = (6-69) 
WEYg 
el by 
Neg = Aq — Li(yar) By = ahs 


qa 
If one of the |8,,| is less than k, which is often the case for fp, then we must _ 
replace I) and J, by +J)(y,,r) and +J,(y,, 7), respectively, and define y,, 
as +(k? — B,*)%. In region II we define the mth trial function, denoted 
by capital letters, as 


1 = —JB,, oe cos — Rom) 
We ¢ 
2144 
Ea jp 2 gg ME RD re ("2) (6-70) 
we ¢ Lane ¢ 
Hom = By cos "= Sant) m= 0,2,4,... 
Nm 


where ¢ = L, the periodic length, since the fins have zero thickness. If 
k > |m'zx/¢| for one of the m’ we define Ry(7,,, 7) so that E,,,, = Oatr = Db: 


Jo(nrd) 
R CL a J mr) — am N. m’ 
o(%m'T) o(%m'T) No(nib) o(m'T) 
whereupon 
Jo(imneD 
Ri(Qmt) = +I(\mt) — Idtmb) Ni(“mT) (6-71a) 
N (md) 


Here J, and J, are the ordinary Bessel functions of the first kind and 
Np, N, are the Neumann functions or Bessel functions of the second kind. 
If, on the other hand, k < |m"z/¢| for one of the m”, we define Ry as 


I Nm b) 


R mit) = I m” — K mil 
mT) = Lom?) K0(,,-b) (mr) 
whereupon 
I((%mnd 
Rutt) = + Lilie) + MI?) Kiger) (6-71) 
Ko(%m~b) 


Here J, and J, are the modified Bessel functions of the first kind, and Ko, 
K, are the modified functions of the second kind. 
When we use these trial functions for the plus fields in Eq. 6-45, and a 
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similar set with independent amplitudes A,_ and B,,_ for the minus trial 
fields, the variational expression reduces to 


0 =| (G2 tHe of aus) dz (6-72) 
D 


because of the locations of the 7 factors in the trial fields and because the 
fins have no thickness. 

For a first calculation of the w-f, curve let us take the simplest possible 
trial fields: the one g = 0 harmonic of Eq. 6-69 for the internal region 
and the one m = 0 harmonic of Eq. 6-70 for the external region. Upon 
varying A»_ in Eq. 6-72 with w or k held fixed we obtain this simple 
dispersion relation: 

Ro(ka)Ii(0a) = Yoo (6-73) 
Ry(ka)I(yoa) ka 


where Ry and R, are given by Eq. 6-7la for m’ = 0. This same relation 
obtains by matching é,/h, to E,/H, at r =a. This relation is not very 
accurate throughout the passband, as we see in Fig. 6-10, but it is very 
accurate at the cutoff frequency. Nevertheless, we may not know this 
until we make the next variational calculation. 

For the next calculation let us employ the g = —1, 0, +1 harmonics 
for region I and the m = 0, 1, 2 harmonics for region II. Our first impulse 
is to take the m = 0, 2, 4 harmonics of even E, symmetry in region II 


Measured 


Ales 
DGS > 
Gams 


A) 


0.27 0.47 0.67 0.87 T 
¢g = BoL —> 


Fig. 6-10. The first dispersion curve of the disk-loaded waveguide of Fig. I-10. Shown 
also are several variational calculations. 
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because the field has this symmetry at both cutoff frequencies. However, — 
the m = 1 harmonic is excited at frequencies within the passband and is 
responsible for most of the correction to the dispersion curve. The new 
calculated curve on Fig. 6-10 is obtained by trial-and-error solution of a 
3 x 3 determinantal equation resulting from variations of either the A,_’s 
or the B,,_’s. This k-$)L curve is very much improved over the first 
one; presumably the next variational calculation which employs the 
g = —2,..., +2andm=0,..., 4 harmonics will furnish an extremely 
accurate curve. Note that we always take the same number of harmonics 
in each region so as to obtain a square determinant set equal to zero as 
our dispersion relation. 

If, now, the fins have thickness which is not small compared to L, we 
are advised to proceed as follows. We first determine the A, amplitudes 
in terms of the B,,’s so as to make e, = 0 along the fin edges: 


. 0 over —t<g2<0 

oy A, | ee —JBgz = 

Ana) ~j EB, cos Riga) over 0S <¢ 
(6-74) 

Then if we multiply both sides by e/*, integrate over the interval (0, L), 

and use the orthogonality of the exponentials, we obtain 


To(y¢@) 

A 

\ ora) sin (B,¢/ 2) 

really 3s ‘inl Be aes Bel? 

= J D BnRltmae Me (mz/¢)? | ; 08 (BiA12) 
(B,¢/2) 


if m even 


if m odd 


(6-75) 
Then our variational Eq. 6-72 reads, with e, = E, atr = aand e, = 0 on 
the fin edges, 


£ pt, 
0 he -(hy — Ay) dz = a Lf SB cee a Rom) 
0 0 ™m 


1,(y,4) iB at nie R,(7n4) 

This must be true oie 6B,_* £0, 6B,_* #0,... successively and so we 
obtain a set of homogeneous equations for the B,,,’s alone when we 
substitute Eq. 6-75 for A,,. The determinant of the matrix of coefficients 
is Hermitian in the sense that its transpose is also its conjugate. This 
means its expansion will yield only real terms in the dispersion relation. 


n 
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6-7. Variational Expressions for jw and k* of a 
Periodic Cavity Chain 


We now wish to write variational expressions for the general sym- 
metrical cavity chain shown in Fig. 6-11 from which we may verify the 
dispersion relations derived in Chapters 4 and 5. These expressions will 
justify the idea of averaging the mode expressions for a field on either 
side of a coupling hole in order to obtain a good representation of that 
field right on the hole. We represent the fields by the resonant cavity 
modes used in Chapters 4 and 5, the amplitudes of which are the vari- 
ational parameters. A trivial modification of one of the variational 
expressions will enable us to derive a well-behaved dispersion relation for 
certain resonant-slot and resonant-loop coupled structures, to be dis- 
cussed in Section 7-5. 

Equation 6-42 is a variational expression for jw of a periodic cavity 
chain provided the area integrals are changed to integrals over a periodic 
volume. That volume includes one coupling hole across which we let 
the amplitudes of the resonant cavity modes phase shift abruptly by 
«/?, Some of their field patterns may also reverse direction (see Fig. 
4-1c,d). Alternatively the trial fields may have discontinuities across one 
cavity midplane in the periodic volume, as in the resonant-slot coupled 
structure. In any case we assume in this section only one such discon- 
tinuity surface in the volume, either on the coupling surfaces or on the 
cavity midplanes. The integrands in Eq. 6-42 do not vanish identically as 
they conveniently did for the helix analyses because each resonant cavity 
mode used as a trial function satisfies Maxwell’s equations only at its 
resonant frequency and not at the operating frequency w. Furthermore, 
Eq. 6-42 must include a surface integral on the coupling hole in order to 
account for the discontinuities there unless we choose to redefine the 
open- and short-circuit cavity modes for continuity in the immediate 
vicinity of the hole. For example, we can redefine the electric field v,é, 
of the first open-circuit cavity mode shown in Fig. 4-1c, so that its ampli- 
tude v, changes smoothly from v, on one side of the hole to vie” on the 
other side, and so that pattern é, changes smoothly from é)) in reference 
cavity (0) to é,‘+)) in the next cavity. The result of these redefinitions of 
the modes near the holes is the appearance of certain volume integrals 
within a thin pillbox enclosing the hole [3]. But these integrals are 
actually surface integrals right on the hole and are entirely analogous 
to the integrals which we have already introduced on discontinuity 
surfaces of the helices and ridged waveguide. Therefore we shall modify 
Eq. 6-42 by the appropriate surface integrals. 


196 Electromagnetic Slow Wave Systems 


It is not difficult to prove that the variational expression for jw should 
read 


jo = 
([ (f.*-V x A, — AL*-¥ x £) av + Al (Ec 4. BOM) 
V D 


“i, x (ALP = AO) = (AM + AO)-7, x (EP — EP) as 


[ces £4 af ee 


(6-77) 


in which V is a periodic volume which includes only one discontinuity or 
coupling surface D perpendicular to i,, and the (+) superscript refers to 
a trial field on the +z side of D while (—) refers to the —z side. The trial 
fields E_ and A_ are independent of £, and A,,, but all amplitudes phase 
shift by «~’? from the (—) to the (+) cavity. Equation 6-77 to be vari- 
ational must employ trial functions with certain properties which are 
obtained by expanding the minus set of fields with the open-circuit cavity 
modes defined by Eq. 5-10 (with u, = ¢, = 1) and the plus set of fields 
with the short-circuit cavity modes of Eq. 5-5. Then we may prove that, 
if 6{jw} = 0 for every trial field variation, the resultant set of equations 
will determine fields which will satisfy Maxwell’s equations within V and 
have the following continuities across surface D: 


(E* — EO) xi, =0 on D (6-78a ) 
if H, x i, is not identically zero on D; 
(AM — BO) x i,= 0 fone (6-78b ) 


if E_ x i, is not identically zero on D. 

We do not prove these statements but rather prove the corresponding 
ones for the next variational expression. It is interesting to observe that 
the minus fields composed of a linear combination of open-circuit modes 
represent only the tangential electric and normal magnetic fields on D; 
the plus fields composed of short-circuit modes represent the other two 
field components. 

We can form a variational expression in terms of electric field alone by 
dot-multiplying the wave equation for £, by £_*: 


£*-VxVx £,—kKE,) =0 


and by integrating this over the periodic volume V. The necessary surface 
integrals on coupling surface D are such as to make the variational 


Variational Analyses of “Cold” Slow Wave Structures 197 


expression for k? read 
[a -VxVx EE, dV+ : I (EO * 4+ £O*) 
V 2iJD 


ee A+) __ A(-) 
i= i XV XE VY x Eo ydS (6-79) 
| £*-B, av 
V 


The notation is the same as before. Volume V is assumed to include only 
one discontinuity surface D. The factor k? is associated with a specified 
value of phase shift y. This expression is variational if we also expand 
E_ with the open-circuit cavity modes and £, with the short-circuit modes. 
Let us now prove why. 

It is easy to see with the help of rule 6-17 that if 6k? = 0 for every 
variation 6£_ within V and on D, the £, field must satisfy the wave equation 
within V and have continuous tangential V x £, component on D: 


ax = Vix EO) xi =0 on D; 
provided E_ x i, is not identically zero on D. We guarantee this condition 
by expanding £_ with the open-circuit modes. Now suppose we set 
6k? = 0 with respect to an arbitrary variation 6E‘~) on the —z side of D. 


Then we must invert the first integral by means of Green’s theorem, Eq. 
3-43b, to read 


[es-y x V x dE dv 
v 


=| bEO-V XV x Ba 


+ (360) KV x E* —B*xV x d£O)-adS (6-80) 
S 


The surface integral over S will have a portion over the left cross-sectional 
boundary of the volume and another over the coupling hole D. However, 
the first portion cancels a similar surface integral on that boundary a 
period L away. This follows from the fact that variation 6£, must be 
periodic, whereupon 6£‘-) x V x E_*-(—i) on the left cross-sectional 
boundary cancels 6£\~) «~4” x V x E_*e*+? +7, on the boundary a period 
away. A similar statement holds for the second portion of the surface 
integral in Eq. 6-80. Also we know that 6E‘~) x # = 0 on D because £, 
is expanded in short-circuit modes. Therefore, Eq. 6-80 reduces to 


[esv x Vx 660 av 
V 


= ope =v XV x £* av—| Oe KOR ids. (6-81) 
V D 
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Therefore, when we take a variation dE‘~) on the —z side of discon- 
tinuity surface D in Eq. 6-79 and use Eq. 6-81, we obtain, with the aid of 
rule 6-17, 


om [ oe (Vx Vx £* —E*) dv 
u |e x V x d£0)-7, ds 
+2 { (et + BO%) 7, x (WV x 080 as (6-82) 
Rearrangement of the last two integrals shows they can be written as 
: [ceo — BH) x £20 x 660 ds 


Since 6£‘- is arbitrary on the —z side of D we see that E_ will be con- 
strained to satisfy the wave equation within V and to possess continuity 
of tangential component on D, provided (V x 6E,) x i, is not identically 
zero on D. But we have guaranteed this condition by expanding E, in 
the short-circuit mode set. 

The proof of the variational properties for an arbitrary variation 6£“*? 
on the +z side of D is entirely analogous. The £, and E_ fields each 
represent one component of the true electric field on D, as mentioned just 
after Eq. 6-78. According to the reasoning in Section 5-4 we may expand 
E, and E£_ with the solenoidal modes alone and neglect the irrotational 
ones which do not determine the “cold” circuit dispersion. 

Now let us use Eq. 6-79 to derive the single-passband Eq. 4-11 and 
4-18, which were obtained by expanding the fields of Maxwell’s equations 
with the one short-circuit mode of the passband. For the mth passband 
we let E_ = v,é,, E, = V,,E,, and take the periodic volume V to include 
coupling surface (M—) on Fig. 6-11. Then Eq. 6-79 reads 


if (v,,€°?)*2,,-V. x V X Views 
v- 
+] v,é,°V x V X V,£,4V 
Ve 
of ; | (v,*20 + v,*e 98, ”)-i,x (V x VEY —V x v,<E)As| 
k? — M— 


[e+ tar 
V 
(6-83) 
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“Cell” volume V 


(M-—), also surface D 


Fig. 6-11. Notation for the general symmetrical cavity chain. 


Here V— denotes that portion of the volume to the left of (M/—) in cavity 
(—1) and V+ the remaining portion of the volume to the right of (M—) 
in reference cavity (0). Because of the periodicity, we may as well replace 


the integral by one over the remainder of cavity (0) since the phases 
V- 


cancel. Then we can write just one volume integral over cavity (0). We 
recall from the mode definitions that V x V x E, =P,2£, and 
Vx E,=P,H,. According to Eqs. 5-1 and 5-2 é, changes direction 
across (M—) for an even mode but maintains direction for an odd one. 
However, #7, reverses direction across (M—) only for an odd mode. 
Therefore we can write k* as 
ont VaP | é,°E, dV + v,*V,,P,(1 F cos 9) | EP ot Ral dS 
Te v M- 
je v,{ é,° £,dV 
V 
(6-84) 
(upper sign, even mode-pair; lower sign, odd mode-pair). 
If we set 6k? = 0 for a variation dv,,* or dV, we obtain, with the defi- 
nition of coupling coefficient M,,,, in Eqs. 4-5 and 4-16, 


(P,” — oe { é,: E, dV = P,,M,,(1 F¥ cos ¢) (6-85) 
TIV 


which is dispersion Eq. 4-11 or 4-18 of Chapter 4. Furthermore, the 
variational derivation has removed the ambiguity of relating the two 
expressions V,,£,, and v,é,, for electric field within the cavity. The proper 
relation between the V,, amplitudes in a short-circuit mode expansion of 
the fields, as excited by tangential electric field on the coupling holes, is 


‘5 alee ee. i zB. av (6-86) 
m TJV 
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To obtain the general dispersion equation we expand E£_ as Xv,é,, and 
E, as XV ,,E,, in Eq. 6-79 and obtain one homogeneous equation for each 
év,* or OV,. The determinant of the set of dv,,* equations set equal to 
zero is just the complex conjugate of the determinant we obtain from the 
mode expansion procedure. But the conjugation has no effect on the 
determinantal equation, all terms of which are real. The determinant of 
the set of dV,, equations in terms of the v,,’s set equal to zero is identical 
to the determinant we obtain from the mode expansion procedure. We 
may also say that conjugation has the effect of changing y to —q, both 
of which belong to a given k?. 

In analogy to Eq. 6-79 we can write a variational expression for k* in 
terms of magnetic field alone as 


[As-y xV x A, dV+ 1 | (awe + AM) 
V Y D 
-i,x(V xX AM DV Xe as 


iP = ——________ a Re eee 
i Aon 
ve 


To guarantee variational properties we expand A_ with the short-circuit 
modes and 7, with the open-circuit modes. All the modes have the same 
characteristics as they did for the preceding expression. Verification of 
the variational nature of Eq. 6-87 is dual to the reasoning following Eq. 
6-79. By representing A_ as I,,H,, and A, asi,h, at a frequency in the 
narrow nth passband we may derive the single-passband Eq. 4-42. The 
variational derivation removes the ambiguity, Eq. 4-39, in relating these 
two representations of magnetic field. The proper general relation is 


n= SU alms Une = | a (6-88) 
m TJV 

More generally, we may expand A_ as &I/,,H, and A, as Xi,h,, in Eq. 
6-87, in solenoidal modes alone according to the reasoning in Section 5-4. 
Upon setting dk? = 0 with respect to every di,, we obtain a homogeneous 
set of equations for the J/,,’s, the determinant of which is the extended 
version of Eq. 5-56 or 5-69. The determinant from the set of 6/,,* equa- 
tions is the complex conjugate of this. As we just said, however, the 
complex conjugate is trivial. 

The preceding variational equations depended upon the use of trial 
function fields with discontinuities across just one surface, D, in the 
periodic volume V. Certain resonant-slot and resonant-loop coupled 
structures have one passband characterized by resonant modes which 
phase shift across the slot- or loop-bisecting planes and another passband 
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characterized by resonant modes which phase shift across the cavity 
midplanes. We discussed the properties of one such resonant-slot coupled 
structure briefly in Section 4-3. In order to obtain a proper dispersion 
relation in terms of the four resonant modes of these two passbands, we 
could use Eq. 6-77. It is more convenient, however, to work with the 
electric field alone, in which case we must modify Eq. 6-79 to account for 
more general discontinuities. The properly generalized expression is 


Let: mo ke av 
V 
+5 [eo BO) i, x (V x EY Vx BO) aS 


a ! | (EY) — BO) <7, x (V x BO $V x £O*) a5 
I 669) 
(2 .B, aV 


In this expression D denotes one or more surfaces across which there may 
be one or more discontinuities of E, x i, and (V x E,) x i,. This 
expression has all the variational properties of Eq. 6-79 plus a few more. 
If 6k? = 0 for all arbitrary variations of £ , within V and on D, not only 
do E., satisfy the vector wave equation within V, 


VxVx &, —kRE, =0 (6-90) 


butalso£, x i,andi, x V x E£., are constrained to be continuous across 
any discontinuity surface D provided i, x V x E; and E; x i,, respec- 
tively, are not identically zero on D. The proof of these statements is not 
difficult with the discussion following Eq. 6-79 as a guide. 

We employ Eq. 6-89 in the discussion of the resonant-slot and resonant- 
loop coupled structures in Sections 7-5 and 7-6. 


6-8. Critique of the Variational Analyses 


The variational analyses of the helical and ridged waveguide structures 
originated with variational Eq. 6-45, and the analyses of the cavity chains 
stemmed from any one of the expressions just quoted for jw or k*. These 
analyses have both desirable and undesirable properties, which we shall 
now summarize. 

Among the desirable properties, the most valuable one is the ability of 
the variational technique to describe very general helices and cavity chains 
straightforwardly, without becoming involved in complicated boundary- 
matching procedures. These analyses have the property of yielding an 
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accurate dispersion relation with judicious choice of just a few modes as 
trial fields. Sometimes we can improve the calculations by writing known 
explicit field continuities on the discontinuity surfaces, as we did for the 
(+ —) ring-plane helix wave in Section 6-4. We can also straightfor- 
wardly analyze the effects of geometrical perturbations, which appear as 
modifications to the integrals in the variational expressions. For example, 
the effect of a thin dielectric rod of scalar permittivity ¢ 4 &) outside 
of and parallel to a helix shows up as an additional integral in Eq. 6-45, 


es ‘[—{jo}(e — a )|E, dS 


if the trial fields for E , are each defined so as to satisfy Maxwell’s equations 
at frequency w with respect to ¢, over the cross section. The variational 
method has further merit in the fact that a calculation of the dispersion 
may very easily be improved by including more modes to represent the 
fields. 

Among the undesirable properties, perhaps the worst is the inability to 
tell how accurate a dispersion relation is, without recourse to measurement, 
before deriving an improved relation. In Section 12-4 we outline a proof 
that Eq. 6-45 actually is an upper-bound expression for w(f) of a general 
helix; and calculations made for a ring-plane helix indicate that reasonable 
trial fields yield a tight upper bound for certain helices. However, we 
cannot make this latter statement for general helices, nor have we found 
an associated lower-bound expression, also presented in Section 12-4, to 
be useful. Equation 6-45, moreover, does not furnish an upper-bound 
expression for w(qy) of a cavity chain with abrupt changes of phase in the 
trial fields across the discontinuity surfaces. Nor do Eqs. 6-77, 6-79, or 
6-87 furnish either an upper or a lower bound to w(q) of a cavity chain. 

Certain helpful explicit continuities on discontinuity surfaces are not 
always obvious, as was the case when we had to decide whether to write 
explicit continuity of é, or of é, for the tape helix n = 0 mode analysis in 
Section 6-3D. Lastly, we must always remember that a variationally 
calculated dispersion curve is invariably more accurate than the Pierce 
impedance calculated from the corresponding trial fields at a given 
frequency on that curve. We found that the first estimates of impedance 
could be erroneous by factors of 2 or more. 


Problems 


1. Show that Eqs. 6-34 and 6-40 are variational in the sense that small errors 
in the voltages and currents will create errors in jw or w® proportional to 
the squares of the voltage and current errors. 


10. 


le 


12 
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. Determine numerically the first 7 cutoff frequency of the transmission line 


of Prob. 5, Chapter 4, using Eq. 6-34. Let 1, = 1) + J, cos 2nz/L, L = 
Ty’ + Ip’ cos 272z/L, V, = V,sin 7z/L, and V_ = V,’ sin wz/L, where Ip, ..., 
V, ‘are variational amplitudes. Remember J C(@) dz across Cy is equal to C;. 
The exact answer is 1.50 kMc. 


. Show that Eq. 6-45 is variational with respect to 6é,, for example, and that 


we cannot reverse the signs of E, and A, and still have a variational 
expression. 


. Verify the remark at the end of Section 6-38 to the effect that the modified 


Eq. 6-45 does yield the correct dispersion relation for the sheath helix. 


. Verify by using Eq. 6-55 that the dispersion of the tape helix wave with 


predominant m = +1 mode near the first forbidden region is very insensitive 
to the relative tape width r. 


. Verify the remark on page 179 to the effect that the enforced continuity 


é= Ei for the tape helix wave of predominant = 0 mode leads to the 
wrong asymptotic dependence of the dispersion upon pitch angle y. 


. Verify the fact that each mode in Eq. 6-58 and 6-59 is a proper linear com- 


bination of sheath modes. How would the expressions be augmented to 
include harmonics of axial propagation constant f, = By + 27/p? 


. Develop a variational expression suitable for obtaining w(f) for the tape 


ladder line shown in Fig. 6-12. Assume the slot is nearly a half wavelength 
long so that e, = sin 7y/f on the slot surface and zero on the metal surface. 
For trial fields use a set of mode-harmonics in regions I and I’ with their 


 Saesers 
Bt [> » Ta I (More 
— | ---oa---- 
- ee he II | lV | , 
a pee 
| | 
Fig. 6-12 


amplitudes evaluated by the slot field and a compatible set of trial fields with 
unknown amplitudes in regions II, II’, III, and I’. Then make stationary 
for variations in these latter amplitudes and determine the dispersion 
relation. 


. Demonstrate the fact that below ka ~ 0.88 dispersion Eq. 6-61 for the 


(+ +) wave of the ring-plane helix has only the solution ka = fa. W/G =1. 
Extend the analysis of Section 6-6 to include the g = +2 and m = 3,4 
harmonics in the analysis of the fin-loaded waveguide of zero-thickness fins 
(Fig. 6-9). 

Show that the single mode-pair dispersion relation obtained from Eq. 6-77 
(with the fields expanded according to remarks following it) agrees with 
Eq. 6-85. 

Modify the numerator of Eq. 6-79 so as to obtain a variational expression 
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for the resonant frequency of a cavity in which a small, perfectly conducting 


object is a LS Eke Then derive the Slater perturbation formula 
k? — 
re =e (A)? — E,") dv 


in terms of Po, Ho, and Ey of the resonant mode in the absence of the object. 
AV « ris the volume of the object. (See J. C. Slater[11].) Is this expres 02 
accurate in terms of just this resonant cavity mode? 
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Chapter VII 


Resonant-Slot and Resonant-Loop 


Coupled Structures 


7-1. Synopsis 


Now that we have treated a wide variety of open helical structures we 
turn to some of their counterparts—the resonant-slot and resonant-loop 
coupled cavity chains, including the centipede and cloverleaf structures. 
The resonant-slot coupled chain discussed earlier in Section 4-3 is dis- 
tinguished by having one of its first two passbands characterized by a pair 
of “slot” modes defined within a unit cell centered around each slot. At 
the cutoff frequency of the open-circuit “slot’’ mode each slot is very 
nearly half a free-space wavelength long. The other passband is described 
by the usual “cavity” modes. The method of Allen and Kino is invoked 
to derive the dispersion relation for both these passbands. In this method 
the fields within the cavities proper are expanded with the first solenoidal 
short-circuit cavity mode (and perhaps a few irrotational modes for the 
magnetic field) as excited by tangential electric field on the slots. This 
latter electric field propagates along the slot like a voltage along a trans- 
mission line, excited by tangential magnetic field of the cavity modes. The 
resultant dispersion relation is corrected for the presence of centerholes. 
The derivation yields the relative proportions of the cavity solenoidal 
and irrotational modes with which the interaction parameter E,(0)?/W, 
can be quite accurately calculated. 

We next use the one solenoidal cavity mode and several irrotational 
modes to represent the fields in a structure with successive slots rotated 
90°. At frequencies in the “slot”? passband the irrotational modes are 
by no means negligible. We obtain from a variational expression in terms 
of slot voltage alone a dispersion curve for this passband which is closely 
aligned with the measured one. 
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The propagation in a resonant-slot or resonant-loop coupled structure 
(with just a few loops) can be described with the aid of a variational 
expression for electric field alone, in which we employ both the “slot” 
and the “cavity” modes of the first two passbands. We first derive a 
proper dispersion relation for the slot-coupled structure which has all the 
desirable properties except that it neglects the crosspower between both 
kinds of modes in the relation, power flow equals stored energy per unit 
length times group velocity. It does, however, describe both w—p curves 
of the first two passbands quite well in terms of five parameters, several of 
which are difficult to calculate and should be chosen so as to “fit” the 
theoretical and measured curves at several points. The dispersion relation 
shows that if the first dispersion curve is characterized by the “cavity” 
modes it will be depressed somewhat because of the coupling with the 
higher-frequency “‘slot’? modes. ; 

The aforementioned dispersion relation also describes the propagation 
in a chain of cavities coupled by U-shaped loops. A. F. Pearce labels this 
coupling “positive mutual” because the magnetic field predominates on 
the coupling surfaces near the outer cavity walls. However, a structure 
coupled by S-shaped loops has a better dispersion curve for beam inter- 
action purposes in the cavity-mode passband. So we describe the prop- 
erties of the four resonant modes in a chain coupled by S-shaped loops 
and derive an alternate dispersion relation. This relation shows that if 
the first dispersion curve is characterized by the “cavity” modes, it will 
be depressed somewhat by the effect of the higher-frequency “loop” 
modes. 

This dispersion relation for S-loop structures describes quite well the 
measured w-g curves for several of Pearce’s 2 and 4 loop-pair chains. — 
However, it fails to describe the 8 and 12 loop-pair chains, including the 
centipede; for all of these we use a modified dispersion relation. 

Pearce’s curves of Af/f proportional to the interaction parameter 
E,(0)?/W, are presented for various numbers of pairs of S-loops. 

The centipede chain has twelve or so loop-pairs in a complete ring 
around the centerhole near the outer walls. It is designed for noninversion; 
that is, a first passband described by “cavity” modes at both the y = 0 
and 7 cutoff frequencies. We justify a modified dispersion relation in 
terms of only five parameters by the close agreement between theory and 
measurement for typical structures. 

Lastly we describe the character of the cloverleaf slow wave structure, 
in which the “cavity” modes interact with the higher-frequency “slot” 
modes in such a way that the first dispersion curve is suitable for broad- 
band microwave amplifiers in a frequency range centered near the py = 
27/3 frequency. 
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7-2. A Resonant-Slot Coupled Chain 


In Section 4-3 we discussed qualitatively the dispersive properties of the 
cavity chain coupled by long slots, the length of which is about half a 
free-space wavelength in the frequency range of the first two passbands. 
Figure 4-2 on page 104 shows one such structure, in which the open- and 
short-circuit “slot” modes defined between magnetically and electrically 
shorted cavity midplanes, respectively, resonate at the cutoff frequencies of 
the “slot” passband. Figure 7-1 shows another such chain. According to 
the developments of Sections 4-2 and 4-6 either of these modes represents, 
in the single mode-pair approximation, the fields at frequencies within the 
“slot” passband. At these frequencies, we can quite accurately say the 
field amplitudes phase shift abruptly by «*/* across the cavity midplanes, 
provided we average the mode expressions on both sides of each midplane 
in order to obtain accurate fields on the midplanes. In the Fig. 7-1 struc- 
ture the slots are relatively long, so that the narrow “slot” passband, one 
end of which coincides with the half-wavelength frequency of a slot, lies 
below the “cavity” passband (Fig. 7-4). The “cavity” passband is so 
labeled because the pair of resonant modes defined between electrically 
and magnetically shorted slots and centerholes (Fig. 4-15, c) describes the 
fields and qualitative shape of this passband according to the discussion of 
Sections 4-2 and 4-6. In other such structures the slots are shorter, the 
“slot” passband lies above the “cavity” passband, and the first dispersion 
curve is not only considerably widened by the presence of the slots but also 
shifted to the right so as to favor interaction with an electron beam which 
can be kept nearly synchronous with the “cold” circuit over a wider 
portion of the dispersion curve. 

Despite the fact that we can, in principle, analyze the dispersive behavior 
of the typical symmetrical structure of Fig. 7-1 with either the open- and 
short-circuit “cavity” modes or the open- and short-circuit ‘‘slot” modes 


a nO FD 


Fig. 7-1. A resonant-slot coupled cavity chain (from Allen and Kino [1]). 


208 Electromagnetic Slow Wave Systems 


(excluding the irrotational modes in either case according to the discussion 
of Section 5-4) it proves more expedient to determine the curves as follows. 
We expand the fields within each cavity proper with the short-circuit 
“cavity” modes, excited on the slots and centerholes by tangential electric 
field. Practical structures utilize long narrow slots, along which the 
tangential electric field may be regarded as propagating just as voltage 
propagates along a TEM transmission line. The tangential magnetic 
field of the short-circuit “cavity” modes excites the slot tangential electric 
field much as external current drives the transmission line. The tangential 
electric field on the centerholes may be represented in the usual way by 
the average of the “‘cavity”’ open-circuit mode expressions for it on either 
side. The slot modes are too weak on the centerholes to represent tangen- 
tial electric field there. In this way we can obtain as many amplitude rela- 
tions as there are “cavity” modes, and the consistency of these relations 
furnishes the dispersion equation for both passbands. In this procedure 
the irrotational “‘cavity” modes for the magnetic field are excited and, 
in turn, help to excite the near-slot electric field. Fortunately, the influence 
of these modes upon the “cavity” dispersion curve is rather small, but we 
usually must include a few of them in order to obtain an accurate “‘slot” 
curve. Presently we use them to advantage in our treatment of the slot- 
coupled chain with consecutive slots rotated 90° along the chain. 

With this survey of the situation let us now proceed to calculate the 
dispersion relation for the structure of Fig. 7-1 following the method of 
Allen and Kino [1] but with some changes in their notation. Initially we 
assume no centerholes present and later introduce a corrective term for 
them. The slots are aligned along the chain so that the periodicity opera- 
tion is just a translation by L. Within the cavity of reference phase (0) 
we expand the fields of Maxwell’s equations with the short-circuit “cavity” 
modes as in Eq. 5-19, each mode defined by Eq. 5-5 (with uw, = é, = 1) 
and obtain Eqs. 5-20 and 5-21 in which the symbol (M+) is to be replaced 
by (S+) designating the slots. The expressions for the cavity solenoidal 
fields excited by tangential é on the slots are therefore 


E — SS) ag ae Ve = ae [2 x Ae) ‘nds (7-1a) 


H=) [fe i= a (7-1b) 


n 


These equations do not correspond identically to Allen and Kino’s 
Eqs. (4) and (5), because their normal modes are defined differently. 
From Eq. 5-21 we also obtain the irrotational magnetic field (there is no 
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irrotational electric field in the short-circuit mode representation) as 
rey 1,6 = ~(jeouery i éx Hi. ads (7-2) 
Sx 


With the cavity fields proper thus determined by tangential é on the 
slots we now proceed to solve for this é as excited by tangential cavity 
magnetic field, A+ Hf along the slots. A narrow slot of d« A,/2 in 
Fig. 7-2 behaves like a TEM transmission line in the x direction of its 
long dimension. With the definition of slot voltage as (x) & f é,(z, y) dy, 
the differential equation for voltage ¢, (x) on the left or (S—) slot turns 
out to be 

oO 


f= ui Xe) $s(2) = —joL (Ag — Asi), k= wwe (7-3) 


mes 
ice 


Section A-A 


(a) 


Fig. 7-2. Slot geometry and voltage ¢(x) along the slot (from Allen and Kino [I)). 
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with an analogous expression for ¢g,(x) on the (S+) slot. Lp is the slot 
TEM inductance per unit length in the x direction. The slot capacitance 
per unit length, Co, is easier to estimate from an analytic expression for the 
voltage of the thin-walled slot of Fig. 7-3. The analytic expression for 
potential u(y, &) = ¢ in the plane of the paper is [2] 


u + jv = cos? (2+4) 


The potential difference between the 7 = 0 plane (perfectly conducting) 
and the vertical wall is 7/2. The charge per unit length into the paper on 
the 7 = 0 plane is 


Pi ip age ye = dé = e[v(0, md) — v(0, —md)] (7-4) 


= 2¢ sinh + m 


Here m measures the effective slot width in the é direction; m= 8 isa 
good practical value. Hence the capacitance per unit length of this slot 
as a TEM line is 


C= one sinh*m (7 > 0 region of Fig. 7-3) (7-5a) 
a 


Now if the slot is more than several slot widths from a cavity wall, as it 
often is, the 7 = 0 plane of Fig. 7-3 merely serves as a symmetry plane 
for the potential; the charge q on either slot plane remains the same but 
the potential between them doubles. 

| Then C, halves: 


2 "eee 
(Or = — & sinh 1m 
7 


PI . . . hs 
er ane (no conducting plane in Fig. 7-3) 
: : °, (7-5b) 
| wy For m = 8 a good estimate of C, for 
u=0 this latter slot is Cy ~ 5.6 &9/7 farad/m. 


Fig. 7-3. Electrostatic potential u(7, &) Knowing Cy we find L for Eq. 7-3 as 
near a slot. 0 = MoEo/Co- 

Now we have, in principle, enough 
information in Eqs. 7-1 through 7-5 with which to obtain the dispersion 
relation for both “cavity” and “‘slot” passbands. Allen and Kino show 
that we can obtain an excellent relation for most structures of interest in 
which the long slots lie along the 6 coordinate of Fig. 7-1, by making 
these assumptions: (a) The cavity field is adequately represented by the 
first short-circuit n = 1 solenoidal mode in Eq. 7-1, (6) the irrotational 
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field of Eq. 7-2 may be ignored, and (c) the (Ay), mode pattern is uni- 
form across width d of the slots. For a narrow slot, d<«?¢ and the 6 
direction is synonomous with the —z direction in Figs. 7-1 and 7-2. 
We now derive the approximate dispersion relation. The normalized 
(4,), = —H,, pattern is J3.71S (Pir), r¢ being the mean slot radius, 
which does not change direction from one slot surface to the next according 
to Fig. 4-1b. Equation 7-3 therefore reads 
2 
(= it «) bq(x) = —jolyl,f,{1 — et) (7-6) 
which is satisfied by 
cos ka — cos (k¢/2) 
k® cos (k¢/2) 
This correctly reduces to zero at the slot ends, * = +¢/2. The expression 
for dg,(x) is the same but with </? — 1 in place of 1 — &’”. 
With ¢,,(x) known we can evaluate the integral on the (S—) slot of 
mean radius r, as 


dg (") = +joLol,A,,(1 — €’”) (7-7) 


I Poa, nds 

iv *, €/2 
— +| [ee y) Hy, ds = His bs_(2) dx 
yJa tie 


I 


+joLol,H,,(r;)(1 — <?%)k? (2 tan eH ke) (7-8) 

The expression for 

I éx Ai- nds 
S+ 

on slot (S+) replaces 1 — <4? by —e"*” + 1. 


Thus, Eq. 7-1 yields a relation for magnetic field amplitude J, in terms 
of itself as 


JMe 


= -—-— 
‘ (ey — k’)r 


[JololH2( elt een Pile aa tan < eS Ke) |s 


(7-9) 
Here S stands for the number of slots in a given slot plane of Fig. 7-1, 
three in this instance. Equation 7-9 rearranges into the following disper- 
sion relation for k(¢), 


(k/P)t = (KIPY) =, gine # 
tan (k¢/2) — k¢/2 


Cs 3 
Pea 


(7-10) 


212 Electromagnetic Slow Wave Systems 


x Theoretical points 
© Experimental points 


3 Slots in each common wall 
LE = 0637 h = 0.03” 
Qe 2a = 3.15" 
fi = 2400 Mc/s d = 0.19” 
fs1 = 1700 Mc/s 


T/6 4/3 w/2  2r/3 5/6 T 
Cee 
Fig. 7-4. The first two dispersion curves for a particular resonant-slot coupled chain. 


The theoretical points were calculated by Eq. 7-10. The calculated curves (dashed) were 
obtained by Eq. 7-26, with the m, parameter chosen to “fit” the upper 27/3 point. 


Here 7 is the cavity volume, as always, and the other symbols have been 
introduced. Equation 7-10 is equivalent to Allen and Kino’s Eq. (31). 
If each slot of Fig. 7-1 is cut very near the outer circumference, then 


~a,and Hy,~ e370 71J,(2.40) = 1.0, and the expression for coefficient 
ao Sanne to 


oe = 0.18225 —0.18 Zo 
My L V. Mol&o L 

A typical pair of dispersion curves for the chain appears in Fig. 7-4. 
The dimensions are identified in Figs. 7-1 and 7-2, and «, has been esti- 
mated with the aid of Eq. 7-5b for m = 8. There f, denotes the cutoff 
frequency cP,/27 and f,, is the frequency at which each slot is half a free- 
space wavelength long. 

Equation 7-10 describes the curves of Fig. 7-4 very well. The agreement 
is particularly good in the “cavity” passband because the next pair of 
open- and short-circuit “cavity” modes has resonant frequencies high 
enough so they contribute little to the fields at frequencies in the first two 


7s 
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passbands. For instance, the next short-circuit “cavity” mode in the 
expansion of Eq. 7-1 has a uniform £,, pattern in the axial direction which 
varies radially as J,(P.r); its resonant frequency is therefore (P,a/P,a) f, = 
5.52 kMc. Discrepancies between theory and experiment in the lower 
“slot” band are due primarily to the neglect of irrotational modes by 
earlier assumption (5). Electron beams are, however, usually designed to 
interact with the cavity fields at frequencies near the z cutoff frequency 
of the “cavity” passband where we can calculate the group velocity from 
Eq. 7-10 and the interaction parameter £,(0)?/W,, W, being twice the 
stored electric energy, in terms of the cavity solenoidal modes. 

We shall now make a correction to Eq. 7-1 for the presence of small 
centerholes in the structure of Fig. 7-1; their effect on the w-p curve of 
the cavity passband is quite small compared to the effect of the slots. In 
Eqs. 7-1 V, now includes an additional term to represent the hole coupling, 


V, = —P,(P,? — aaa | i é x Ae’ nds + i é'x AY- a as 
S+ H+ 
(7-11) 


where (H+) symbolizes the holes bounding reference cavity (0). In the 
second integral é’ can be approximated, as usual, by the open-circuit 
cavity mode expression 


é'(H4) = £(v,2 + vee ont) 


(see Eq. 5-40). The open-circuit mode can be conveniently assumed to 
resonate at the z cutoff frequency of the “cavity” passband with the slots 
and centerholes magnetically shorted. Again, V, ~ v, because both the 
open- and short-circuit modes are equivalent for electric field far from the 
slots, in particular, on the centerholes where the slot electric field is very 
weak. This approximation worsens as frequency increases toward the 
a cutoff frequency because the next pair of resonant cavity modes con- 
tributes more and more to the fields. According to the discussion of 


Section 4-2 the i integrals of Eq. 7-11 can be developed in terms of 
H+ 
V, and ¢ so that the equation reads 


V,[1 — P\My,'(P,’ — k*) "(1 — cos ¢)] 


--— 7 _ | éx A - ads 
(Py? — k?)r Js (7-12) 


M473 i} x A 7, ds <0 
HS 


The term M,,’ is primed to denote the fact that it measures field on the 
holes and not both the holes and the slots. We can now see that the 
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suitably modified dispersion Eq. 7-10 is 


[i — P4My;'(P;" aA ky — cos ¢)(k/P)U — (k/P3)'] 


=a,sin?£ (7-13) 
tan (k¢/2) — k¢/2 2 


for both passbands. The assumptions are still those of (a)-(c) listed earlier. 


7-3. Calculation of the Interaction Parameter E,(0)?/W, 


This parameter is closely related to the impedance parameter E,(0)?/ 
2B o2Pay of the cavity chain operated as a traveling wave tube, where 
E,(0) is the axial electric field, W, is the total time-average “cold” circuit 
stored energy in a periodic length, and Pay is the time-average “cold” 
circuit power flow. As we proved in Section 1-4, Pay = (0w/0B))W,/L. 
Thus, an accurate dispersion relation gives us group velocity 0w/0f, and 
enables us to find the impedance parameter from either the calculated 
interaction parameter or the value as measured by one of the methods 
described in Appendix B. 

Allen [3] has obtained an accurate expression for the interaction param- 
eter of the Fig. 7-1 structure with the slots aligned from cavity to cavity. 
He evaluates the amplitudes of all the TMo,. modes from the slot voltages 


1.0 


0.8 


——=p= 


= 0.6 
= = © Experimental points 
Sls x Theoretical points 
N lo 
isa] coal 

a o4 ee 
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0 1/6 1/3 1/2 21/3 57/6 T 
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Fig. 7-5. £°(0)/W, as measured along the axis of a particular resonant-slot coupled 
chain, relative to the value calculated by the first short-circuit resonant cavity mode 
alone (from Allen and Kino [1]). 
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and sums the contributions to £,(0) and to W, = 2W., W, being the time- 
average electric stored energy per cavity in terms of the solenoidal modes 
alone. The results for one such structure with very narrow slots appear 
in Fig. 7-5; the excellent agreement with measurement in the “slot” 
passband is somewhat fortuitous in view of the fact that Allen estimated 
the slot voltages as determined by the first solenoidal cavity mode alone, 
whereas the irrotational cavity modes are by no means negligible at 
frequencies in this passband. The more accurate dispersion relation would 
include at least the effect of the first few irrotational modes upon the slot 
voltages. These modified slot voltages would then determine somewhat 
different solenoidal TMo,, mode amplitudes as well as irrotational modes in 
the expression for E,(0)?/W,. Apparently the fractional error in the numer- 
ator canceled much of that in the denominator. 


7-4. A Slot-Coupled Chain with Successive Slots Rotated 


We now dwell upon the behavior of the lower or “slot” passband of a 
structure like that shown in Fig. 7-1 but with only two slots in each slot 
plane. If the successive slots are aligned along the chain so that the struc- 
ture has mirror symmetry about any cavity midplane or slot plane, then 
the dispersion curves are labeled A in Fig. 7-6. The “slot”? passband is 
very narrow and therefore conveniently described by the single mode-pair 
approximation. Now, let us rotate the successive slots by 90°, as shown 
in Fig. 7-7, whereupon the dispersion curves change to those labeled B 
in Fig. 7-6. We now offer an explanation of the striking change in the 
lower curve. 

Rather than develop the fields of a given slot in terms of the radiation 
fields of neighboring slots or in terms of the “slot” modes, which are 
rotated 90° from one slot plane to the next and are therefore difficult to 
visualize on the cavity midplanes, we extend the analysis of the preceding 
section so as to include the irrotational modes. Fortunately, the first few 
terms of the irrotational magnetic field expansion of Eq. 7-2 are sufficient 
to yield a good estimate of the “slot” curve. 

The “‘cavity” irrotational modes excited in the Fig. 7-7 structure are 
angularly varying, for the nmgth such normalized mode (subscripts nmq 
replace the single one m) which satisfies Eqs. 5-13 and 5-17 is 


Vv 


nma@ nmaq 


(7-14a) 


elie ee ei oie (7-14b) 


it = IN neal os n°) 
ais (Pna) | os nO Ve 


where (0/0r)J,(PnoP)|,-g = 0; m= 0, 1,... 3 and normalization factor 
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L = 0.63” 


No. of slots = 2 
c/2/ = 1300 Mc/s 
(fs1)4 = 1250 Mc/s 
4 (fai) p= 00 Mc/s 


0 «/6 «w/3 «/2 20/3 005njou 


Fig. 7-6. The first two measured dispersion curves in a resonant-slot coupled chain with 
(A) successive slots aligned, and (B) each slot plane rotated 90° with respect to its neigh- 
bors, Fig. 7-7. The calculated curve for the “‘slot’’ passband was obtained from Eq. 


7-19. 


z2=0~> 


pa 
Reference 


cavity cell (0) 


Fig. 7-7. A resonant-slot coupled chain with a rotation of 90° from one slot plane to the 
next one. w’ is the coordinate measuring position along the slots at z = 0 and z, the 


coordinate at z = L. 
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Nnmg 18 given by 


ey a 
[Gna/L)° + Png M1 + Smo)(1 + Sno)[L = (0/Png@)" Wn (Pnad) panies 


Ope at m= 0, 0 ifm40 


It is generally safer to employ modes of this form which satisfy the bound- 
ary conditions of H},,, ‘i = 0 on the cavity walls and slot surfaces rather 
than modes developed from Allen and Kino’s y,,,,: 


Yam = Anm cosh B,2J,(B,,7) sin mO 


because these latter modes do not satisfy the proper boundary conditions 
at z = +L of Fig. 7-7 where (H,,,,), ~ sinh B,,L # 0. 

For a simple first calculation of the slot dispersion curve B of Fig. 7-6 
it is tempting to say the cavity solenoidal field predominates. Jf this were 
the case we would proceed as follows. Starting with a reference amplitude 
I, for the “cavity” solenoidal mode, we would determine the slot voltages 
by Eq. 7-3. These voltages would then quite accurately determine the 
irrotational /},,, amplitudes in Eq. 7-2. The irrotational field would then 
furnish a correction to the magnetic field on the slots and a correction to 
the slot voltages by Eq. 7-3. Finally, these improved slot voltages would 
determine amplitude J, with which we started. But in this process of 
deriving a dispersion relation we find that the irrotational field is compar- 
able to the solenoidal field at frequencies in this passband. The “‘disper- 
sion” relation obtained without it does not even qualitatively check with 
measurement. 

We can utilize the physical fact that the slot is half a free-space wave- 
length long at a frequency near the center of the passband. Thus, the 
predominant slot voltage will vary as cos (zra/) along each slot in Fig. 7-7. 
These voltages will determine amplitudes J, and J/,,,, as we just outlined. 
To minimize the effect of errors in these cavity fields we can utilize a 
variational expression for k*(~) which is formulated in terms of slot voltage 
alone, such that the error in k? will tend to be proportional to the square 
of the voltage errors. We shall develop this expression after we evaluate 
amplitudes J, and J},,,. 

Since pattern H,, = —H,, is circularly symmetric, the successive slot 
rotations in Fig. 7-7 do not change Eqs. 7-1 and 7-8, from which /, is 
obtained as 


: £/2 ¢/2 
joeS | ‘ ; “| | 
= ——_—__— _(v')Hy, dx’ — _(%)H,,, dx 
1 ae ee: k\r ree ( ) 1 € Ags ( ) 1 
(7-15) 


Here we regard the (S+) slot voltage as having reference phase «~’” 
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relative to the (S—) slot voltage; S is the number of slots in a plane, 2 in 
our case. To obtain J},,, we first need the pattern (Hj le = —(Ajimae 
along the slots. From Eq. 7-14 it is 


—(H'ma)e ip Nnmad n(Pnal's) | cos nO | cos ie (7-16) 


en —sin né 


Let us fix this pattern in cavity (0) of Fig. 7-7 relative to the 6 coordinate 
shown; in the neighboring cavities it will be rotated 90° and its amplitude 
will be J;,,, «*/”. Now in this lowest passband we expect each slot voltage 
to be symmetric about the slot center and also the slot voltages in a given 
slot plane to be invariant to a rotation of the whole plane by 7. This is 
the symmetry of the first cavity solenoidal mode. The irrotational modes 
with this symmetry will couple to the first cavity mode and to themselves 
on the slots and determine the w—y curve of the first passband. Those 
with other symmetries will couple to the angular varying solenoidal modes 
of higher resonant frequencies and determine the higher-frequency dis- 
persion curves. For this reason we take the cos n@ variation of the refer- 
ence cavity patterns in Eq. 7-16 as well as the even values of n so as to 
obtain the invariance in a given slot plane of a rotation by z. All positive 
valués of g and mare, however, allowed: g = 1,2,...,andm=0,1,.... 

From these remarks we know it does not matter whether we rotate 
pattern Hi... by +90° from the reference cavity to cavity (1) provided 
we also phase shift amplitude J7,,,,.. We can now find this amplitude from 


maq* 
Eq. 7-2; it is 
£/2 , 
Tn oe 2 | bs-(#') Amaya’ (- =T1s, = — = oF 2 ee 0) dx’ 
Jout_J—€/2 Pee 


ae “iad | bs_(x) i —Fynaa? =T,;; = - eS 1) de, S=2 
S+ ls 
(7-17) 


Here coordinate x’ on the (S—) slot is distinguished from coordinate x 
on the (S+) slot, but ¢g_ serves for both because we have written explicitly 
its phase shift of e/? from (S—) to (S+). 

Now that we know the mode amplitudes in terms of voltage dg (x) we 
present a variational expression for k?(q) in the spirit of Allen and Kino’s 
work, as developed from the basic equation 


o° j k a t ig 
(=, a0 i) bs_(x) a: —joLe| Is + bs Tiempo aa 9) 
nma 


— hey — 2S Tinlad = 0) (1-18 


nma 
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The expression is obtained by multiplying this equation by ¢¢_(x)*, 
integrating over the (S—) slot, and substituting Eqs. 7-15 and 7-17 to get 


[, ¢-@ (4 er i) osx) dx = — Colt) (1 —«*)(1 — «’”) 


1(P,” — k?*) 
2 
[Gel Prede | Jo (\Maade + Ee y | PNanallpur)] 
s- S— LET nma Be 


: cos = — cos (mn)e* | cos = — cos (mn)e | | $5_(x)* cos 
cs r 


- dx i bs (x) cos ~~ dx (7-19) 
Se tr. 


We can easily demonstrate that if ¢* is in error by 6¢* and ¢ satisfies 
Eq. 7-18 in conjunction with Eqs. 7-15 through 7-17, then the linear error 
O(k*) is zero. In addition, if ¢ is in error by 6¢ and ¢% satisfies Eq. 7-18 
conjugated, dk? = 0. The n and m terms in Eq. 7-19 account for the 


rotational effect; the [ integrals are taken over the one slot (S—) at 
S— 


mean radius r, in which we specify the reference voltage distribution by a 
trial function. 

For the simplest estimate of the lower w-@ curve B in Fig. 7-6 let us use 
$s_(x) = cos (72/7). We also take m = 0 because the N,,,,, coefficients 
of the m # 0 terms are rather small, because of the factor [(m7/L)? + 
Pra] ~~ ((m7a/L)? + (pp q@)?] in the denominator. In this structure 
(p2,4)? of the predominant irrotational term is 9.3 while (7a/L)? ~ 89. 
We find that the n = 2, g = 1 term is predominant, with the n = 2,g = 2 
term about 12% as large. The n = 4, g = 1 term is negligible as is the 
n=2,m=1,g=1 term. With these two irrotational modes the dis- 
persion relation for the structure with the dimensions listed on Fig. 7-6 
boils down to 


0.91 


(1 — cos g) + 0.115(1 + cos ¢) 

(7-20) 
in which P, is the “cavity” mode cutoff frequency corresponding to 2.4 
kMe and kf? = z occurs at f = 1.30 kMc. The calculated dispersion curve 
shown by the series of x’s is qualitatively correct but low by about 0.2 kMc 
over the whole range 0 < p< 7. 

This discrepancy of 0.2 kMc is due largely to the slow convergence of 
the summation over the irrotational modes in Eq. 7-19. It is not due to 
neglect of the next solenoidal cavity mode which resonates at 5.52 kMc, 
as we have observed. Nor does the small cos (372/¢) component of slot 


220 Electromagnetic Slow Wave Systems 


voltage account for more than 1% of the discrepancy. For if we let 
d(x) cos (x/f) + A cos (372/f), with A a variational coefficient, and solve 
for A such that k? is an extremum at each phase shift, we find that A lies in 
the range 0.02-0.04. 

Equation 7-20 explains qualitatively why the “slot” passband narrows 
considerably when the slots are aligned with their neighbors. Then the 
irrotational J},,, amplitudes (for m = 0) are excited exactly like the J, 
amplitude. There is no change in sign of Hj,,, from one slot to the next 
due to the cos (20) factor in Eq. 7-17; the predominant n = 2, q = 1 
irrotational last term of Eq. 7-20 has a 1 — cos » dependence just like 
that of the first solenoidal term and the two terms of Eq. 7-20 tend to 
cancel each other throughout the entire “slot” passband. In this case kf 
will remain nearly 7 and the lower dispersion curve A of Fig. 7-6 results. 


7-5. Variational Description of the Dispersion in Resonant- 
Slot and Resonant-Loop Coupled Structures 


In this section we demonstrate the fact that the dispersion relation for 
the first two passbands of the resonant-slot coupled structure of Fig. 7-1 
can be formulated variationally, in terms of just the four cutoff frequencies 
and one other parameter which measures certain volume integrals of the 
mode patterns. We treat only those structures with mirror symmetry; 
that is, chains in which the periodic operation is a translation without a 
rotation. Since the dispersion relation will be obtained independently of the 
precise nature of the (symmetric) coupling at the slots, it will also apply, 
with slight modification, to resonant-loop coupled chains. In these latter 
chains one of the passbands is characterized by a pair of “loop” modes 
which are open- and short-circuit, respectively, on the cavity midplanes. 

It is convenient to employ variational Eq. 6-89 for k*(~) in terms of 
electric field alone. This expression is valid for discontinuities of both 
E and V x E on discontinuity surfaces within the periodic volume: 


[| £*.(Vx Vx B)dV 

V 

+4 (BM * 4 BOW) 7x (V x BY Vx BO) aS 
D 


> | (EY — BO) - i, x (V x BO * fv as| 
ga 2 eee 


[anaes dv 
Vv 
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Here V denotes any periodic volume, D is any discontinuity surface 
(perpendicular to the z axis) within V, of which we will have two in these 
structures, the plus superscript denotes a field measured on the +2 side 
of D and the minus superscript, a field on the —z side. Both E_ and 
independent field Z, phase shift by «~” from a point (a, y, 2) in cavity (n) 
to the point (x, y, 2 + L) in cavity (n + 1). The variational properties 
have been mentioned at the end of Section 6-7. 

To represent fields Z_ and £, in the resonant-slot coupled chain we 
employ the first open- and short-circuit “cavity” modes of Fig. 4-18, c, 
reproduced in Fig. 7-8b, c. Their amplitudes phase shift across the slots 
and centerholes. These modes describe, in the first approximation, the 
fields at frequencies in the “‘cavity” passband, according to the discussion 
of Section 4-2. We also employ the “slot’’ modes of Fig. 4-2, reproduced 
as Fig. 7-8d, e, and let their amplitudes phase shift across the cavity 
midplanes (B+) in Fig. 7-8a. These latter modes describe, in the single 
mode-pair approximation, the fields at frequencies in the “slot” passband. 
The “slot” modes may be formally defined for any number of slots in each 
slot plane and are convenient to use in symmetrical structures because 
each represents the physical field at one of the cutoff frequencies. The 
somewhat unnatural notation for the modes is chosen to conform with 
the literature [4]. 

Now the question arises: How should we represent E_ and independent 
field £, with these modes? We naturally associate two of them with 
£_and the other two with £,,, but not every choice leads to a well-behaved 
dispersion relation. It turns out that only one choice is allowed, the one 
for which 

E_=V,E, + 0, 


2 a . 7-22 
EF. = V2€o + Dy ey ( ) 


The representation with E_ and £, interchanged leads to the same dis- 
persion relation. Equation 7-22 actually designates the fields in the 
common volume 7’ of the cavity of reference phase zero in Fig. 7-8. To 
obtain the field at any other point we must repeat the “slot”? mode patterns 
é, and é, as well as h,, and h, from “slot” cell to “slot” cell, the “cavity” 
mode patterns E,, é,, and so on, from one “‘cavity”’ cell to the next, and 
then phase shift each amplitude by the number of “slot” or “cavity” 
cells between the reference point and the point under consideration. 
Notice that these fields have the requisite properties on the discon- 
tinuity surfaces (V+) and (B+), as listed at the end of Section 6-7. 
Tangential E_ and V x £, are, by construction, continuous across (M+). 
Tangential £, and V x E_are constrained to be continuous across (M+) 
because tangential V x E_and E,, respectively, are not identically zero on 
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“Cavity” cell (0) 
ia 


(B-) | (B+) 
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(a) “Slot” cell (0) 
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Fig. 7-8. A resonant-slot coupled chain and its first four resonant modes. (a) Schematic 
view of the structure showing a typical periodic volume z and a subvolume 7’ in common 
with the “‘cavity” cell and the “slot” cell. (b) The “cavity” short-circuit mode of fre- 
quency P,in Fig. 7-4. (c) The ‘‘cavity” open-circuit mode of frequency p,. (d) The “slot” 
open-circuit mode of frequency p,. (e) The “slot” short-circuit mode of frequency p, in 
Fig. 7-4. The solid lines denote the electric field patterns while the circles and crosses 
denote the magnetic field patterns. 


(M+). On(B+), E_and V x E, are properly constrained by the variational 
procedure because V x £, and £_ have nonvanishing tangential portions. 
Tangential E, and V x E_are continuous there. 

We now substitute the trial fields of Eqs. 7-22 into Eq. 7-21, observe 
the directions of the mode patterns in Fig. 7-8 as well as the phase shifts of 
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their amplitudes, and evaluate the integrals as 
0 =| (v8. + v,*é,) + [(po” — k”)v2é, + (py? — k*)v,é,] dV 
+] OE. a v,*e?é,) ; [(p2" a kv ah (p." a k*)v,e 7%] dV 
B+ to M+ 
xs u i pre. (e'* +1) - i, x [p,v,h'(—e-” — 1)] ds 
2 JB+ 


<4 | ve"(1 + <*”) + i, x [P,V,*A(1 + €%)] dS (7-23) 
M— 


(Mode patterns £,, H,, and the others are pure real quantities.) Now we 
set variation dk? = 0, first for a variation 6V,* and then for variation 
dv,*. We refer the second integral to the integral over r’ by the symmetry 
of the mode patterns in Fig. 7-8. The result is two equations for v, and v, 
which are cast into matrix form for later use: 


1 ~ 
(p.? — k*)T.. + P-M2(1+ cos ¢) (ib €?)(p? = k*)- | E,* €,dV ve 
1 i me 
( €/?)(p2? IE) a i ele, dV (pi? — k*)Ty, — piMii(1 + cos¢) vy 


(7-24) 


(Subscripts c and 2 denote the “cavity” modes; subscripts s and 1, the 
“slot”? modes.) 

The determinant of Eq. 7-24 set equal to zero furnishes us with a dis- 
_ persion relation with the properties we want. First, it says k = p, and 
pi at gp =7. When = 0 the two off-diagonal terms are zero and k is 
correctly P, and p,. To see this we invoke Green’s theorem, Eq. 3-43, 
first in terms of £, and é, within the “cavity” cell and then in terms of 
é, and é, within the “slot” cell. With the preceding definitions of the 7”s 
_ and M’s and the relations V x V x E, = PE,, and so on, we obtain 


| (p2” — P.”)Txz + 2P,M22 = 0 
(P:” — Ps )Tu — 2Px¥My, = 0 
which prove our statement that k = P, and p, at y = 0. This dispersion 


| relation also predicts zero group velocity at » = 0, because k*(y) = 
_iK(—¢). 


(7-25) 
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The determinant of Eq. 7-24 set equal to zero describes well the dis- 
persion in typical resonant-slot coupled structures, but we are not unduly 
surprised because the four cutoff frequencies have been constrained to be 
correct. Three of them, with the exception of p,, can be measured by 
shorting a single “‘slot”’ cell at the cavity midplanes. There are, however, 
five parameters to evaluate if we express M.. and M,, in terms of P, and 
Pp; by Eq. 7-25 and absorb the T,,. and 7;, factors into the single cross- 
coupling coefficient conveniently defined as 

a E,-éaV [ é°é, dV (7-26a) 


In this way we can write the dispersion relation in the form 
[AP."(1 + cos py) + 4p.°(1 — cos g) — k*][$p,7(1 + cos ¢) 
+ $p,°(1 — cos y) — k*] — mp. — k*)(p? — k’) sin’ 5 =0 (7-26b) 


Then in order to obtain the additional parameters p, and m, for calculation 
we could short a four-section chain and measure the 7/3 and 27/3 resonant 
frequencies in the “cavity” passband, as well as the cutoff frequencies 
P., Po, and py. 

Equation 7-26b tells us that the “slot” modes of a “slot” passband 
which lies below the “cavity” passband will tend to raise the w—@ curve of 
the latter. To verify this we use Green’s theorem Eq. 3-43, with 4 = é, 
and B = é, in the volume 7’, and refer to the directions of the patterns 
in Fig. 7-8 to show that m, is negative because one of its integrals 


[a-eav 


is negative. Since the second bracketed expression and the factor p.” — k? 
are both positive it follows that k* in the second (“cavity”) passband will 
be higher due to the sin? » coupling with the “slot” modes of the first 
passband. Now, if the slots are shortened so as to move the “slot” pass- 
band just above the “cavity” passband, the Green’s relation indicates that 


[a-aav 


goes positive and m, goes positive. However, because of the new arrange- 
ment of resonant frequencies, Eq. 7-266 predicts that k? in the first or 
“cavity” passband will fall somewhat lower because of the coupling with 
the higher-frequency “‘slot” modes. 

In order to justify further this dispersion Eq. 7-26 for a large class of 
structures we now show the extent to which it verifies the relation: Power 
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flow equals stored energy per unit length times group velocity. To obtain 
this relation we first premultiply the matrix Eq. 7-24 by row matrix 
(V.*, v,*), where the equations for these amplitudes are obtained by taking 
variations dv, and dv, in Eqs. 7-21 and 7-23. We now differentiate this 
new matrix with respect to » and obtain three matrix terms. The (6V,*/d, 
0v,*/Oy) term is obviously still zero, and so is the 


term, as we discover by transposing this particular triple-matrix product, 
whereupon row matrix (0v,/0y, 0v,/0~) multiplies a matrix expression 
exactly like that of Eq. 7-24 but in terms of amplitudes V,* and v,*. The 
only remaining term has the differentiated bracketed expression of Eq. 
7-24. Upon multiplying out the matrices in this term, rearranging the 
result, and taking the real part, we obtain 


2k 2k Re | Vet Tevs a (* E,-é&d vr) sean 
Op Tow tee 
+ v,* (? [a -@ av) — ev + oT a | 


T 


= Re | V(-PoMa sin )v2 + v,*p,My, sin vv, 


+ verre — w(* | 


T 


E. .. ey av) jee 


— v,*(p.” — k*) (? I SOP av) je*o,| (7-27) 
T Jr’ 

This is in the form group velocity times stored energy per unit length 

_ equals power flow, apart from a factor of jwu. Now 


ap ~—s- OBL 
this latter derivative being the group velocity. On the left side V,*T>.v. 
measures the time-average electric energy stored by the cavity modes: 


e | WE) Volo dV 


| 
| 


| 


; 
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The next term measures part of the crossenergy 


[. (V.E.)* j (v,é1) dV + La te a VoEo* i (v.77?) dV 


when we refer the second volume integral of the patterns to the integral 
over 7’ by the symmetries of £, and é,. The remaining two terms on the 
left side measure the remainder of this crossenergy and the self-energy of 
the “‘slot” modes, respectively. The first term on the right side of Eq. 7-27 
measures the time-average power flow in the cavity-mode portion of the 
field. That power flow across either (M+) surface was given by Eq. 4-26 
as 

Pay = —tjvel,*Most sin p in the present notation (7-28) 


where now the magnetic field is obtained from the electric field as V x E = 
—jouH or PV, = —joul, within the cavity. Analogously, the v,* - v, 
term on the right side measures the power flow across plane (B—) in terms 
of the “slot”? mode fields. The very last two terms in Eq. 7-27 contribute 
no net real power. This may be verified by examining the first of Eq. 7-24 
multiplied by V,* and one of the associated equations for V,* in terms of 
v,* multiplied by vg. 7 

Upon multiplying Eq. 7-27 by Fa we obtain precisely this statement: 


Time-average stored energy per unit length times group velocity equals 
time-average power flow across surface (M—) plus time-average flow 
across (B+) in the structure shown in Fig. 7-8. 


This is not quite correct, even if the other resonant “cavity” and “slot” 
modes are negligibly excited. In addition to the question whether the 
stored energy is represented accurately enough, we also know that the 
total power flow at frequencies in the “cavity” passband is, more exactly, 


Time-average power flow across (M—) carried by the “cavity” modes 
plus crosspower flow across (M—) due to the interaction with the 
(weakly excited) “‘slot” modes, 


with the self-power carried by the “slot” modes very small. At fre- 
quencies in the “‘slot” passband the total power flow consists of 


Time-average power flow across (B+) carried by the “slot” modes 
plus crosspower flow across (B+-) due to the coupling with the (weakly 
excited) “cavity” modes, 


with the self-power carried by the “cavity’’ modes now very weak. These 
three power flow statements inform us that the variational treatment has 
neglected the crosspower flow at frequencies in both passbands. 


| 
| 
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Figure 7-4 shows the w-¢ curve calculated from Eq. 7-26 with the 
normalized frequencies P, ~ 2.4 kMc, p, ~ 4.04 kMc, and p, ~ 1.1 kMc 
considered known, p, chosen as (27/c)(1.70 kMc), and m, determined by 
the measured 7/2 point in the “slot” passband. We may conclude—for 
this structure at least—that the errors in the dispersion relation are not 
serious despite the inherent errors in the expressions for stored energy 
and power flow. The effects of the neglected irrotational modes for electric 
field also appear to be small, a situation favored by our constraint of the 
four cutoff frequencies to be correct. The irrotational magnetic field 
modes do not appear, of course, in this variational formulation in terms of 
electric field alone. 

The form of dispersion Eq. 7-26 is independent of the precise nature of 
the “slot” coupling and therefore will describe, with suitable modification, 
structures coupled by U-shaped loops. This is true if just a few loops 
couple neighboring cavities, but the dispersion relation quickly becomes 
invalid as the number of loops is increased beyond a critical number. 
Then we must use a different dispersion relation. These matters are 
discussed in the next section. 


7-6. Loop-Coupled Cavity Chains; the Centipede 


Figure 7-9 shows a chain in which adjacent cavities are coupled by 
U-shaped loops through long slots, as well as by the centerholes. The 
four relevant modes for the first two passbands resemble those of Fig. 7-8 
with some modifications near the loops. Assuming that the “loop” 
passband lies below the “cavity” passband we can verify by resketching 


Fig. 7-9. A loop-coupled cavity chain, with U-shaped loops (from Chodorow and Craig 
[6)). 
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these patterns on the slots through which the loops pass that the dispersion 
curves retain the forms shown in Fig. 7-4. Pearce [5] has measured these 
two curves on one such twelve-loop structure and they are shown as broken 
lines on Fig. 7-10. The lower » = 0 cutoff point is extrapolated by the 
dashed line because this mode will not resonate in a finite structure ter- 
minated with shorting planes on the cavity midplanes (see Fig. 7-8). 
He calls this a “positive mutual” structure but in our formalism the single 


U-loop (12) 


4 by Eq. 7-26 
x by Eq. 7-30 
O by Eq. 7-31 


7/4 1/2 3/4 T 


Fig. 7-10. The first two dispersion curves for the U-loop chain of Fig. 7-9, and the S-loop 
chains of Fig. 7-11. For each chain P, and p, are the resonant frequencies of the short- 
and open-circuit resonant “cavity” modes, respectively, and Pg and pf are the resonant 
frequencies of the short- and open-circuit resonant “loop” modes, respectively. These 
modes are shown in Fig. 7-12. 
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1 


a 


(c) 


Fig. 7-11. A loop-coupled cavity chain, with S-shaped loops (from Chodorow and Craig 
[6]). 


mode-pair behavior of the fields in each passband is characterized by a 
passband parameter M < 0, just as for the ordinary centerhole- or slot- 
coupled chain. The loop coupling has the effect of raising the 7 cutoff 
frequency in the “‘cavity”’ passband, with an attendant increase in passband 
width to 30% or so of the midband frequency. Accompanying this con- 
siderable passband width is a high interaction parameter; nevertheless, 
these U-loop structures are not as practical for microwave amplifiers as 
those in which the two dispersion curves are interchanged, the chief 
reason being the better shape of dispersion curve we can attain in the 
latter case. 

By redesigning the loops to have S shapes, Fig. 7-11, we may shift the 
“loop” passband above the “cavity” passband, so that the “loop” modes 
will tend not only to depress the » = 0 cutoff frequency of the “cavity” 
passband considerably more than the g = 7 cutoff frequency but also to 
straighten the w- curve in the 27/3 region for better synchronism with 
an electron beam. The loops may be added in pairs, as designated by the 
dashed lines of Fig. 7-12, so as to augment this effect. It is true the S 
loops no longer preserve the mirror symmetry about a cavity-bisecting 
plane but at low frequencies in the first two passbands the effect of the 
asymmetry can be ignored. The patterns of the four relevant “loop” 
and “cavity” modes for these structures are sketched in Fig. 7-12; P, 
and p, denote the short- and open-circuit “cavity” mode frequencies 


| while Py and py refer to the resonant frequencies of the short- and open- 


circuit “loop” modes which resonate at ¢ = 0 and 7, respectively. These 
frequencies are also labeled on the w-y curves of Fig. 7-10. Observe in 
Fig. 7-12 that the “cavity” modes are defined with respect to electrically 
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(B-) (M—) (B+) 
Plane 
“Loop” cell 


(c) (d) 


Fig. 7-12. The resonant modes for a loop-coupled cavity chain. (a) Electric and magnetic 
field patterns for the ‘‘cavity” short-circuit mode resonating between electrically 
shorted coupling surfaces (M+), (b) patterns for the “cavity” open-circuit mode 
resonating between magnetically shorted surfaces (M+), (c) patterns for the “loop” 
short-circuit mode resonating between electrically shorted planes (B+), (d) patterns for 
the “loop” open-circuit mode resonating between magnetically shorted surfaces (B+). 
Arrows on the loops denote current flows. 


and magnetically shorted centerholes and loop-bisecting planes, across 
which their amplitudes phase shift, while the “loop” modes are defined 
relative to electric and magnetic shorts on the cavity midplanes, across 
which their amplitudes phase shift. 

Let us study the effect upon the first or “cavity” passband of inserting 
an additional pair of S loops. Regarding the P, mode, Fig. 7-12a, the 
effect of cutting a slot and inserting a pair of loops is to displace magnetic 
field away from the plane of the slot toward the interior of the cavity at 
the w = 0 frequency where surfaces (M+) are shorted. Therefore, the 
additional loop-pair will lower the g = 0 cutoff frequency. Probably the 


¥ 
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most reliable way of verifying this fact utilizes a Green’s relation, Eq. 6-65, 
in which we let £, be the electric field of the short-circuit mode before 
the perturbation and £,’ be that field pattern after inserting the slot and 
loop-pair. The expression yields 


Pe @if BBavad Bx Ald 
V loops 
where P,’ is the new y = 0 cutoff frequency and dS points into each loop 
surface. According to Fig. 7-12a, the loop integral is positive because of 
the perturbed magnetic field set up by the loop currents, and so P,’ < P,,. 

On the other hand, the 7 cutoff frequency p, of the first passband is 
little changed by the addition of more loop-pairs, up to ten or so pairs. 
This effect is difficult to predict, but we can substantiate it partially by 
showing that the passband width increases with the number of loop-pairs. 
Figure 7-125 shows the relevant 7 mode, and we see that the @, lines flow 
on the loop-bisecting planes just the same way as on the centerholes, 
relative to H, of Fig. 7-12a. Therefore the loops augment the effect of 
the centerholes and increase the passband width. 

The w-q curves for the Fig. 7-11 structure are shown in Fig. 7-10 asa 
function of the number of S-shaped loop-pairs, and they verify the pre- 
ceding remarks. It is an experimental fact that the “cavity” passband 
width measured as a fraction of the 7/2 frequency increases nearly as the 
square root of the number of loop-pairs. Thus the cavity mode coupling 
per loop-pair diminishes as the number of loop-pairs increases. The 
single-passband analysis of the “loop” passband with these “loop” modes 
qualitatively verifies its behavior. Our first impression is that the relatively 
strong E, pattern in Fig. 7-12c is drawn in the wrong direction near the 
axis. That it is, in fact, correct is one of the conclusions of the variational 
analysis, to be outlined next. 

The reasoning which led us to dispersion Eq. 7-26 for the resonant-slot 
and the so-called “‘positive mutual” loop-coupled structures with similar 
dispersion curves must be modified for the loop-coupled chains now 
under discussion in order to account for the altered symmetries of the 
“loop” mode patterns in Fig. 7-12. We now represent the trial fields for 


_ variational Eq. 7-21 as 


A 


E_ =v,€, + vsey 


6 - fs (7-29) 
Eb, = VE, + Vekg 


and derive the dispersion relation as before. However, the sin? (@/2) 


coupling term in Eq. 7-26 resulted from the fact that the axial components 
of the é, and é, patterns of the “slot”? modes (Fig. 7-8) were antisymmetric 


232 Electromagnetic Slow Wave Systems 


about midplane (B+). This made integral 


ihe to Be Bat 


-| E,°& av, 


in Eq. 7-23 equal to 


for example. Examination of the “loop” mode patterns in Fig. 7-12 shows 
E;and é; to have symmetric axial components on each side of plane (B+). 
In the dispersion relation obtained by taking variations dv,* and dvg* 
in Eq. 7-23 written in terms of the new £_ and E£, we get a cos? (y/2) 
instead of a sin?(¢y/2) coupling term. The new dispersion relation is 
conveniently written in the form 


[2P.°(1 + cos p) + $p.(1 — cos p) — k*][4Pe*(1 + cos ¢) 
+ 4p;°(1 — cos y) — k*] — m,(P,” — k*)(P;’ — k*) cos” i= =0 (7-30a) 


with 


my = | E,+&,dV [2 - E,dV (7-30b) 
rae 
Tete { F.-ean (7-30¢) 
T Jr 
i : [ E,-&,aV (7-304) 


This relation describes the S-shaped loop-coupled chains in which the 
“loop” passband lies above the “cavity” passband but not the U-loop 
structure in which the passbands are interchanged. 

We can verify dispersion Eqs. 7-30 with respect to the experimental data 
of Fig. 7-10 but only for the one- and four-pair sets of curves. The agree- 
ment with the four-pair curves is shown by the series of z’s near them. 
To calculate these points we took P,, p,, and Py as experimentally known 
and chose py and my according to the two 7/2 points. The “loop” 7 mode 
will not resonate in a series of cavities electrically shorted on the cavity 
midplanes (see Fig. 7-12d). The quantity my is negative for these curves, 
showing that 


[e.-Beav<o 


which verifies our directions of the Fy lines near the axis in Fig. 7-12c. 


} 
i 


| 
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Agreement between theory and measurement was also good for the two- 
pair structure (curves not shown). 

Equation 7-30 shows that the first or “cavity” dispersion curve is 
depressed by the effect of the “loop” modes resonating at higher fre- 
quencies. This effect was also observed in resonant-slot coupled structures. 
To prove it, note that at frequencies in the first passband the second 
bracketed expression in Eq. 7-30 is positive, whereas (P,2 — k®)(P,? — k?) 
is negative, as is mp. Hence k? decreases a bit below its single mode-pair 
value at which the first bracketed expression would be zero. 

We found that the preceding theory failed decisively for the eight-pair 
structure in that it predicted far too low an upper = cutoff frequency, py. 
For eight or more loop-pairs we use the following empirical dispersion 
equation 


[2P.°(1 + cos y) + $p,°(1 — cos p) — k*][$P/2(1 + cos ¢) 
+ pe" (1 — cos gy) — k?] — Ksin?g =0 (7-31) 


Each bracketed expression alone set equal to zero is the single mode-pair 
dispersion relation for one of the passbands and coupling coefficient K is 
implicitly dependent only on the geometry. Coefficient K as well as py 
must be chosen in accord with measured data. Points have been calculated 
and plotted for the eight- and twelve-pair curves of Fig. 7-10, for which we 
took the four cutoff frequencies as known and determined K so as to 
“fit” the lower 7/2 point. Agreement with measurement is very good. 

We do not know the precise reasons for this breakdown and only call 
attention to the fact that our theory begins to fail just before the inversion 
of the two z points which occurs when about ten pairs of loops occupy 
each loop plane. That is, Pearce has found that as the number of loop- 
pairs increases the two 7 points approach each other and cross over 
when the number of loop-pairs increases from eight to twelve. In the 
inverted condition, shown for the twelve-pair structure in Fig. 7-10, the 
cavity open-circuit mode resonates at the upper 7 cutoff frequency and is 
therefore observable in a structure terminated with the proper symmetry 
planes. The “loop” open-circuit mode resonates at the lower 7 cutoff 
frequency. Of course the two dispersion curves never actually cross. The 
inverted condition is to be avoided, because the fields at frequencies near 
the lower 7 cutoff frequency are described by the “loop” open-circuit 
mode which has no axial electric field for beam interaction work. 

Curves of a parameter Af/f vs. y = BoL are reproduced from Pearce’s 


article [5] in Fig. 7-13 for the structures with the curves of Fig. 7-10. 


There Af refers to the change in resonant frequency induced by a long rod 
on the axis. In Appendix B we list the important relations between the 
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4 pairs 


0) 1/3 2r/3 T 
BoL——=— 
(a) 


Fig. 7-13. Af/f proportional to the interaction parameter (EZ en! W, by Eq. 7-32 (from 
Pearce [5]). (a) For the first or “cavity’”’ passband of several S-loop coupled chains. 


measured Af/f and the interaction parameter E,/W, for various perturbing 
objects. Pearce’s relation is 
2 
Palette 2 ee D=-— Af 1.03 x 10°°D (mks units) 
W, f &— DR a) 
(7-32) 
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Fig. 7-13 (continued). (b) For the second or “loop” passband of those chains. 


in which 
c = light velocity 
R = sapphire rod radius, 0.050 in. 
é, = relative permittivity, taken as 10 


and D is a factor which converts the measured E,? to the effective (E,2) aq 
seen by an electron beam. In Appendix B, Section B-5, we show that D 
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Fig. 7-14. A centipede cavity chain (from Chodorow and Craig [6]). 


decreases from the value 1 for a beam in synchronism with the circuit 
near y = 0 to the value 0.5 for a beam in synchronism near y = 7. An 
additional factor [)?(yb) — I,?(yb) ~ 1 — (yb)?/4 may be inserted into 
Eq. 7-32 to average E,” over the beam cross section, where the beam has 
radius b. 

The interaction parameter measured by Af/f tends to rise in both pass- 
bands as @ approaches zero because E, tends to resemble the “straight- 
through” £, pattern at frequencies in the “cavity” passband and the 
similar Ey pattern at frequencies in the “loop” passband. The inverted 
twelve-pair structure has no E,(0) ~ &;,(0) on the axis at = = in the 
“cavity” passband, as we observed earlier. 

When the number of S loops fills the cavity circumference, we have a 
so-called centipede chain [6], shown in Fig. 7-14. The modes of the first 
two passbands are depicted by Fig. 7-12; also, there is another passband 
between these two in which the fields are angularly varying. The cutoff 
modes of this passband do not, however, couple to those of the other two 
passbands. Typical w-p curves for several choices of dimensions appear 
in Fig. 7-15. Although there are a dozen or so loop-pairs on the circum- 
ference the centipede is designed for noninversion of the 7 points. Equa- 
tion 7-31 is the dispersion relation for the centipede chain, by which we 
have calculated points for each pair of curves in Fig. 7-15 by selecting 
P,, Py, and p, in accord with measurement and by choosing py (the upper 
a cutoff frequency) and K so as to curve-fit the two 37/4 points. The cal- 
culated curves for the “loop” passband are subsequently extrapolated to 
the 7 point. 

We can describe qualitatively the effects of various geometrical per- 
turbations such as changes in loop height and cavity diameter by deter- 
mining their effects upon the mode cutoff frequencies and thence on the 
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w-y curves. The effects of all practical perturbations are well understood 
in this way. 

Values of Af/fand E,(0)?/W, at frequencies in the “cavity” passband are 
nearly those of the eight-pair structure shown in Fig. 7-13. The impedance 
parameter varies from about 100 ohms for the e~o? cavity field harmonic 
near the » = 0 cutoff frequency to 10 ohms or so near y = 7. 


43D (inches) 


@ Measured 


x Points calculate 
and extrapolated 


(TMo1o cutoff if D = 2.85) 


1/4 r/2 37/4 T 


Fig. 7-15. Dispersion curves for the centipede cavity chain. The resonant frequencies 
P, and so on, correspond to those of the modes of Fig. 7-12. Points have been calculated 
by dispersion Eq. 7-31 as explained in the text. The TMog. mode cutoff frequency occurs 
at 7.4 kMc. 
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7-7. The Cloverleaf Chain 


Figure 7-16 shows an exploded view of the cloverleaf chain which has 
dispersion curves like those shown on Fig. 7-10 for the chain of twelve 
U loops but resonant modes of different character. The periodicity opera- 
tion in the cloverleaf chain is a translation by L and a rotation of +45°, as 
the more detailed Fig. 7-17a shows. A single cavity has four leaves and 
eight slots plus a centerhole in each slot plane. The neighbors are rotated 
45°, as illustrated by the dashed leaf B, (r for reference) of the cavity just 
behind the reference cavity shown. 

Let us define and examine suitable cutoff “cavity” modes in order to 
discover why this structure has a positive group velocity and a wide 
dispersion curve over the range 0 <<» <7. The flow of the magnetic 
field in the centerplane of the reference cavity is shown by the dashed lines 
in Fig. 7-17a. Because of the rotation of neighboring cavities the com- 
ponent of magnetic field parallel to the long axis of reference slot S, in 
one cavity tends to cancel that component in the adjacent cavity. This 
means the tangential magnetic field along each slot will be quite small at 
gy = 0. Let us approximate the situation by placing magnetic shorting 
planes on the outer portions of the slots in Fig. 7-17b, with electric shorts 
on the inner ends of the slots and the centerholes where the electric field 
has the “straight-through” character. These planes define a hybrid 
open-circuit-short-circuit mode which we label simply the gy = 0 mode. 
At » = 7, the slot magnetic fields reinforce on both sides of each slot 
but cancel on both sides of each centerhole, so we define the » = 7 mode, 
Fig. 7-17c, by electric shorts on the outer ends of the slots and magnetic 
shorts on the inner ends and the centerholes. 

These properties enable us to understand the effect of the slots on the 
“cavity” (lower) dispersion curve. Let us write Green’s relation, Eq. 
3-435, in terms of the y = 0 and a modes so as to obtain an exact relation 


Fig. 7-16. A cloverleaf slow wave structure (from Chodorow and Craig [6]). 
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Fig. 7-17. The resonant modes of the cloverleaf cavity chain. (a) Geometry, showing 
the field patterns H, and h, of the resonant “cavity” modes, (b) the g = 0 resonant 
“cavity” mode, (c) the g = 7 resonant “‘cavity’’ mode, (d) the resonant ‘‘slot’’ mode. 


between Po, the resonant frequency of the py = 0 mode and nearly the true 
y = 0 cutoff frequency, and p,, the 7 mode resonant frequency and very 
nearly the true z cutoff frequency. With A = A, B= @,,V x é€, =p,h,, 
eee pe, V x E, = Pf, and V x A, = Pyky, we obtain 


(p,°— P)| £,:é,dV= $ x PoH, — E, x p,h,)* ids 
cav (0) S 


= —2P, i é, x Hy: i,dS + 2p. | EO eye dS (7-33) 
center slots 
Tegion S-— 
Since the volume integral f £,- é, dV is positive we see that p, > Po, not 
only because the integral over the centerhole alone has its usual negative 
value but also because the slot integral is positive (see the pattern directions 
on Fig. 7-17b, c). It follows that the 7 cutoff frequency, with the slots 
effectively shorted, is only slightly higher than the a cutoff frequency of 
an equivalent centerhole-coupled chain, while the zero cutoff frequency 
is considerably lower because of the slot coupling. Such deductions based 
upon Green’s relation are safer and easier than equivalent statements on 
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Fig. 7-18. Dispersion curve for a typical cloverleaf chain. The calculated curve was 
obtained from Eq. 7-34 in the manner explained in the text. The slots are half a free- 
space wavelength long at 4.1 kMc. 


the basis of displaced electric and magnetic stored energies, particularly 
in a geometry of this sort. 

The w-g curve for the “cavity” passband of a typical cloverleaf chain 
appears in Fig. 7-18. The “‘slot’’ passband lies above, with a 7 cutoff 
frequency of about 4.1 kMc. In order to develop an appropriate dispersion 
relation using the modes just introduced we define the resonant slot mode 
as a convenient means of representing tangential electric field on these 
relatively wide slots. This mode is defined between magnetically shorted 
cavity midplanes (B,) and (B,), and the é@ pattern has the configuration 
shown in Fig. 7-17d. We must distinguish the (S—) slot mode from its 
neighbor at the (S+) slot, also shown, because of the rotational effect. 

In Appendix C we form a dispersion relation by representing the fields 
deep within the cavity by the “cavity” mode; this mode will resemble 
closely the fields in beam tubes at usual operating frequencies of about 
27/3 “‘cold” circuit phase shift per cavity. This mode is excited by tan- 
gential electric field on the slots, given by the “slot” modes, and also 
tangential magnetic field on the centerholes, approximated best by the 


Resonant-Slot and Resonant-Loop Coupled Structures 241 


“cavity” » = 0 mode. The “slot”? mode, in turn, is excited by tangential 
magnetic field on the midplanes, as expressed by the “cavity” = 7 mode 
at the frequencies of interest. The result is the following dispersion rela- 
tion for the “cavity” dispersion curve alone. 


(p.” ia k*)[(p," cae k*)U, os P»M,,(1 + cos Q) ae k mee (1 + cos P) = 0 


(7-34a) 
with p, = the half-wavelength resonant frequency of a slot 
P, = the “cavity” 7 mode resonant frequency, taken to be 
the actual 7 cutoff frequency 
u.=*| Ah, av 
T JUV 
M,, = b [ eo i, dS (7-34b) 
7 Jcenter 


Moe A al Cee RR a as| Es X Ld aS. 
S B2 


S = number of slots in a slot plane 


This dispersion relation was used to calculate the dashed curve of Fig. 7-18, 
where p, corresponds to 4.1 kMc, the slot half-wavelength frequency, 
which is very nearly the 7 cutoff frequency of the upper passband, p, is 
taken as known, and M,,/U, and m,,?/U, are chosen to “fit” the » = 0 
and 7/2 points. The validity of Eq. 7-34 will now be further justified by 
calculation of the interaction parameter E,(0)?/W,. 

There is no difficulty in describing £,(0) along the axis at operating 
frequencies near the first 7 cutoff; these cavities are narrow enough to 
guarantee a nearly sinusoidal field pattern across the cavity (see Fig. 
T-17c). However, calculation of W,, the total time-average stored energy 
per cavity, is less straightforward because of the considerable overlap of 
the mode patterns of these wide slots with the “cavity” mode patterns. 
We therefore choose to calculate W, as Pay/v,, where Pay is the total 
power flow across a slot plane in terms of “slot” and “‘cavity’ modes 
separately, 


ore i Re E I Dg eg. X Fig*(1 — eA - 7, dS 
S— 


a0 [ v6 x Hy*(1 + €7**) Ay: i, as), (7-35) 
center 


region 
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Fig. 7-19. E2|Wy with E? averaged on the axis across the cavity, for a cloverleaf chain. 
The calculated curve was obtained from Eq. 7-35 according to the remarks following 
that equation. 


and v, is the group velocity calculated from Eq. 7-34. The final equation 
in Appendix C yields a curve of 


ifr |E(O)|? dz 
0 W. 


§ 
based upon the values of p,, M,,, and m,, for the w-y curve which is 
plotted in Fig. 7-19. The z point has been fitted to the measured value 
because of the difficulty of normalizing the mode patterns to the cavity 
volume. Agreement is good down to y & 27/3, below which £,(0) rises as 
the field takes on the character of the “straight-through” mode at g = 0. 

We believe, on the basis of this discussion and subsequent computations, 
that the coupled-mode analysis of the cloverleaf structure is good enough 
to use in formulating the equations for the interaction between such a 
cavity chain and an electron beam. The beam interacts only with the 
é, field of the “cavity” z mode at frequencies near the z cutoff so that the 
interaction is completely determined by the “cold” circuit dispersion rela- 
tion and by the precise @,,(0) distribution of the 7 mode pattern along 
the axis. In Section 8-6 we elaborate on this point. 


Problems 


1. Derive Eq. 7-3 from Maxwell’s equations with tangential magnetic field on 
the boundaries of the slot cell. 

2. In the resonant-slot coupled chain estimate the amplitude V, of the second 
resonant cavity mode, with P,a = 5.52, and show it is small with respect 
to V, at frequencies in the first “cavity” passband. 


11. 


12. 


Resonant-Slot and Resonant-Loop Coupled Structures 243 


. Estimate E?/W, at frequencies in the “cavity” passband by the first two short- 


circuit “cavity” modes, with J, given by Eqs. 7-1 and 7-8 and J, given by an 
analogous expression. The estimated curve, normalized to the value for the 
first cavity mode alone, predicts the decrease in the upper curve of Fig. 7-5 
over the range 0 < Aol < n/2. 


. Show that the irrotational modes of Eq. 7-14 satisfy the defining Eqs. 5-13 


and 5-17. 


. Verify that the corrections to the lower dispersion curve of the rotated-cavity 


chain due to the second solenoidal cavity mode and the sin (3 7/¢)-compo- 
nent of slot voltage are both negligible. 


. Show that any other choice but Eq. 7-22 does not yield a proper dispersion 


relation for the resonant-slot coupled chain. 


. How are the five parameters of Eq. 7-26 interrelated? 
. Study the 2 pattern on the U-loop coupling surface in Fig. 7-9. Verify the 


fact that it will raise the 7 point on Fig. 7-10 according to Table 4-1 on 
page 103. This implies that the variationally derived dispersion relation 
for the slot-coupled chain also serves to describe the U-loop coupled chain. 


. Derive Eq. 7-30a. 
. Does Eq. 7-31 imply the frequency-squared sum rule for the first two pass- 


bands of a centipede chain? 

If two w-p curves did cross at a point in the range 0 <  < 7, as they 
occasionally do in a structure with mirror symmetry, what is implied about 
the symmetries of their fields? (Hint: consider the properties of the group 
velocity as determined by the extended version of Eq. 5-50). 

Verify from the cloverleaf symmetry, Fig. 7-17, that all the slots in a plane 
do cooperate in exciting the fields of the adjacent cavities. 
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Chapter VIII 


Analyses of Electron Beam Interaction 


with Various Slow Wave Structures 


8-1. Synopsis 


This Chapter is primarily devoted to a variational description of longi- 
tudinal electron beam interaction with general helices and cavity chains. 
In Section 8-2 we review H. A. Haus’ derivation of the Pierce deter- 
minantal equation for the beam interacting with essentially one “cold” 
circuit mode of a helix. The fields are represented by this circuit mode as 
well as by the ordinary fast and slow space charge modes, which also 
represent the beam kinetic voltage and current. By inserting these trial 
fields and beam excitations into a variational expression for propagation 
constant I'(e~'? dependence of all quantities) the amplitudes are ad- 
justed so as to make I’ stationary. When we make certain reasonable 
approximations the equation for the incremental propagation constant 
assumes the Pierce form. 

In Section 8-3 we essentially derive the same determinantal equation 
from a variational expression either for jw at fixed I’ or for I at fixed w, 
which has the merit of accounting more carefully for the boundary con- 
ditions in the “thot” circuit. If the beam is interacting with only one 
circuit mode and its propagation constant is only slightly perturbed, we 
show that the equation for the incremental propagation constants in the 
composite system must be of the Pierce form. For more general helices 
with axial periodicity and more complicated boundary conditions this 
extended variational expression is more appropriate. For example, we 
could use it to study beam interaction with two modes of the tape helix, 
say, at a frequency and beam velocity such that the beam and circuit are 
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synchronous near a “cold” circuit resonance where the group velocity is 
zero or nearly so. 

The variational expression for jw, appropriately modified to include the 
electron beam, also serves to yield a determinantal equation for complex 
phase shift y (<~” phase shift per cavity) of a symmetrical cavity chain. 
Now we represent the fields of the nth passband by the two open- and 
short-circuit modes, the amplitudes of which are chosen so as to make w 
stationary. Provided the beam is nearly synchronous with the “cold” 
circuit fields and the “cold” phase shift is not altered too much, we can 
cast the determinantal equation for the incremental phase shift per cavity 
into Pierce form. In many structures the modes of the second passband 
contribute appreciably to the fields at frequencies in the first passband, 
but if certain weak-beam conditions are met the dispersion equation 
remains in Pierce form. 

In Section 8-5 we extend the analysis of the resonant-slot coupled chain 
as treated in Section 7-2 to account for the presence of a beam. The 
determinantal equation for phase shift assumes the Pierce form modified 
by a factor (P,/k)? = 1.at frequencies in the “‘cavity” passband. For more 
general structures, including the more complicated resonant-slot and 
resonant-loop coupled chains, we formulate an equivalence principle to 
simplify the beam-circuit interaction problem. According to this principle 
the interaction and the dispersion are completely determined provided (a) 
the beam “‘sees”’ only the pair of resonant cavity modes of one passband, 
(b) the EZ, field pattern in the beam region is completely known, and (c) 
an accurate “cold” circuit dispersion relation for this passband is known. 
The ordinary resonant-slot coupled chain obeys all these criteria at 
frequencies in the “cavity” passband where the beam does not “see” the 
slot fields which are very weak in the beam region. 


8-2. Variational Treatment of the Interaction between 
One Helix Mode and the Beam 


We first consider the interaction of one circuit mode-harmonic prop- 
agating on an arbitrary helix or other slow wave structure as «~/* in 
the absence of the beam with the fast and slow space charge modes which 
propagate as <~(?.+/.)? on the uncoupled beam. Here f, is the reduced 
plasma propagation constant. The analysis follows that of Haus [1] with 
some changes in his notation and more details of the development. 

We first construct a variational expression for propagation constant I’ 
of the coupled beam-helix system. Periodicity along the axial direction is 
neglected, so that Maxwell’s equations with the curl operator split into 
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transverse and longitudinal portions are 


V, x £, —Ti, x £, = —jouH, (8-1a) 
V, x A, —Ti, x A, = jock, + J, (8-15) 


Subscript plus identifies one complete set of field and beam excitations 
which propagate as «'*. The circuit is coupled to the beam through J/,, 
and the beam equations of Appendix D take the form 


(iB. sal Tee = 15% 


Cpa r)J, re IYoBaV ics 
Throughout this chapter the beam is considered to flow only along the z 
axis. To form the expression for I’ with the derivation of Eq. 6-45 as a 
guide we dot-multiply Eq. 8-la by an independent (adjoint) magnetic 
field H_* and Eq. 8-1b, by —E_*. Here the asterisk denotes a complex 
conjugate. Subscript minus denotes these independent fields, the nature 
of which will be specified in order to guarantee the variational property 
of the T’ expression. We also multiply Eq. 8-2a by J_* and Eq. 8-2b by 
V,,.*. Addition of these four equations yields the variational expression 
for [: 


Y, = Zo =e eR ey 


r | (hy x A + B* x A+ i, +0 
A 
=| (Vr x E,. ae jouH,) - A_* — (Vz x A, m jock, i Ji): ES 
A 


+ (iB Vax. — £,)- S* + Bel, — XoBVe) Ve*14A (8-3) 


We may prove the variational nature of Eq. 8-3 by demonstrating either 
(1) that small errors in the correct fields, 6£,, 6H_, and the others 
generate an error in I’, 6I', which is proportional to (6£,)?, (64_)*, and 
the others, or (2) that if dI° is set equal to zero for all small variations 
6E£,, OA_, and the others, with neglect of the quadratic errors, then the 
trial fields and beam excitations must satisfy Eqs. 8-1 and 8-2. The latter 
procedure is adopted in practice. From the remarks in Section 6-34 it is 
obvious that if 6I° is zero relative to all small variations of the minus 
fields and beam excitations, the plus quantities must satisfy Eqs. 8-1 and 
8-2 with neglect of quadratic terms. Now let us set df = 0 relative to 
6£,, say. When we invert the V, x 6£, term we obtain 


[Ve x 06,- Add =| 96,-Vp x Hdd + $88, x At dS 
A 1A Cc 


C being the contour of intersection of the cross-sectional plane A with 
metal surfaces. We assume the trial fields EF, are properly normal to C so 
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that this contour integral vanishes. Then Eq. 8-3 leaves us with 
rf fe * x i, dA 
‘A 
= I ee x H+ 4 jacdh, “h* — 6h) dA» (84a) 


and this rearranges into 
0 =| x A*+Ti, x A_* + jock_* — f_*)-6E, dA (8-4b) 
A 


Since this is true for arbitrary 6E, within the cross section we see that the 
adjoint quantities obey the equation 


V, x H_+*i, x A_ = joek_ + J_ (8-5) 


that is, the same equation as the plus quantities except that —I’ is replaced 
by +I°*. The adjoint excitations are defined as propagating as «+? *?, 
Analogously we may prove that if 6’ = 0 relative to 6A,, 6V;,,, and d/,, 
then the remainder of Eqs. 8-1 and 8-2 are satisfied by the adjoint excit- 
ations provided +I'* replaces —T’. 

In a lossless system with no energy sources I’ = jf and —l = +T°*. 
But with ohmic loss present (which we neglect) or with a beam as an 
energy source, I’ = « + jf, whereupon it follows that if the plus excita- 
tions propagating as <‘~* 4” represent a growing wave the minus 
excitations form a decaying wave. Physically these two waves are equally 
significant in a system with no ohmic loss, so we always have a growing- 
decaying wave pair in a circuit coupled to a beam. 

Now that we are assured of the variational nature of Eq. 8-3 we can 
proceed to derive a determinantal equation for I. The most practical 
case covered by this analysis is the one in which the d.c. beam is syn- 
chronous or nearly so with the predominant n = 0 mode of a tape helix, 
at point A, for example, in Fig. 8-1. This point is sufficiently below 
resonance point D so that the “cold” circuit is truly propagating with a 
phase velocity k/B ~tany. Our development to follow will also be 
appropriate for interaction with then = +1 mode at point B. It will only 
be appropriate, however, for interaction near points C and D with appro- 
priate modification of the trial functions. In the former case both the 
n = Oand +1 circuit modes would be required because the n = +1 mode 
with propagation constant f,, ~ k primarily determines the “cold” circuit 
dispersion according to the remarks of Section 6-3C. In the latter case of 
interaction near point D, the excitation of the n = —1 mode is comparable 
to that of the n = 0 mode for the same reason. 

To represent the fields at the operating frequency and beam velocity 
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Ba —> 


Fig. 8-1. A portion of the w-f diagram (Fig. 2-4) for the single-tape helix, showing an 
electron beam of relative velocity k/B, = u/c in synchronism with circuit waves at 
points Band C. 


such that the beam is synchronous or nearly so at point A we employ the 
“cold” circuit mode of field patterns £,(x, y) and H,(x, y), as well as the 
slow and fast beam modes of patterns E(x, y), H,(x, y), Vy(z, y), and 
J,(a, y) and E,,..., Ja, respectively. We assign them amplitudes a,, aj, 
and a, and write the trial excitations as 

E,(«, y) = a,E, + aE, + a2, Viev(@, y) = Vi, + 420g (8-6a,c) 
A(x, y) = a,H, + aH, + aA, J (x, y) = AJ, + dade (8-6b,d) 


The “‘cold” circuit patterns £, and H, are understood to satisfy the relations 


Vr x E, —jB,i, x E, = —joulH,, (8-7a) 
Vr x A, — jB,i, X H, = jweE, (8-7b) 

while the ‘“‘uncoupled” slow beam mode patterns satisfy 
Vr xX £, — j,i, x Ey = —jouhh, —jBVia = En (8-8a,c) 


Vr x A, = JB ile x A, = jwek, a Ji, —jB Jy = {YB Via (8-85,d) 
with B,= 6, + B, 


This mode has a negative admittance J,/V,, = — Yo, so that the a.c. 
power flow per unit amplitude a, is —} Y, |V,,|* per unit area. The patterns 
of the fast beam mode are defined by Eqs. 8-8 but in terms of Fy, Ho, Vis, 
and J, and with 6, = 8, — 6, in place of B,. We may represent the adjoint 
wave excitations of subscript minus by exactly the same patterns but with 
independent amplitudes b,, b,, and b, in Eqs. 8-6. All these trial fields and 
excitations now go into variational Eq. 8-3, which simplifies somewhat 
when we use Eqs. 8-7 and 8-8. Two of the a,b,* and a,b,* terms also 
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cancel if we specify pattern J, as real and equal to J,, whereupon the 
complex amplitudes will specify the precise excitation of each beam mode. 
It follows from the last of Eqs. 8-8 for the slow mode and the relation 
+jB J, = j¥ob.V 2 for the fast mode that V7, = —DVy». 

If we define these “cold” circuit and uncoupled beam mode power flows, 
per unit amplitude of a,, a,, and dp, 


Pay,e = ; | fee H.* + £.* x A,)- i, dA, circuit mode power 
Ve 

Pay,c1 = : i (E, x H,\* + E,* x A): i,dA, a complex crosspower 
Fi 


Pay,c2 = ; | (E, x H,* + E,* x H,)-i, dA, another crosspower 
a 


Pay, = : | (Ey x fi,* + ES x A) iI beam (8-9) 
A 
a Vis ( dpi = Var 4 J] dA mode 
Pay,2 = AG xX H,* + 1 od x A.) : is powers 
A 


a7 Vea dt ik Via* - J.) dA 
and set 6’ = 0 relative to 6b,, 6b,, and db, successively, we obtain the 
following three equations for amplitudes a,, a,, and a,: 


0 = a,jB(4Pav,c) + aijh(4P. av.e1) + aojB,(4P av,e2) 
= T[a,(4Pav,c) + a,(4Pav,c1) + a(4Pav,c2)] 


0= a,| iB 4Pav) — [4 OF.) a| + a,jB,(4Pay,1) 
+ anjB,| (Es x. A,* + £,* x H,):i,dA (8-10) 
“ P| a(4Pava) rd a Ip (x Ay + Bx BD :i, a] 
0= a_| iB AP) _ [ 4 - J,* a4| 
+ arjB, fp (E, x A,* + E,* x Ay) i,dA + asj8{4Pav,2) 


= P| a(4Pav) 4 a,| (E, x A,* + E,* x Hy): i,dA + a,(4Pax2)| 
yr 


The determinant of this matrix of coefficients set equal to zero yields the 
allowed values of I’, one for each of the three independent waves of the 
composite system. 
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We can eliminate four terms above by showing 
[ae x A 4 £* x Ae 
A 
from an orthogonality relation obtained by dot-multiplying Eq. 8-8a 
conjugated by —A,, Eq. 8-8b conjugated by £,, and the corresponding 
equations for the fast beam mode by —AH,* and £,*, respectively. By 
addition we obtain, with the aid of Eq. 8-8c,d, 
~2ip.| (E, x H* + E,* x As) > [es dA 
A 
=| Gt: Bet Jy BA) dA = tips: 
A 
| (Viar* + Jn + Vig Si*) dA ~| Pa -J,— Via J:)dA=0 (8-11) 
A 


Equation 8-10 therefore yields this determinantal equation for I: 


(iB. es 1)4Pay,e (ip; a T')4Payv,et (iB; a T)4PHv 2 
(iB, — V)4Pavy,ct -| E,: J, dA (iB, —V)4Pav,1 0 =0 
A 
(7B, — V)4Pav,co -| E,:J,dA 0 (j8; — 1)4Pay,2 
A 
(8-12) 


The 12 (row 1, column 2) and 13 terms are converted into forms resembling 
the 21 and 31 terms as follows. From Eqs. 8-7 and 8-8 we can derive 


CiB.4 - jp.)| (£,.* A,* + £.* x Ay.) ae | E,*-J,dA 
A ‘A 
(8-13a) 
by which the 12 and 13 terms can be written 
(iB. — T)4Ph,01 + | Be. Jdd eee 
(8-13b) 
(iB. — T)4P 3,02 +| E.*-J,dA respectively 
A 
To simplify these equations we introduce the Pierce parameters [2]. 


The synchronism parameter bp (subscript P for Pierce) relates the “cold” 
circuit propagation constant to that of the d.c. beam as 


B. =B(1+Cpbp), | Cp to be defined (8-14a) 


— 
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and incremental propagation constant 6p is defined by 
D = jB, — B.Cpdp (8-145) 


We now make the usual assumption that the crosspower terms in Eq. 
8-13 are small with respect to 


i E*-JdA 
A 
Then Eq. 8-12 is expanded and simplified into the well-known form 
2 By 
(jop — by) |b + (2) =1 (8-15a) 
B.Cp 
provided we define Cp as 
ns = 2 
| E,°J,dA| B, 
Pav 0 (8-156) 


8B? Pav,e(— Pav,1) ‘ 


For a thin beam, V7; and J, are nearly uniform in the cross section, so 
Poy = +4V S14, A, being the beam area. With /V,. = —4|Jol B./ UB, 
we obtain 

Ee laee tol 


Cp? (thin beam) = 
p ( ) 2B,2Pav.e 4U, 


(8-16) 


Here Cp is the gain parameter because propagation of each independent 
wave, in particular the growing wave, is as «1? = ¢%e? ¢PeCr%r?. Many 
solutions of Eq. 8-15 are available [3,4] over a wide range of values of Cp, 
bp, and space charge parameter f,/6,Cp, so commonly denoted by 
V4(QC)p. 

Suppose we treat briefly the case in which only one of the beam modes 
is nearly in synchronism with the “cold” circuit. Then two of the com- 
posite system waves will have propagation constants which are nearly 
equal to the “cold” circuit propagation constant; the third wave is 
essentially the uncoupled beam mode. To find the incremental propa- 
gation constants of the first two waves we can reduce Eq. 8-12 to the 
2 x 2 form which involves the “‘cold’”’ circuit mode and the nearly syn- 
chronous beam mode. The resultant expression for 6 shows that the two 
new waves are a growing-decaying pair if the power flows of the uncoupled 
modes have opposite signs as, for example, a circuit mode with group 
velocity in the direction of the beam flow and the slow beam mode. The 
two new waves are a constant-amplitude pair if these power flows have the 
same signs. 
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8-3. Extended Variational Treatment of the 
Helix-Beam Interaction 


Variational Eq. 8-3 is easy enough to use when we account for axial 
periodicity over a period L; we simply write the trial fields in the form 


E(x, y, 2) = E,(x, y, z)e7*, where E(x, y,z+L)= E(x, y, 2) 


and integrate over a period L. However, it suffers from a more funda- 
mental defect. It assumes that the “cold” circuit fields are known to the 
extent they satisfy the proper boundary conditions on metal surfaces and 
open surfaces between the inner and outer helix regions. But the “‘cold” 
circuit fields are known exactly only for the idealistic sheath helix. In 
fact, the whole of Section 6-3 treated the problem of determining the 
relative amplitudes of sheath helix modes comprising a tape helix wave, 
and the dispersion relation. Therefore we now analyze the problem so as 
to account not only for more than one axial harmonic in the trial fields 
but also the boundary conditions in the “hot” circuit. To modify vari- 
ational Eq. 8-3 we simply change I’ to —0/dz and add to the left side the 
W, and W, integrals over the wire (or other metal surfaces) and the D 
integrals which appear on the right side of Eq. 6-45. The argument of the 
nth Bessel functions J, and K,, is now understood to be the complex y,. 
Alternatively, we could obtain the same variational expression by modify- 
ing Eq. 6-45 as follows. Assuming the beam travels in the inner A, region 
of the helix, the changes are: 


(a) The first bracketed expression is augmented by —J, 
(6) These integrals are added to the right side: 


-| t+: [(i8. + 2) 7. 4] aa 
—[ rs [(i8. + 2) 4, = pbb | a 


Then it is easy to prove that if 6(jw) = 0 for arbitrary 6V;,,..., 6J_, not 
only are Maxwell’s equations satisfied by the plus and minus excitations, 
but also the beam equations 


(18. + 2) Vn. = be = (6a (8-174) 


(18. + 2) J. = 1108 Pre (8-178) 


| 


Analyses of Electron Beam Interaction with Various Slow Wave Structures 253 


are satisfied. The proof is developed with the work following Eq. 6-45 as 
a guide. The modified Eq. 8-3 in terms of I’ is equivalent to the modified 
Eq. 6-45 in terms of jw, with the curl operator equal to Vp x +i,(0/dz) x, 
since I’ is stationary at fixed w when w is stationary at fixed I. 

We now merely outline the derivation of determinantal Eq. 8-15 from 
the new variational expression rather than from Eq. 8-3. The beam is 
again assumed to interact with the single n = 0 “cold” circuit mode at 
the frequency corresponding to point A of Fig. 8-1. We assume «—!” 
propagation, with Im I'= 78,, and neglect the periodic nature of the 
weaker components of the “cold” circuit wave to which the n = 0 mode 
belongs. The circuit contribution to the trial fields is now furnished by 
the n = 0 sheath mode components of Eqs. 6-51 and 6-52 with n = 0, T 
replacing jf), and radial propagation constant y = iv I? + k? understood 
to be complex. These fields replace a,£, and a,H, of Eq. 8-6a,b so that 
E,, for example, reads 


is seca Be 
Ey, = 1,B3I,(yr) + i,Bs 5 I(yr) 


_ iB 2 I, + a,E, + a,£,, r<a (8-18a) 
Y 


The first three terms with variational amplitudes B, and B, satisfy 
Maxwell’s equations, without the beam terms but with y complex, exactly. 
Here a,£, and a,F£, again represent the beam mode contributions to the 
field. In the outer helix region, r > a, we have from Eq. 6-52 


E, = i,B,K,(yr) — i,B, z Ky(yr) + ‘B= K;, pee Te (8-18b) 
na Y 


in which B, and B, are variational amplitudes. We have analogous 
expressions for A, in both regions, and the adjoint fields are identical in 
form but for independent amplitudes C,,..., C,. 

With these new trial fields in the new variational equation, we obtain a 
dispersion relation for w(I’) by varying each adjoint amplitude in turn, 
including those adjoint to b, and b,. We choose to specify é, = —E, 
explicitly just as in Section 6-3D, whereby one of the sheath mode ampli- 
tudes, say B,, is expressed in terms of the other three. Three circuit 
equations arise, in terms of B,, B,, and Bs, which are exactly the same as 
in the “cold” circuit except for the complex y and I’ = 78 and the new 
beam coupling terms 


ay | Tor) dA + aa| Tore dA 


in the equation obtained by varying C,*. Variation of the adjoint beam 
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mode amplitudes yields essentially Eq. 8-10b,c except that the circuit 
terms proportional to a, are replaced by 


=B,| oly) dA and —B,| oly) Jue dA 


respectively. We again neglect the crosspowers defined in Eq. 8-9b,c. 
Then the functional form of the dispersion relation is 


Lt B Cu 0 0 

DS Ep eae 0 0 

G HH ia { Le | 1* Jag 

ees ee Pett] = 0 (8-19) 
0 0 —[lohe* | (iB, —T)4Povs 0 

(en) — | Toh : 0 (iB, — T)4Pav.2 


with Bb, = B. + Bo By = B. — By 

The determinant of the upper 3 x 3 matrix set equal to zero would give 
us the “cold” helix dispersion relation; the determinant of the lower 
right-hand 2 x 2 portion set equal to zero yields I = j(6, + £,) of the 
uncoupled beam. 

We can expand the determinant of Eq. 8-19, introduce the Pierce 
notation, and proceed to derive Eq. 8-15 for the incremental propagation 
constant, where now 


} I,(yr)J,,dA replaces | EB. Jgda 


Ai Aj 

in the numerator of Cp*. In this derivation we do not obtain the term 
P,.¢, “cold” circuit power flow per unit amplitude B,, directly. Rather 
we obtain a term of the form D(y), which has the form of the “cold” 
circuit dispersion relation. But this term can be approximated as 


aD ay 
dy oF 


with y a function of propagation constant I’ at constant k. Now it is 
merely a laborious task to prove that (0D/dy)(0y/0T), _,, is proportional 
to P,,,,—and that Pierce’s equation obtains—if we neglect the small terms 
proportional to the relative tape width ¢ defined in Eq. 6-53. But it is 
impractical to demonstrate this point if we retain all the terms which 
arise in Eq. 8-19. 


Diy) = Dy) + “(EP — jBo), Do) = 9 (8-20) 


Y=Yo 
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Fortunately we can resort to a general proof based directly on the 
variational properties to show that any determinantal equation for T 
obtained like Eq. 8-19 and formulated in terms of one propagating mode 
inside and outside the helix must lead to a Pierce determinantal equation in 
the form of Eq. 8-15 provided the beam is weak so that 


\P — jB.| = |—B,Cpdp — jB.Cpbp| <K B. (8-21) 
The proof is in Appendix A Section A.2. 
At this time we must level a rather serious criticism of any numerical 
calculation of Cp based on just a few trial fields determined variationally. 
The variational method gives the expected formula for the incremental 
propagation constant, but it does not guarantee an accurate numerical 
evaluation. Now, we have direct evidence that the calculated impedance 
parameter Z = £,?/(28,?Pay) in Cp is often erroneous by a factor of 2 or 
more; see Fig. 6-5 for example. Obviously the gain parameter should 
not be calculated from such a crude estimate of the impedance. This 
result may seem strange in view of the fact we are using a variational 
expression for I'(w) which should tend to make the complex I quite 
accurate compared to the trial fields. However, consider the following 
point. A variationally calculated “cold” circuit dispersion curve will be 
approximately parallel to the correct curve. The slope k/f is usually 
about 0.1 or so for a slow wave, however, which means the error Ak/AB 
is about 0.1. Therefore, although the error Ak at fixed 6 might be small, 
_the error Af at fixed k can be perhaps ten times larger. Thus, the incre- 
“mental propagation constants in the “hot” circuit can have large errors if 
_Cp depends upon the calculated rather than the measured impedance 
_ parameter. 

To avoid error in the impedance parameter we can either perform a 
'more accurate calculation of the fields with more trial functions or resort 
to measurement of F,7/26,2Pay, since the variational method has obviously 
| justified the form of the correct dispersion relation. Various methods of 

measuring this impedance parameter are described in Appendix B. The 
apparent disadvantage of extending the variational calculation is the labor 
of evaluating a larger number of relative amplitudes of the trial field modes 
‘so as to be consistent with the “cold” circuit boundary conditions. 

| We now modify the preceding discussion in order to describe the 
interaction between a beam and the predominant n = +1 “backward” 
‘mode with synchronism near point B of Fig. 8-1. This mode has e, ~ 
\I,(yr) = 0 near the axis so we shall assume a hollow beam flowing in the 
inner region close to the tape at r = a. The analysis is precisely that for 
the n = 0 mode interaction except that we represent the circuit fields of 
‘et? variation by the n = +1 mode components of Eqs. 6-51 and 6-52. 


a 
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Although we could regard the beam as composed of a number of filaments, 
each one “driven”’ by the local é, field, it is more accurate to represent the 
space charge field by the nm = +1 space charge modes. These modes 
propagate on the “free” beam within a drift tube of radius equal to the 
helix radius and have the components é,, é,, hy, V;,,, and J, if the axial 
d.c. magnetic field is high. Each propagates as eI Be Bade where By 
must be ascertained from a solution of the beam and field equations 
within the drift tube.1 

The total £, trial field of the n = +1 mode in the inner helix region, 
rEanis 


Z “ ei je 
E, = i,(Bs)1,(yr) + deo.? Ty’ — (By); ae h| 
c a 
rad il - —(Ba)s 5, fr @e1 1 | + a,£, + ake, r<a, 
Y 
with y?= —I?—k? and ’=—— (8-22) 


and this varies as </°-T*. If we again explicitly specify continuous é, = E 
and h, = A) (as in Section 6-3C), on the surface r = a and set iy =0 
with respect to variations of two of the adjoint circuit amplitudes as well 
as two adjoint beam amplitudes, we obtain an equation like 8-19. As we 
observed several paragraphs ago, this can be converted into the Pierce 
form. The numerator of Cp° now contains the coupling integral 


| L(yr)J,, dA } 


as well as 6, of the n = 1 space charge mode. Here P,,, is the circuit 
power flow per unit amplitude of the inner @, field and is negative because 
the group velocity at point B of Fig. 8-1 is negative. 

By way of summary we can say that the preceding analysis based on a 
variational expression which accounts more carefully for the boundary 
conditions is consistent with the usual Pierce formulation. When only 
one circuit mode interacts with the beam the incremental propagation 
constant depends upon the coupling parameter 
2 


| E.-J*dA 
Ae ee 
DBP ae 


which either must be calculated more carefully than the “cold” circuit 


1See W. H. Louisell [5]. His Appendix B treats the solid cylindrical beam in a drift 
tube. 
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dispersion curve or else measured directly. The full power of the vari- 
ational method is available for those situations in which two or more 
circuit modes predominate in the fields. Such is the case when the beam 
interacts with the helix at point C or D of Fig. 8-1. 


8-4. Interaction between the Beam and Certain 
Cavity Chains 


In this section we discuss only those cavity chains in which the fields of 
both the first and second passbands are characterized by resonant “‘cavity”’ 
modes the amplitudes of which phase shift abruptly across the coupling 
surfaces. The resonant-slot and resonant-loop coupled structures, in 
which the fields of one of the passbands are characterized by a pair of 
“slot” or “loop” modes, the amplitudes of which tend to phase shift 
rapidly across the cavity midplanes, are relegated to the next section. 
Then our variational expression is Eq. 6-77, with these additions to the 
numerator of the right side: 


(a) —E_*-J, supplements the terms within the very first pair of 
peices 
(b) The terms 


= [2 [lie + 53) — 8] av 
- |v | (ie. + 2)s, = AF P,. | dV (8-23) 


These integrals are the ones which converted Eq. 6-45 into a variational 
_ expression for the beam-helix system except that now we integrate over a 
periodic volume. The demonstration of the variational properties is 
| similar. 


are added 


A. Derivation of the Single Mode-Pair Pierce Equation 


Let us set up the equation for complex phase shift/cavity,” y, when the 
beam interacts with the cavity fields at a frequency within the mth passband. 
These fields are described in first approximation by the one short-circuit 


|? This phase shift y should not be confused with the radial propagation constant of a 
| helix mode. 
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and open-circuit mode of that passband, defined in Section 5-34 as 
Vx £,=P,H, VX @,= Pale 
Vx A,=P,E, . Vee (8-24) 


[acav=| Asav={ e2av—| ht dV=e 
Vv Vv V V 


The normalized short-circuit mode resonant frequency, P,, = w,,/c, could 
be either the zero or 7 phase shift cutoff frequency, whereupon p,, of the 
open-circuit mode is the other cutoff frequency. In variational Eq. 6-77, 
modified by the terms of Eq. 8-23, let us represent the trial fields as 


A 


E_ =0,€, Be ='V_ EF, 
# é J a (8-25) 
A_=i,h, A, =1,H, 
where the minus trial field is presumed to phase shift by <”° and the plus 
field, by «~” from cavity (m) to cavity (m + 1) for the same reason that 
the fields propagated as e'** and «~'” respectively, in the beam-helix 
system. 

When we set d{jw} = 0 with respect to di,,* and dv,,* in the variational 
equation and eliminate /,,, we obtain this circuit equation within cavity (0) 
of reference phase zero: 


cav (0) 


T 


Min =" | (0) x ae (8-26) 


T. = i | E,:é,dV (1 for a narrow passband) 
V 


In the “cold” circuit J is zero and cos @ replaces cosh y. Therefore the 
upper sign applies if the short-circuit mode resonates at k = P, when 
gy =0; otherwise, the lower or plus sign is selected. The term |M,,| 
measures very nearly the passband width |P,, — p,|, and its sign deter- 
mines the slope of the passband (see Table 4-1). The two amplitude 
equations for V,, and J,, may be cast into equivalent circuit form with the 
definitions of equivalent circuit quantities in Eq. 4-43, whereupon a 
current generator proportional to 


appears in shunt with capacitor C,,, in the circuits of Fig. 4-3a,b. And if 
we had interchanged FE, and E£_, A, and A_, and defined i = UJ along 
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with V = Tv, we would have obtained two amplitude equations for v,, 
and i,, which, with the definitions of Eq. 4-45, would be represented by the 
circuits of Fig. 4-4a,b with a current generator again in shunt with C,,, 

If d{j@} = 0 relative to 6f_* and 6V,,_* in Eq. 8-23 the beam equations 
must be true on an integral basis. The beam is regarded as composed of a 
number of filaments, each one driven by the circuit field which it expe- 
riences according to Eq. 8-17. Description of the beam by filaments, in 
each of which the space charge electric field is jZ)B,J, is equivalent to a 
description by fast and slow space charge modes of propagation constants 
B, + 6, in a thin beam. 

Equations 8-26 and the beam equations as they stand will determine 
allowed values of phase shift y provided we realize that V,(z + L) = 
V,(2) «~” and J(z + L) = J(z) «~”. And it is important to realize that the 
accuracy in the calculated y is not affected by a large gain per cavity. This 
follows from the fact that the errors in our fields are measured by the 
extent to which modes of neighboring passbands are excited, not upon the 
gain. These neighboring modes are weakly excited if their resonant 
frequencies are far from the operating frequency. But if the adjacent 
passbands lie close to the one of interest so that their modes contribute 
significantly to the fields at the operating frequency, they will do so for 
both large and small gain. 

If, however, the gain per cavity, Re y, is much less than 1, we can obtain 
_a Pierce determinantal equation for y as follows [6]. First, we define some 
incremental parameters: dp, the incremental phase shift, as 


y = j0, — 0,Cpdp, 6, = 6.L (Cp to be defined) (8-27) 
and bp, the Pierce synchronism parameter, by 
| g®, “cold” circuit phase shift, = 6,(1 + Cpbp) (8-28) 


'p lies on the w-p curve at the operating frequency, k. Now, cosh y in 
terms of bp and 6p is 


| cosh y ~ cos g® + sin y°(6,Cpbp — j0,Cpdp) (8-29) 
provided 


|0,Cpb pl «K 1 and |0,C pd p| K 1 


In order to obtain the Pierce determinantal equation for dp we must add 
the necessary proviso that the resonant cavity modes of neighboring 
passbands are negligibly excited. 

When we substitute Eq. 8-29 into 8-26 and realize that, by definition 
of 7°, 

Wes Eo Kl en “a Pa ntl - cos p’) = 0 (8-30) 
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we can write Eq. 8-26 as 
P, Mant sin © 
jou 


But the expression for “cold” circuit power flow, P,,,, would be 
derived in Section 4-4 as 


= 0,C (bp — jdp)V_ = [ J+é,dV (8-31) 
c 


av (0) 


Pay,e = F t Soon sin 9° Peas (8-32) 
4 wu 


per unit of circuit field amplitude V,. Now if we make the convenient 
definitions 
Leer et ly, = Viger = (8-33) 


in which V, and J are very slowly varying across the cavity according to 
the small-gain approximation, we can write the circuit Eq. 8-31 as 


j(4Pav,c)9.C p(jop — bp)V, = + i 10) e ee dzdA (8-34) 
A cav (0) 


Here J(0) is /(z = 0) entering reference cavity (0). 

In Eq. 8-17a, (0/d2)V;, = [(0/02)V;, — j8 Vu] 4°" so that when we 
move the exponential factor to the right side and integrate across the 
cavity from z = 0 to z = L we obtain 


V,(L) — V,(0) = V,(O)(e*Or*? — 1) = V,(0)0,C pd p 


L 
= v,{ eet F dz + jZ,0,J(0) (8-35) 
0 
The integrated form of Eq. 8-175 is 
J(0)6.Cpdp = j Yo9V;(0) (8-36) 


Now, when we put these last three equations together, the usual deter- 
minantal equation for dp obtains as 


Gia bp)| dp" + ( cal =1 (8-374) 


provided C;° is defined as 


L . L . —_ 
i (| are. ae| ite 2 ra dAY,6, 
C Epes | 0 0 
pow eet te 


ADP Pave 


A thin beam would have uniform excitation over each cross section, so 
if we define effective electric field as 


(8-375) 


4 oe Le 
Ete = — [ = ee az{ e?-" 2 ae (8-38a) 
PL Jo 0 


eee 
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then C,* reduces to the familiar 
Fen \Iol 


C,p* (thin beam) = 
F BRP Pw 4s 


(8-38b) 


Notice that both the open- and short-circuit mode patterns appear in E2,. 
The calculated £2, is subject to the same kind of error inherent in the 
numerator of the impedance parameter of the helix tube, but the per- 
centage error is smaller for smaller holes through which the beam passes. 
Thus, at frequencies near the open-circuit mode resonance in the nth 
passband £2, should be measured by @,,,; at frequencies near the short- 
circuit mode resonance, by £,,, alone. At intermediate frequencies E2, 
as measured by Eq. 8-38 will usually be sufficiently accurate. 


B. Correction for the Modes of the Second Passband 


Suppose, now, that the operating frequency lies in the first passband 
of a cavity chain and we wish to account for the modes of the second 
passband. We assume that the fields at frequencies in the second passband 
tend to phase shift rapidly across the same coupling surfaces as do the 
fields at frequencies in the first passband. Denote the short-circuit mode 
patterns of the second passband by £, and H, and the open-circuit mode 
patterns by é, and /,. Then our trial fields of Eq. 8-25 can be augmented 
as follows: 


EL — V1e, + Veo 1B = VE; + Vee. 


A = - F . ie (8-39) 
lek = ih, + inhy H.. = rH, aa ILA, 

When we set d{ jw} = 0 in the variational expression with respect to dv,* 

and 6i,* we now obtain 


(P;? —= ed ie = P\M,,(1 + cosh yl; + AV, = fig bal J: ey dV 


T cav (0) 


A => (P; ae ay ee |, P,M,,(1 +- cosh y) or = sinh yP 1M. (8-40) 


The two choices of coefficient ./ correspond to a second passband of 
the same character (mode symmetry) as the first passband, or of the 
opposite character, respectively. The discussion of Section 5-5 will clarify 
this matter. Thus, if the modes of both passbands have even symmetry, 
both — cosh y terms are selected; if they both have odd symmetry, both 
+ cosh y terms are apropos. If the first passband has even symmetry and 
the second one odd symmetry, the — cosh y term of the V, coefficient and 
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the — sinh y term of the V, coefficient are taken. Lastly, if these sym- 
metries are reversed we take the + cosh y term and the + sinh y term, 
respectively. 

Just as we obtained Eq. 8-34 we now convert Eq. 8-40 into 


14rd be + (EN 
jou 
=[ sof eMaededd (41 
A cav (0) 


By taking variations 6v,* and di,* we obtain the circuit equation for 
mode 2 as 


BV, + (PS Fe any Bs — P,M,,(1 ¥ cosh y)]V2 
OH i (0): i <6, dzdA (8-42) 
Ted cav (0) 


= (P,” = k*)Toy 7 P.M,,(1 + cosh y) or + sinh yP2Ma 


The sign of this sinh y term is taken in the opposite sense described before. 
This equation reduces to the form of “cold” circuit Eq. 5-49 when J(0) = 0 
and y = jp. 

The beam equations are Eq. 8-35, 8-36 but with the additional circuit 
excitation of V,E,,: 


V,(0)0,C pop = V, he Pet Bde + Vo ie PE, dz + jZ0ql(0) (8-43a) 


J(0)6.C pb p = j¥9,V,(0) (8-435) 


These last four equations in terms of V,, V2, V,(0), and J(O) enable us 
to form an equation for periodic phase shift y. Ifthe beam is weak in the 
sense defined by 


cibet -dz|"« S| da) «lof 2 8-44a) 
ee ay : oun de ae 


and 


cbt Ey dz [ “8, de dA & B\— (8-44b) 
Rea Aenea ; | WR 


then we can simplify the equation for y. Here P, is the short-circuit mode 
resonant frequency of the second passband while k lies in the first passband, 
so it certainly follows that (P,? — k?)T2,(7/wm) is much greater than the 
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left side of Eq. 8-44b written in terms of £, and é,,. All these approxi- 
mations enable us to write the determinantal equation for y as 


20 72 
iG aa k)Ty — P,M,,(1 ¥ cosh y) — ad BEARERS 
tT (6,Cpdp) + 8," 


- [(P2? — k*)Tog — P2M,3(1 cosh y)] — JB =0 (8-45) 


The first portion of this equation is just the earlier expression. If we expand 
sinh y with the inequalities of Eq. 8-29 and cancel the zero-order terms 
which satisfy the “cold” circuit dispersion relation, we obtain the form of 
Eq. 8-37 (with n = 1 now) but P,,, of Eq. 8-32 is written a little dif- 
ferently. In case both passbands have either the even symmetry or the odd 
symmetry, passband parameter M,, is replaced by M,,—My27>;. In the 
alternative case in which the first passband has the even symmetry (upper 
sign) or the odd symmetry (lower sign) and the second passband has the 
other symmetry we must make this change in P. 


av,c° 


2P2M 12M, 


FMy,—> FMy, + 
; (Pe — RYT 


jcos ¢ 
These changes may be important if the width of the stopband between 


the first and second passbands is much less than the width of the first 
passband. 


8-5. Interaction of a Resonant-Slot Coupled 
Structure with the Beam 


We briefly treat these structures discussed in Section 7-2 in order to 


_ show that the Pierce equation describes the propagation. The Cp* param- 
_ eter is given by the Eq. 8-37 expression multiplied by the factor (k/P,)’, 


where k/P, ~ | if the operating frequency is near the short-circuit mode 
resonant frequency P,. 

Cavity electric field amplitude V, of the short-circuit mode of the 
“cavity” passband is given by Eq. 7-1 modified to include the beam term 
as it appears in Eq. 8-26: 


(Pe? — ke), = — a) éx Ai. nds - eel J-E,,dV (8-46) 
7 JSt cav (0) 


T 


| Here we recall the previous discussion to the effect that é on the slots 


(S+) (neglecting the small centerholes now) is given by a solution of the 
TEM transmission line equation for the slot. Now it is an excellent 
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assumption to say that the slot fields do not interact with the beam; they 
are very weak in the beam region. Therefore our expression for the 
preceding surface integral on the (S—) slot is again Eq. 7-8 but with jp 
replaced by y. Let us again write J = J «~*, where J is essentially 
constant across a single cavity. With PJ, = jweV, we can now write 
Eq. 8-46 as 


joka thet — ¢f ee 1)k*(2 tan “ = Ke) s| 


et hs 
Ey: 


. . L 
joe —jou me 
+ i JO I Bef dzdA (8-47 

P, 7 — e 


From Eqs. 8-35 and 8-36 we have J(0) in terms of V, and of J, as 


Pily JY 


r 2 
0) = 1002 ed 8-48 
J( ) jwe (@,C pd py ae ee [ € 1z @ ( ) 


Substitution of this latter equation into Eq. 8-47 enables us to cancel 
amplitude J, and form this determinantal equation for incremental phase 
shift 6p defined in Eq. 8-27: 


P,Y : KG on ke i Oat 
[— (PJ ocrda sin (tan 5 — 2) ide — bo) [oot + (Fe) 


L 
| i e thet fT ae 
AlJO 
ips 

The term «, was defined in Eq. 7-10. 
If the first bracketed entity were 4P,, , of the “cold” circuit we would ~ 
have the usual Pierce Eq. 8-37. It is in fact 4P,,, but for the additional 
factor (P,/k)*, as the following calculation shows. From Eq. 7-8 we have 


2 
dA Y,0, 
(8-49) 


Pay = —4S Re| éx Hi*.7ndS 


—Re fjoL, |I,/? H,,2S * (1 — 2k (tan aaa “) (8-50) 


With «, of Eq. 7-10 and J, = jweV,/P, the power flow per unit amplitude 
V, is 


4Pav,e aoe S werkt, sin o°(tan 5 ee (8-51) 
if 


However, P,/k ~ 1 at frequencies near P, so the quantity within brackets 
in Eq. 8-49 is essentially 4P,, ,. 


| 
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8-6. An Equivalence Principle for All Types of Cavity 
Chains 


When we come to consider the interaction between a beam and a more 
complicated slot- or loop-coupled chain from the variational point of 
view we find the theoretical impedance parameter too ambiguous to be 
useful. Two reasons make this so: the ambiguity in £,(0)? along the axis, 
except at frequencies close to one cutoff frequency or the other, and the 
errors in power flow implied by the variational treatment. Recall that the 
work in Section 7-5 led to expressions for the power flow which ignored 
the crosspower between the “slot” (or “loop”) modes of one passband 
and the “cavity” modes of the other passband. Rather than develop a 
satisfactory expression for £,°(0)/26,?P,,, in terms of the relative ampli- 
tudes of these modes it is preferable to develop the “‘hot” circuit dispersion 
equation somewhat empirically so as to apply to a larger group of 
structures. The ensuing discussion will point out the conditions under 
which we can derive a meaningful dispersion relation. 

To generalize the discussion to include the irrotational “cavity”? modes 
as well as the solenoidal ones, consider an expansion of the fields in the 
(presumably complete) set of open-circuit modes as defined and used in 
Section 5-3D. These modes include only irrotational electric field as 
excited by the tangential magnetic field on the cavity coupling surfaces 
and by the beam; the magnetic field remains purely solenoidal and may 
be represented by solenoidal short-circuit modes alone (See Eq. 5-54). 
From Eq. 5-24 on page 131 and Eq. 5-44 on page 137 the equation for the 
solenoidal mode amplitude v, of the predominant electric field component 
in our passband of interest can be written in the form 


(PY — KU yr, + > Kk, yo, = —e J eid 
i=1 p 


Un=1 | Ay hav (8-52) 
TJV 
The irrotational modes for electric field do not furnish magnetic field drive 
for the first open-circuit cavity mode of interest. By supposition the beam 
couples only to the first solenoidal mode so that the v, amplitudes (i ¥ 1) 
of the other modes may be implicitly related back to v, alone through a 
series of equations of the form of Eq. 5-24. Therefore we can write Eq. 
8-52 in the form 


(et — Un + Kuk l= — REL Jeeav (8-53) 
T Vv 
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Now if the beam is sufficiently weak so that y ~ jp®, we can expand Ky, 
about the “cold” circuit phase shift y® as 
0K 


Kalk 7) & Kuk, jo") + (22) ie) 8-54) 
JP le 


Since (p,? — k*?)U,, + Ky(k, jp®) = 0 and we can differentiate this ex- 


pression along the k — curve with respect to 9, 


—2kU,, ok + OK OKi Ok 
Op Op 0k Op 


we can put Eq. 8-53 into the form 


=0 at g=9 (8-55) 


ag 0k 
Now let us think of K,,(k, p°) in terms of an effective coupling coefficient 
M.«;(k) since the “cold” circuit phase shift is implicitly a function of 
frequency k, We write Ky, = pyMeg(k) - (1 + cos 7°) so that Eq. 8-53 will 
assume a modified form of the single-passband Eq. 8-26: 


Ok poe 
Op 


(1 008 9°) (“iy — Pr = el J-é,dV 
(8-57) 


ot ak ie 


which, with definitions in Eqs. ,8-27, and 8-28 becomes 


7 Ok ji Sy OMert 
ies ts > 11 


1 *)Jo.c Ee 
kU, ok —— (1 + cos 9") |8,Cp(jop — bp)r, 


= i J-é,dV (8-58) 


The upper sign refers to a passband with even @, symmetry. 

This equation so closely resembles Eq. 8-34 that we can see Eqs. 8-58, 
8-35, and 8-36 will yield the Pierce determinantal Eq. 8-37 except that 
P,,,- in the denominator of Cp? is replaced by 


W,’ Ow Pr OMest(k) 
{ 1— 1+co 
| ears ee 


0 F 
ok (2Ku.. - Rul )) (jy fa: pv = — ee! Je é,,dV (8-56) 
aT cav 


(8-59) 


W, = sel A, h,dV =3eU yt = ie] E,-é dv] 

pA K V P, 
(This last equivalence comes from Green’s theorem.) Here P., , is almost 
the energy stored per unit length in the first-passband modes alone, times 
the group velocity; and W,’ is almost twice the time-average electric 
energy stored by these modes. The M,,,(k) term accounts for the presence 
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of the other solenoidal modes with respect to which we have assumed the 
beam uncoupled. 

The equivalence principle states that all cavity chains in which the 
(weak) beam interacts with the E, field of the modes of the first passband 
alone are equivalent if (a) they have the same U,,7/L ratio, with Uy, 
defined in Eq. 8-52; (6) the same group velocities and (p,/kU,,)0M._/0k, 
where group velocity is related to 0M,.-/0k in Eq. 8-55; and (c) the same 
effective axial electric field 


E [veme dz 
Te 1z 

Now let us discuss the practical implications of these formulas. The 
assumption that the beam interacts only with the first cavity solenoidal 
mode is a good one in resonant-slot coupled structures in which the “‘slot”’ 
modes of the second passband have weak axial electric field patterns in 
the beam region. It is not quite so good for resonant-loop coupled chains 
because the short-circuit “loop” mode (see Fig. 7-12c) has a strong 
component of £, field along the axis. Since, this pattern has the “‘straight- 
through” character across each cavity its cumulative effect upon the beam 
may not be small when the “cold” circuit phase shift lies between zero and 
7/2 radians at lower frequencies in the cavity passband. The weak-beam 
assumption is, of course, often fulfilled. Most important of all, it is clear 
that if we know the parameters U,, and M,,(k) in the “cold” circuit 
dispersion equation 


(pr? — KU + prMere(K) + cos v°) = 0 (8-60) 


no matter how M.,,(k) is derived, we can describe the waves in the “hot” 
structure. The parameter U,, usually lies in the range 0.80 < Uy, < 1.0 
and is closer to 1.0 if the passband is narrower. Unfortunately there is no 
way to measure U,, alone in the “cold” chain because the associated Ty, 
is also unknown. However, the fractional error in U,, tends to be small 
in any case; it is more important to obtain an M,,(k) which describes the 
first passband accurately and to measure @,,(z) at each point within the 
cavity in the beam region. 


Problems 
1. Prove Eq. 8-3 is variational by setting 6’ = 0 for a variation 6V,,, for 


example. 
2. Show that the off-diagonal terms in Eq. 8-12 would be proportional to 


[z. or Be dA 
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10. 


with no crosspower terms if the fields of the beam modes were neglected. 
But then P,,,; and P,,,. would represent only the beam kinetic power in 
these modes. 

. This problem investigates the interaction of a beam with a slow wave 
structure at the 7 cutoff frequency, where the d.c. beam and “cold” circuit 
have equal phase velocities. Modify the work leading to Eq. 8-12 by 
including a backward circuit harmonic propagating as < J@7/Z—Po)z, By 
being the propagation constant of the forward harmonic. These two har- 
monics are orthogonal in the sense that 


[Gx At +B" x ,)-i,a5 0 


over the cross section. Show that the Pierce determinantal equation yields 
only imaginary values of 6p when {, approaches z/L. Since gain does occur, 
the interaction of the beam with the other circuit harmonics must be 
important. 

. Verify the remarks of the paragraph following Eq. 8-16. 

. With respect to the remarks following Eq. 8-17 prove that in the modified 
Eq. 8-3 T is stationary with respect to field variations at fixed w and also 
that w is stationary with respect to fixed I. 

. Derive the dispersion relation for complex I assuming the slow space 
charge mode is in synchronism with the circuit at point D of Fig. 8-1. 
Represent the circuit field with the n = 0 and —1 sheath helix modes, the 
latter of which is predominant according to discussion in Section 2-3. 

. Modify Eq. 7-21 so as to make it variational with an electron beam present. 
The beam equations are Eq. 8-17. Then use Eq. 7-22 for the circuit fields 
(the slot mode does not interact with the beam) and derive a dispersion 
relation for incremental phase shift 6p to replace Eq. 8-49. Equations 8-35 
and 8-36 may be used to eliminate the beam amplitudes. 

. Modify Eq. 8-49 to include the presence of centerhole coupling. Equations 
7-11 and 7-12 are helpful. Is the new quantity within the first brackets 
nearly the new 4P,,,,? 

. Show that circuit Eq. 8-58 for the cavity chain under general conditions 

reduces to Eq. 8-34 when only one circuit mode is effective and @Mer:/0k = 0. 

Study the behavior of the coupling parameter Merk) in the cloverleaf 

structure by applying Eq. 8-60 to the curve of Fig. 7-18. Take p, = o,/c 

as known and plot Mog/Uj, vs. k. 
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Chapter IX 


The Cavity-Chain Beam Tube 


9-1. Synopsis! 


In this chapter we investigate many of the properties of the cavity chain 
which interacts with an electron beam at a frequency near the z cutoff 
frequency of the first (narrow) passband. The velocity of the beam is 
adjusted so that it is synchronous with the “cold” circuit at the 32/4, 7, 
or 77/4 point on the dispersion curve; the operating frequency is then 
chosen to correspond to this “synchronous” frequency; and the prop- 
erties of the waves are studied as a function of beam voltage about the 
synchronous value, space charge, beam-circuit coupling coefficient, and 
passband width. Our analysis is strictly small-signal and is fgrmulated in 
terms of the one pair of open- and short-circuit modes of the first passband 
and in terms of the fast and slow space charge modes. We do not report 
on the nature of the waves with the beam and circuit synchronous, or 
nearly so, at the 7/2 point where the tube behaves more like a helix 
traveling wave tube than at any other operating frequency. 

After we determine the nature of the waves as a function of various 
parameters we use them to study the excitation of the growing wave in 
the first cavity of the amplifier tube, the reexcitation of the growing wave 
just beyond a detuned cavity inserted into the center of the chain, and the 
reflection of the backward wave in the last cavity coupled to a load. We 
also study the effect of the impedance walls upon the gain of the growing 


1 The author thanks the Board of Regents of the University of California for free time 
granted on the IBM 704 computer at Berkeley and also Mr. R. J. Lanstein, currently a 
programmer with The Mineral Technology Department, University of California, 
Berkeley, who programmed many of the equations. 
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wave. The conclusions from these studies will be found in the last para- 
graph of this synopsis. 

The reference structure for our analysis is the centerhole-coupled chain 
of Fig. 9-1, with positive group velocity over the interval 0 < B)L < 7, 
fractional passband width of —M/p = 0.10, and uniform @, electric field 
pattern exciting the thin beam. 

In Section 9-2 we outline the derivation of the determinantal equation 
for phase shift y in the infinitely long tube from the beam and circuit 
equations. In this equation a beam-circuit coupling coefficient C, appears 
naturally; it is proportional to Pierce’s Cp parameter (subscript P for 
Pierce) in the helix tubes. However, our Cz parameter remains well 
behaved as the frequency approaches the cutoff frequency. Space charge 
and synchronism parameters are also appropriately defined for the cavity 
chain. 

Section 9-3 presents graphs of the incremental phase shifts of the inde- 
pendent waves in the centerhole-coupled cavity-chain beam tube for 
uniform @, field pattern and operation near the 37/4 synchronous point. 
That is, the operating frequency was chosen to accord with the “‘cold” 
circuit phase shift of 37/4, and the phase shifts were computed by the 
IBM 704 computer for a range of voltages about the synchronous voltage 
and for various values of Cz and space charge. Many of the growing 
waves have the property that the direction of the circuit power flow 
changes from backward to forward as the beam voltage increases through 
a certain transition voltage. 

The gain per cavity is very nearly maximum for low values of space 
charge at the synchronous voltage. Since the gain is also nearly 


Wen MMMM 


Beam velocity range 
of interest 


Vi (0), JO) entering 
cavity (0) 
Fig. 9-1. A cavity-chain beam tube of small fractional passband width, —M/p. Operating 


frequency kop corresponds to a ‘“‘cold” circuit phase shift p° of 37/4 radians. y is the 
complex periodic phase shift. 


272 Electromagnetic Slow Wave Systems 


proportional to Cg in the range Cz < 0.12, this beam-circuit coupling 
coefficient has the additional significance of a gain parameter. For 
operation near the 7 synchronous point this is not quite so, however, 
as discussed in Section 9-6. 

The preceding resumé concerned basically the centerhole-coupled chain 
with wide cavities and nearly uniform @, field, operated near the 37/4 
synchronous point. It is instructive to consider a tube with positive- 
coupling beyond the centerholes such that the group velocity is positive 
over the interval 7 < B)L < 27. However, examination of the growing 
waves which result for synchronism at the 77/4 point reveals that this 
tube is very inefficient. That is, on the basis of comparable Cz and space 
charge this tube has half or less the gain in decibels of the tube operated 
near the 37/4 synchronous point. Section 9-4 delves into this matter. 

In Section 9-5 we verify the consistency of our formalism with respect 
to the power flow across a coupling surface if any linear combination of 
the waves is present. 

We then examine in Section 9-6 the nature of the waves for uniform e, 
cavity field pattern but synchronism of beam and circuit near or at the 
a cutoff point. The operating frequency is now the a cutoff frequency. 
Each growing wave carries less circuit power per unit amplitude than for 
comparable values of Cz and 4(QC), at operation near the 37/4 synchro- 
nous point. But the rate of growth per cavity tends to be higher, although 
it is no longer linear with Cp for small Cp. 

Section 9-7 is devoted to a brief study of the growing wave when the 
cavities are relatively narrow so that the axial electric field varies across 
each one nearly as sin (7z/L) instead of being uniform. The operating 
frequency is presumed to be close to the 7 resonant frequency of the open- 
circuit mode with this sinusoidally varying é, pattern. On the basis of 
comparable Cz, and space charge the optimum growing wave gain for 
operation near the 37/4 point is slightly less with the sinusoidal @, field. 
But the optimum growing wave gain for operation near the 7m point is 
greater with the sinusoidal field. Optimum gain is somewhat arbitrary 
and means a gain which is a compromise between high growth rate and 
low circuit power per unit amplitude. 

Returning to the cavity-chain tube with uniform é, field, knowledge of 
the properties of the independent waves enables us to determine linear 
combinations of them which satisfy the boundary conditions at both ends 
of the finite tube. In particular, we determine in Section 9-8 the relative 
amount of growing wave excited by the generator along with the decaying 
and perturbed fast beam waves in the first cavity of an amplifier. The 


growing wave component of the field is usually 0.5 or more of the total — 


cavity field for a wide range of parameters. 
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Because these high-power tubes tend to reflect some backward wave 
from the last cavity in spite of careful load adjustment, a detuned (lossless) 
cavity may be inserted about half way down the tube to reduce the tendency 
to oscillate. The discussion of Section 9-9 points out that, under many 
conditions of beam-circuit coupling, space charge, and beam velocity 
adjusted for optimum growing wave gain, the amplitude of growing wave 
reexcited beyond the detuned cavity will be about equal to or greater than 
the incident amplitude. For low values of space charge the beam drift 
angle through the detuned cavity should be about 60° in all cases studied, 
but for higher values of space charge and for all cases of operation near 
the synchronous point the reexcitation of the growing wave is virtually 
independent of this drift angle! 

Next, we examine the matching of the output cavity to the growing 
wave through loop coupling to the load. For each case studied a matched 
load exists which is more critical for amplifier operation near the 7 
synchronous point than for operation near the 37/4 point. The load for 
maximum power output differs somewhat from the matched load which 
produces no backward wave due to the fact that the latter wave, if present, 
can increase both the negative beam power flow out of the last cavity and 
the positive power flow into the load. 

We also answered the question of whether a match exists for the input 
cavity, such that an incoming backward wave will reexcite no new grow- 
ing wave. Typical operating conditions for beam-circuit synchronism near 
the 3/4 and z phase shift points indicate that such a match does generally 
exist. 

Finally, in Section 9-11 we study the effect on the growing wave of 
finite cavity wall impedance. Tangential currents flowing through this 
impedance establish electric fields which in turn excite new components 
of electric and magnetic field within each cavity. Computations reveal 
that the reduction in gain due to this impedance is considerably less if 
the beam is present. In fact, for reasonable values of space charge the 
impedance walls actually enhance the gain. This is the so-called resistive 
wall amplifier effect (or, more properly, the impedance wall effect) which 
is more pronounced for operation near the 7 synchronous point than near 
the 37/4 point. 

The important conclusions from our study are the following. For 
operation at the 37/4 “cold” circuit phase shift frequency gain per unit 
length is comparable to gain in the helix traveling wave tube. For opera- 
tion at the 7 cutoff frequency, the gain per cavity is higher although there 
is less circuit power flow per unit amplitude of growing wave. It definitely 
pays to operate an amplifier at the 37/4 or w synchronous points, that is, 
within the region 0 < {)L < 7 of the w- curve rather than in the region 
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a < Bol < 27 where the gain is much lower. The optimum gain is quite 
independent of whether the é, cavity field is uniform or varies as sin (72z/L) 
across the cavity, where the maximum value of the sinusoidal field equals 
the magnitude of the uniform field. The growing wave can be easily 
excited to a relatively large magnitude by the generator in the first cavity 
of an amplifier. If a detuned cavity is inserted into the chain to prevent 
backward wave oscillation the magnitude of the reestablished growing 
wave is usually greater than the magnitude of the incident growing wave. 
In addition, the output cavity can be matched to the incident growing 
wave just as the input cavity can be matched, in general, to the incoming 
backward wave if one is reflected from the last cavity. The only real dis- 
advantage of the cavity-chain traveling wave tube with respect to the helix 
traveling wave tube is its vastly reduced frequency bandwidth, which is less 
than the fractional passband width of the “cold” structure. 


9-2. Description of the Structure and Definitions of Terms 


We first study the properties of the four independent waves which exist 
when a longitudinally confined beam interacts with the electric field of an 
infinitely long cavity chain, such as shown in Figs. 9-1 and 9-2. We are 
primarily concerned with amplifier operation at frequencies within the 
first passband. We assume the first passband is narrow compared to the 
stopband width between the first and second passbands so we can use 
the open- and short-circuit modes of the first passband to represent the 
cavity solenoidal fields. At frequencies near the a cutoff frequency the 
electric field is better represented by the é field pattern of the open-circuit 
mode, shown in Fig. 9-1. There y is the complex phase shift per cavity of 
the electric field amplitude v. We examine the waves for a range of beam 
velocities about that velocity corresponding to synchronism of the d.c. 
beam and the “‘cold”’ circuit, both at the 37/4 point and at the z point of 
the “cold” circuit w—p curve. We also examine briefly the growing wave 
for synchronism at the 77/4 point of Fig. 9-2. The operating frequency 
will always correspond to the “cold” circuit phase shift at the synchronous 
point. The four waves which exist in the “hot” structure may be regarded 
as perturbations of the fast and slow space charge modes which propagate 
as ¢€/(®.+.)? in the absence of the fins and circuit field, and of the forward 
and backward ‘“‘cold” circuit waves with phase shifts given by the w-» 
curve. Generally we cannot identify a “hot”? wave as a perturbation of 
one particular beam mode or “‘cold”’ circuit wave, nor is it necessary to do 
so. 

We make essentially four assumptions about the total electric field 
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exciting the beam in each cavity. The first assumption that the operating 
frequency is very near the resonant frequencies of the modes of the first 
passband and far from the resonances of the modes of the other passbands 
has been noted. We therefore represent the solenoidal electric field within 
reference cavity (0) of Figs. 9-1 and 9-2 by vé, of the first open-circuit 
mode which resonates at k = p in the “‘cold’”’ chain (see the discussion in 
Section 4-6). 

We also represent the irrotational portion of the axial electric field by 
jZo6,J, Zp being the beam impedance per unit area as defined by Eq. 8-2, 
B, the reduced plasma propagation constant, and J the a.c. beam current 
density. Our third assumption is that of a wide cavity such that the length 
L is at least twice the centerhole diameter. In such a cavity the é, pattern 
will be nearly uniform in the beam region across the cavity, as shown in 
Figs. 9-1 and 9-2. We simply assume that the é, pattern is completely 
uniform across each cavity, with an abrupt phase shift of electric field 
amplitude v (but not of the beam excitations) across each centerhole. 
Our fourth assumption is that of uniform é, pattern throughout every cross 
section of the beam. These assumptions are better for a thin, hollow beam 
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Fig. 9-2. Another cavity-chain beam tube of small fractional passband width, M/p. The 
operating frequency, kop, corresponds to near-synchronism of d.c. beam and ‘‘cold”’ 
circuit at p° = 77/4 radians. y is the complex periodic phase shift. 
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which almost grazes the centerhole edges than for a thin, solid beam 
traveling on the axis. In Section 9-5 we prove that, in spite of the dis- 
continuities in field amplitudes across the centerholes, this model of the 
interaction implies continuity of electromagnetic power flow across each 
hole, where continuity of beam power will be explicitly evident. 

To obtain a determinantal equation for «~” or y we proceed just as we 
did in Section 8-4 to obtain one equation for v in terms of kinetic voltage 
V,(0) and beam current density J(0) entering the cavity and two more 
expressions in terms of V,(0) and J(0) which are excited by vé, across the 
cavity. The three basic equations for the interaction were developed 
previously as (Eq. 8-26) 


[p? — k® + pM(1 + cosh y)]v --2e5 J,- 6, dA dz 


for the circuit? and 


(18. +2) Puce) = ve, + Zabol ie 


(18. + -) I(2) = YB Vee 


for the beam.’ Since uniform @, is known very accurately within the cavity 
these equations will determine three homogeneous equations in terms of 
v, V,{0), and J(0), provided we utilize the periodicity relations V,(L) = 
V,{0) «~’ and J(L) = J) «-”. The determinantal equation for y results 
from setting the determinant of the matrix of these coefficients equal to 
zero. In Appendix E, Section E-1, we derive this relation in full, with 
neglect of small terms by the assumption of f,/B, = w,/w < 4 so that 
(By/B0? K 1. 

Before we discuss the nature of the waves according to the values of y 
obtained with the IBM 704 computer let us introduce some notation to 
correspond with the usual notation for the helix type of traveling wave 
tube.* According to our earlier Eqs. 8-375, 8-38, and 8-32, the Pierce gain 
parameter Cp (subscript P always denotes a Pierce symbol) for the cavity 
chain at frequencies near the 7 cutoff frequency is 


Eee Tol 
26." Panag 
* The bracketed expression obtains by substituting Eq. 4-12 into Eq. 8-26, with T, = 1 
and P; = pi. 

° The relativistic corrections included multiplying J), which appears in Z) and Yo, by 
the R factor of Eq. D-12 and also correcting the reduction factor w,/w, as seen in the 


stationary reference frame. 
4 J. R. Pierce [1, Chapters 7-9]. 
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where A ES i ee ; 
Eer =|- | é,< ¥*dz|, B,Lx 9 
LJo 
Pay = P(—M)r sin ~°, 
4ou 


(M < 0in the Fig. 9-1 structure). Here ¢° is the “cold” circuit phase shift 


at the operating frequency k,, = wv Me in Figs. 9-1 and 9-2. Since é, 
is uniform in this chain, E2, is just 


. 2 
Eee — e| Cu) k 6, = oe a L 


6,/2 Ug 
and we can write the Pierce parameter as 
5) 2 : 2 
P = 2 ee : 0 Ee CD) Hol ’ 6, — gy (9-2) 
B. P(—M)r sin 0,/2 4U, 


Obviously Cp is not well behaved as k approaches p and ° approaches 
a, but we can define a beam-circuit coupling coefficient Cz which appears 
naturally in determinantal Eq. E-8 of Appendix E and which is well 
behaved throughout the passband: 
Siig cope, Ay Yo —_ come,” 1 [Tol 0. 

= te (9-3) 
Here A, is the beam area, 7 is the cavity volume, and p is the cutoff fre- 
quency at the 7 point. Comparison of Eqs. 9-2 and 9-3 shows that 


C,” is related to Cp* at beam voltages near synchronism (6,9 = y°) as 
2 
Cc; = (- *) Deo [ae Deo/2 | sin ¢°C,,*, 6.5= 9° (9-4) 
P 0, sin (9.9/2) 


This is our first relation between the parameters of the cavity-chain tube 
and the Pierce parameters of the helix tube. 

The physical parameters that naturally arise in the analysis of the cavity- 
chain tube are Cz and 6,/6,. But let us define a space charge parameter 
4(QC)z analogous to 4(QC)>p for the helix tube as 


6 Gas erw 
5 = Cav HOO (9-5) 
e0 
By itself Q has no meaning. Since the Pierce definition of 6,/0,9 is 
6 wed Dako 
= Ged HIG); (9-6) 


e0 
we obtain the second relation among the parameters of the two tubes, 
namely 


CpV4(OC)z = CpV4(OC)p (9-7) 
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Lastly, we define the synchronism parameter b, as 4 measure of the phase 
velocity of the d.c..beam relative to the “cold” circuit wave as 


P = O49 = 6,01 + Cpbz) (9-8) 


Positive b; means the d.c. beam travels faster than the “cold” circuit phase 
velocity. For the helix tube Pierce has defined 


B.=B(1+Cpbp), BL=9, BpL=8, (9-9) 
So the relation between the two b’s is 


In terms of the definition of 6,/0,. in Eq. 9-5 we can express the relation 
between Cz and Cp of Eq. 9-4 alternatively as 


M sin ¢°\* _y| s65)2aetee 
Cy = (- MF) "wera? |e, oun 
P sin (99/2) 
This completes our definitions of the cavity-chain parameters as related 
to the Pierce parameters. 


Table 9-1 Relation between C, and Cp in the Cavity Chain with 
Uniform e, Field Pattern. In Eq. 9-11 —M/p = 0.10. 


At ¢° = 7/2 At g° = 37/4 
4(QC)z Cz 4(QC)p Cz 
1 0.498Cp 1 0.486Cp 
4 0.395Cp 4 0.386Cp 
10 0.339C, 10 0.331Cp 
25 0.291Cp ZS 0.284C;, 


Typical values of Cz for cavity-chain tubes are lower than the values of 
Cp defined by Eq. 9-2 by factors of 2 or 3. Table 9-1 compares them in a 
chain with a fractional passband width —M/p = 0.10, for “cold” circuit 
phase shift y° of 7/2 and 37/4 and for various values of space charge. 
As the frequency approaches the “cold” circuit 7 cutoff frequency, Cp 
becomes a small fraction of Cp because the latter approaches infinity 
(see Eq. 9-2 as y® approaches 7). 

We now estimate a typical value of C, for a cavity chain with its first 
passband centered at 3 kMc. A narrow passband implies small coupling 
holes and normalized open-circuit mode field patterns which are nearly 
those of the short-circuit mode patterns given by Eq. 3-17: 


a7) ~ 7, V3.1 (Pr) 


ete Paka» pin Figg 
h(F) ~ iv V3.715,(Pr) 
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Then e,? for Eq. 9-3 is about 3.7. Since Pa = 2.405 in order that e,(r = a) 
be zero on the cavity wall we have a = 3.84cm = 1.51 in. Suppose the 
cavity length L is 0.5 in. and we wish the d.c. beam transit angle B,L = 
wL/uy to be 37/4 radians. This makes uy ~ 108 m/sec, about a third the 
speed of light, so that U, = 32 kv (including relativistic effects). If the 
beam has a perveance K = J,/U,’* = 10-6, the d.c. current J, is 5.7 amp. 
We have now specified all the parameters for C,” of Eq. 9-3 except 0,/6,; 
if this is estimated to be 3, then C,? is 3.8 x 10-*. If, now, the cavity 
were longer by a factor of $, the beam voltage U, would be 60 kv instead 
of 32 kv so as to maintain 6,L = 37/4. Then £,? would decrease by a 
factor of (?)?, 7 would increase by a factor of # and J,/U, would increase 
by a factor of ($$) ~ 1.4 for the same perveance and 0,/0, ratio. Now 
Cz” = 7.1 x 10-°. We consider a large value of C,? to be 50 x 107. 

We can also estimate the effect on coupling coefficient Cz of Eq. 9-3 
of increasing the operating frequency. Suppose we modify the chain so 
as to operate at 10 kMc and maintain the d.c. beam transit angle at 
37/4. Now w is larger by a factor of 4,° and since we cannot increase up» 
by this same factor we must also decrease L. Suppose we raise the oper- 
ating voltage from 32 to 60 kv and multiply uw, by the factor §, as before. 
Then L must be reduced to two-fifths of its former value at 3 kMc. This 
requires smaller centerholes and beams in accord with our requirement of 
uniform cavity field across each cavity. The cavity diameter decreases by 
the same factor as k ~ P increases, so that the cavity volume 7 is now 
multiplied by the factor 2(,%,)?. If we maintain the perveance, J,/U, is 
multiplied by ($2). Lastly, we should account for the change in 0,/0, = 
w/w,, where w, is proportional to po? = (Jp/A,uo). All these effects 
change C;? by an overall factor of 


19 (2) 10 res 
CBP EE) \32/ (82) *C2 PQ 
Thus beam-circuit coupling coefficient Cz need not change very much 
when we are redesigning a tube for operation at a higher frequency, 
provided the beam perveance is maintained. 

We may choose to avoid the large beam voltages required for syn- 
chronism near 37/4 and 7 in the negative-M structure of Fig. 9-1 and 
choose instead to operate the positive-M structure of Fig. 9-2 at beam 
transit angles near 77/4. We can modify the Fig. 9-1 structure into that 
of Fig. 9-2 by punching coupling slots along the outer radius so as to 
change the sign of the coupling coefficient (refer to the discussion of 
example 2 in Table 4-1) and by either increasing the cavity length L or 
decreasing the beam voltage or both. Unfortunately, when we increase 
Lsoas to lengthen the beam transit angle we reduce C;,? by the same factor, 
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and if we reduce the beam voltage instead we reduce C,” even more. A 
reduction in C,® always implies less growth per cavity in the growing 
wave. Furthermore, a comparison of the growing wave in this structure 
and in the Fig. 9-1 structure at the 37/4 synchronism points on the basis 
of the same Cz and 4(QC) , (see Section 9-4) reveals that the rate of 
growth is less in the Fig. 9-2 structure by a factor of 2 or more in decibels. 
Amplifier operation of this structure at 77/4 synchronism is considerably 
less efficient than is the higher-voltage operation of the Fig. 9-1 structure. 


9-3. Nature of the Waves for Uniform Cavity Electric 
Field 


The d.c. beam is synchronous with the “cold” circuit of Fig. 9-1 at the 
37/4 “cold” circuit phase shift frequency. Figures 9-3 through 9-6 
illustrate the incremental phase shifts of the waves for various values of 
space charge, measured by 4(QC),, and various values of the beam-circuit 
coupling coefficient Cz. With the phase shift factor e~” given by [excita- 
tion in cavity ( + 1)]/[excitation in cavity () a period away], the incre- 
mental phase shift X¥ + jY is defined as 


X+jY = —-y +76, (9-12) 


Positive X in the growing wave, identified by subscript 1, is the gain per 
cavity in nepers provided the circuit power flow per unit amplitude of v 
is in the forward or +z direction. We also encounter growing waves in 
which the backward circuit power flow represents power fed into the beam 
from the collector end of the tube; that is, accelerator-type growing 
waves. A positive value of Y denotes a wave which has a lesser magnitude 
of phase lag from cavity (7) to cavity (n + 1) than does the d.c. beam and 
therefore a greater phase velocity than up (since v, = w/B oc w/0). Sub- 
script 2 denotes the decaying wave, for which X, = — X, (Xz is not shown 
on any of the figures) and Y, = Y,. Incremental parameter Y, belongs 
to the faster constant-amplitude wave, and Y, to the slower one or the 
perturbed “cold” circuit backward wave. An arbitrary distribution of 
field and beam excitations established from either or both ends of a finite 
tube can be represented by a linear combination of these four waves. 

Figure 9-3 shows the behavior of the waves as a function of beam 
velocity measured by bg of Eq. 9-8 for fixed Cy, for various values of the 
space charge parameter 4(QC), defined in Eq. 9-5. The fractional pass- 
band width is —M/p = 0.10 for the structure of Fig. 9-1. The three waves 
shown are perturbations of the forward ‘“‘cold” circuit wave and the fast 
and slow beam modes. The fourth wave (not shown) is, for practical pur- 
poses, the backward “cold” circuit wave essentially unperturbed in the 
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1.6 


‘6 -4 -2 0 2 4 6 8 
bz a 
(a) 
Fig. 9-5. Incremental periodic phase shift for the waves with uniform e, field. Syn- 
chronism at 37/4. Cs? = 0.005. 4(QC), is the parameter. (a) —M/p = 0.10. 


range of beam velocities shown. The magnitude Cy? = 0.001 represents 
weak beam-circuit coupling, in spite of which the maximum gain per 
cavity lies in the range 0.12-0.14 neper for the various values of space 
charge. The large range of bz in which useful gain occurs illustrates the 
fact that a cavity chain operated for synchronism near 7 “cold” circuit 
phase shift tends to have a much larger voltage bandwidth than does a 
helix tube. For example, in Fig. 9-3 useful gain occurs for 4(QC), = 1 
in the range 2.8 > 0, > 2.1 and for 4(QC), = 10, in the range 2.55 > 
Gl 1.9. 

The curves of Fig. 9-3 show that, as space charge increases, the maximum 
gain remains nearly constant and the voltage range for gain shifts toward 
higher voltages (bz > 0). We expect this because the beam tends to deliver 
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e 4(QC)z = 
A 


(b) 
Fig. 9-5 (continued). (b) —M/p = 0.15. 


the most power to the circuit when the slow beam mode is nearly syn- 
chronous with the “cold” circuit, so that as £, increases the slow beam 
mode phase velocity w/(f, + 6,) is kept constant by increasing the d.c. 
beam velocity. A space charge of 4(QC), = 25 in Fig. 9-3 implies a maxi- 
mum space charge factor of 6,/0, = 0.19 at the high-voltage end of the 
figure; this does not violate our assumption of (6,/0,)? « 1. These and 
succeeding curves have been calculated on the basis of constant Cz and 
4(QC), with changes in beam voltage about the synchronous value 
(6; = 0), whereas the physical parameters change slightly according to 
Eqs. 9-3 and 9-5. 

If we increase the fractional passband width from 0.10 to 0.15 but con- 
tinue to operate around the 37/4 synchronous point we obtain a very similar 
set of curves (not shown). The maximum gain for each value of space 
charge is now about 20% lower except for the case of 4(QC), = 25 for 
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1.6 


All circuit powers forward © 4(QC), = 1 —— 
rN 
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—0.8 
—1.2 
—1.6 
=3 =2 oll! 0 1 2 3 4 
bp es 


Fig. 9-6. Incremental periodic phase shift for the waves with 
uniform e, field. Synchronism at 37/4. Cz? = 0.010. 4(QC)z is 
the parameter. —M/p = 0.10, except for one case. 


which the gain is nearly the same. The larger passband width also reduces 
somewhat the voltage range of gain operation for each value of 4(QC),. 

Figure 9-4 repeats the information of Fig. 9-3 but for an increased 
coupling coefficient Cz” = 0.003. In Fig. 9-4a we see that the maximum 
gain for each value of 4(QC), is about double the corresponding gain in 
Fig. 9-3 and is again nearly independent of space charge for low values 
of space charge. The voltage bandwidths are about the same as for 
C;,” = 0.001. Figure 9-4b shows the effect on the growing wave gain of 
increasing the fractional passband width to 0.15 but maintaining syn- 
chronism at 37/4. The maximum gain for each value of 4(QC), drops 
somewhat, but not much, and the voltage bandwidths decrease noticeably. 

Another interesting aspect of these curves is just beginning to manifest 
itself on the 4(QC),z = 1 and 4 curves of Fig. 9-4a, near by = —4.5, 
at the points indicated by the pips. As the beam voltage increases through 
these points the phase lag per cavity Im y = 0, — Y of both the growing 
and decaying waves passes through 7 radians. In Section 9-5 we show 
that the circuit electromagnetic power flow in any wave is proportional to 
(—M/p) sin(Im y). Thus, for bg < —4.5 the circuit power flow in the 


Fee a 
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growing wave is negative, which means it flows in the backward or —z 
direction, from the circuit to the beam. The positive beam power in this 
situation increases exponentially in the +z direction. The associated 
decaying wave represents a transfer of initial positive beam power (if any is 
present) to the circuit and out the gun end of the circuit. For beam voltages 
such that b, = —4.5 in Fig. 9-4a we have positive circuit power in the 
growing wave increasing exponentially in the forward direction at the 
expense of negative beam power; that is, the ordinary useful traveling wave 
tube growing wave. 

By this reasoning we have at one point near b, ~ —4.5 on each of the 
4(OC), = 1 and 4 curves a growing-decaying wave pair neither of which 
carries forward or backward circuit power; that is, we have a reactive 
growing and decaying wave. In each of these curious waves the real beam 
power is also zero down the tube. At the transition voltage where these 
reactive waves exist the growth or decay rate X is a smooth function of 
beam voltage as 0, — Y goes through 7 radians. These waves are not 
responsible for experimentally observed oscillations for the simple reason 
that the power lost into the circuit loads could not be replenished by the 
beam. Our remarks imply the need for operating an amplifier away from 
the transition voltage where the circuit power flow per unit amplitude of 
circuit field is small even though the rate of growth is usually substantial. 

In Fig. 9-Sa we repeat the information of Fig. 9-4a but for Cz? = 0.005 
and three values of the space charge parameter 4(QC),. We now include 
Y, for the perturbed “cold” circuit backward wave. The maximum gains 
are somewhat higher than for Fig. 9-4a, as we expect. Notice how the 
pips which mark the transition from backward-circuit to forward-circuit 
power flow in the growing wave have moved to the right. The effect of 
increasing the fractional passband width —M/p from 0.10 to 0.15 is now 
rather striking, as Fig. 9-5b shows. Here we see, for 4(Q0C), = 10, the 
transformation of the growing wave from one carrying backward circuit 
power (bz < —4.6) to a constant amplitude wave at bz = —3.05 where 
the fast beam mode is synchronous with the ‘“‘cold” circuit (0, — 0, = 37/4) 
and then to a growing wave of forward circuit power flow in the range 
bz > —1.0, in which the slow beam mode is more nearly in synchronism 
at 37/4. When the fast beam mode is synchronous with the “cold” circuit 
at 37/4, by = —3.05, no growth results because the power flows in the two 
waves have the same signs (see discussion immediately following Eq. 8-16). 
The slow beam mode is synchronous with the “cold” circuit at 37/4, 
for 4(0C), = 10, at by = +4.1, where the growth rate is about optimum. 

The incremental phase shifts of the waves for Cp = 0.007 (not shown) 
closely resemble those for C,? = 0.005 in Fig. 9-5, except that for the 
former the maximum gain is somewhat higher by nearly the ratio of the 
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0.04 0.08 0.12 0.16 0.20 
C3 


Fig. 9-7. Optimum gain per cavity, X, = Re (—y,) vs. Cg for synchronism at 37/4 and 
also near-synchronism at 7. —M/p = 0.10. The optimum _X; is nearly independent of 
space charge for low values of space charge. 


two values of Cz if 4(QC),z = 1 or 4 but is no higher for 4(QC), = 10. 
Moreover, the useful voltage bandwidth within which the circuit power 
flow is in the forward direction is somewhat lower for C,? = 0.007; this 
is true for both —M/p = 0.10 and 0.15. Incidentally, for 4(QC),z = 10 
and b; = 7.4 on Fig. 9-5 (6,/0,)? has the largest value of 0.115, which lies 
within our assumption of (6,/6,)? « 1. 

In Fig. 9-6 we show the incremental phase shifts of the waves for the 
rather strong coupling of C,* = 0.010, with —M/p =0.10. If —M/p 
is changed to 0.15 the rate of growth X for 4(QC), = 1 and 4 is slightly 
lowered and also the voltage bandwidth for 4(QC), = 9 is considerably 
shrunken. In Fig. 9-6, 4(QC), = 9, bg = 3 corresponds to (6,/6,)2,.. = 
0.15, which somewhat violates our assumption about this parameter. 

The gain per cavity X is very nearly maximum for low values of 4(QC)z 
at the synchronous voltage: bz = 0. It is also nearly independent of the 
space charge for low values of 4(QC),. In Fig. 9-7 we plot X vs. Cz as 
given by the preceding figures with —M/p=0.10. The gain is very 
nearly proportional to Cz in the range Cz < 0.12; therefore Cz has the 
additional significance of a gain parameter. The curve for near-syn- — 
chronism at 7 will be discussed in Section 9-6. 

At this point in our discussion it is instructive to replot the curves of 
Fig. 9-3 for 4(QC), = 10 with respect to Pierce coordinates in order to 
show the similarity with the corresponding curves for the helix traveling 
wave tube. With 4(QC),z = 10, Table 9-1 indicates that Cp for this 
cavity chain is C,/0.331 = 0.095, and 4(OC)p = 3.16/3 = 1.053 by 
Eq. 9-7. Then (QC)p = 0.28, and since Cp is quite small we can compare 
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the replotted curves in Fig. 9-8 with Pierce’s curves® of 2, y vs. bp for 
(QC)p = 0.25. Our x and y are obtained logically from Fig. 9-3 as 
Ss. ; b 40 aw (9-13) 
6,9C p + 
and bz is converted to bp = b,/3 through Eq. 9-10. In this way we 
obtain x, y vs. bp for the three waves (neglecting the slightly perturbed 
“cold” circuit backward wave) shown in Fig. 9-8. The agreement with 
Pierce’s curves is quite good even though the condition |6,Cpd| < 1 is 
not well satisfied for the higher values of dp = x + jy. We also include on 
the figure the curves of Fig. 9-4a for 4(QC), = 10 plotted in Pierce co- 
ordinates. The Pierce parameters for this second set of curves are Cp = 


0.165, (QC)p = 0.27. These curves show poorer agreement because Cp is 
higher. 


XY = 


—1.2 
—2.0 -15 —1.0 -0.5 0 0.5 1.0 1.5 2.0 2.5 3.0 


Fig. 9-8. Incremental propagation constants in the cavity-chain beam tube as compared 
to those in the helix tube. The Pierce coordinates wand y are related to X and Y as: 
x, y =X; Y/0.Cp. (Datafrom Pierce [1]). From Pierce, p. 177, (QC)p = 0.25 (dashed 
lines). From Fig. 9-4a, Cz = 0.055, 4(QC)z = 10, (QC)p = 0.27, and C,, = 0.165 (solid 
lines). From Fig. 9-3, Cz = 0.032, 4(QC)s = 10, (QC)p =0.28, and Cp= 0.095 
(dotted lines). 


pia. Pierce [1, p. 177]. 
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Pierce’s Fig. 8-10 
= 


0 0.2 0.4 0.6 0.8 1.0 
(QC)p Tes 


Fig. 9-9. Gain factor Bp vs. (QC)p in Pierce coordinates for the cavity-chain tube of 
uniform e, field. —M/p =0.10. (Data from Pierce [I]). For curve A, Cz? =0.001, 
Fig. 9-3. For curve B, C,? = 0.003, Fig. 9-4a. For curve C, Cp” = 0.005, Fig. 9-5a. 


We have also calculated and plotted the Pierce relative gain parameter 
Bp which is defined in connection with the expression for maximum powg 
gain of the cavity-chain tube: 


Teas = 10 logio e2XmaxNe db (9-14a) 
where WN, is the total number of cavities. With the aid of the relation 


6,o>N, = (27/1,)LN, = 27N, N being the number of electronic wave- 
lengths, we have 


Prax = 20(277)(10819 €)%maxCpN = BpCpN db (9-14) 
which serves to define the relative gain parameter Bp as 
Bp = 54.52yx 


where 2,,,, is obtained from Eq. 9-13. From the data of Figs. 9-3, 9-4a, 
and 9-5a we determined the values of Cp and 4(QC)>p for each value of 
®max {rom Table 9-1 and Eq. 9-7 and then found Bp vs. (QC) >p by Eq. 9-13. 
The results appear in Fig. 9-9 with respect to Pierce’s curve for the helix 
ee ote wave tube.* Our curves are deceptive, because the net gain per 
cavity, X,,,x., remains very nearly constant along each of the descending 
curves of Fig. 9-9. Since X,,,, = 9.oC p%max by definition of and we know 


8 J. R. Pierce [1, p. 126]. 
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from Table 9-1 that Cp increases steadily (Cg is constant now) as (OC)p 
increases, it follows that x,,,, steadily decreases. This explains why Bp 
decreases with increasing space charge. 


9-4. The Growing Wave for Operation near the 
77/4 Synchronous Point 


We commented earlier on the possibility of modifying the structure of 
Fig. 9-1 into that of Fig. 9-2 so as to operate around the synchronous 
77/4 point. Let us see how C;,? varies with perveance, beam voltage Up, 
and L so that we can change the operating point from 37/4 to 77/4 with 
the least reduction in C,?. From Eq. 9-3 C,? is proportional to 


Y 
el with: @; oc (“) 
BL Uy Wg Ug 
Since B, = w/u, and J, = KU,” this becomes 
34 
Cy? oc 8 KA (9-15) 


ie L 


This expression tells us that if we wish to increase 0, = w(L/u ) from 
32/4 to 77/4 we can increase L by a factor of $ but we must also increase 
K by (4)? in order to maintain Cz. If we choose to increase L and also 
decrease uy to obtain the same change in 0,, we must increase K even more. 

We have examined the waves in the structure of Fig. 9-2 for M/p = 0.10, 
C;? = 0.001, 0.005, and 0.010, and various values of 4(QC) so as to 
compare the growing wave with that of Figs. 9-3, 9-5a, and 9-6. The 
range of bz in which useful gain occurs that is, the voltage bandwidth, 
is far less in 77/4 synchronous operation than in previous cases. The 
maximum rate of growth in the Fig. 9-2 structure occurs for synchronism 
of the slow beam mode with the “cold” circuit: 6, + 6, = 77/4 and 
decreases very rapidly to zero as the beam voltage changes. The significant 
point, however, is the tremendous reduction in gain as compared to the 
gain for 37/4 synchronism. For the same values of Cz and 4(QC), as in 
the negative-M structure the maximum rate of growth in nepers is one-half 
or less the corresponding growth in the negative-M structure. This is 
plausible when we observe that the effectiveness of beam-circuit coupling is 
measured by [sin (0,/2)/6,/2]? when the cavity field is uniform and this 
parameter decreases from 0.625 at 0, = 37/4 to 0.019 at 0, = 77/4. 

We can safely conclude that amplifier efficiency is vastly reduced by 
changing the beam “‘cold” circuit synchronous point from the 37/4 region 
of the Fig. 9-1 structure to the 77/4 region of the Fig. 9-2 structure. 
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9-5. Expressions for the Electromagnetic Power Flow 
across a Coupling Surface 


In Section 9-3 we made the statement that the electromagnetic power 
flow crossing a coupling surface is, in the narrow-passband approxima- 
tion, proportional to sin (Im y), where the wave phase shifts by e~” across 
this surface. We now wish to obtain the precise power flow expression. 
Then we obtain various equivalent expressions for the total circuit power 
flow when more than one independent wave is present. Our expressions 
will imply continuity of power flow across the coupling surfaces as, of 
course, they must. 

Suppose we wish to measure the circuit power flow in one wave at the 
left coupling surface in Fig. 9-1 or 9-2. One way to obtain this power is by 
averaging both the electric and the magnetic fields on the surface (denoted 
hereafter by M), as given by the single open- and short-circuit modes, 
respectively, of the passband. We write 


Pay = }#Re i do F ee x 441 +e) -i,dS (9-16) 7 
M 


where the upper signs are taken for a passband of even symmetry such as 
we have in Figs. 9-1 and 9-2 (see Eq. 4-25 for this derivation). Since one 
of our amplitude relations for the open-circuit mode is, from Eq. 4-34, 


pv = —jwpi with ia / fora narrow passband (9-17) 
and we only require the real part of Eq. 9-16, that equation effectively is 


Pay = $02 tm (Le* F et) = Fh lo MZ mle) 0-18) 
wou wou 


where 


very nearly the passband 


=i) POU ee 
is | a4 Heras to width in units of k 


T 


As a check we see that in the “cold” circuit y = jy and so 


Pay = F4 pe 2M sin 
oy 
in agreement with Eq. 4-27 for a narrow passband such that P~ p= k. 
We may easily verify that the following expressions for the power flow 
in a wave are all equivalent to Eq. 9-18: 


Pay = ¥Re| Ca x Hit 7, dS = 4 Re| 6 x A*-i, dS 
M M 


= 1 Re| éx AM*.7 dS =} Re| éx H*-i, dS  (9-19a) 
M M 
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in which a 

HA HAC + AM), é = 36D + 61), (9-19) 
Because the wave under discussion is represented by a resonant cavity 
mode of which 6) x H‘-)* in cavity (—1) and 6 x * in cavity 


(0) are purely imaginary we can also abbreviate Eq. 9-19a to 


Pay = Re | a x Ai dS= ERe| CO es a ieds 
M 


M 
(9-19c) 
These relations are true for either choice of signs in Eq. 9-16. 

We now wish to outline the proof that Eqs. 9-19 are all valid even 
though the é and #H fields are composed of a linear combination of the 
four independent waves with a beam present. This fact will imply con- 
tinuity of circuit power flow across each coupling surface in the general 
case. Consider again a 9-16 written as 


4 — 
Pay tot = pre[ 1s v,(1 ¥ €’)e x : DY If + #4) A -i, dS 
m2 2, p=1 


(9-20) 
where subscripts « and # denote the ath and Ath waves, all of which are 
represented by the same mode patterns é and H. With pv, = —joyi, 
and i, ~ I, we can reduce this equation to 


Pay tot = ew Im > v,vg*(1 F €’a)(1 + e's’) (9-21) 
Samu ap 
In the double summation a typical term vyv,*(1 — €71*”2") has its imagi- 
nary part canceled by the associated term v.v,*(1 — €”2*”") so we obtain 
Pay,tot = pie Im > vavp (tee + ea) 
we ap 
(9-22) 


= FP Iimyo aVgtera 
nae ap 


The first expression in Eq. 9-19a is equivalent to this, for we can trans- 
form it as follows: 


Pay tot = Re | Ev x H* c ie dS 
M 


= Re | - 2 v,e'ae x D3 Ij*(1 + )H- i, dS 
M 


sella m| Se, elavgt «(1 + € | 
4 wy 

oo beep aba (= oot) (9-23) 
4 12 ap 
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The last step is justified because L,, v,v,*e”**"6" is pure real. Analogously 
we may prove that the remainder of the oe in Eq. 9-19 are all 
equivalent to Eq. 9-23. 

Equation 9-19 tells us that if no field is present on the gun side of the 
first cavity hole in Figs. 9-1 and 9-2 no circuit power flows out that hole. 
This fact is consistent with Bethe’s small coupling-hole theory, in which 
the tangential electric field induced on a hole by tangential magnetic field 
is nearly 90° out of time phase with the magnetic field and creates very 
small real-power flow into the radiation fields (see Eq. 3-14 as well as 
Sections 3-5 and 3-6). 

To understand why these expressions imply continuity of circuit power 
flow from the (—1) to the (0) cavity of Figs. 9-1 and 9-2 we observe that 
the derivation of the open-circuit mode amplitude relations for v and i 
by the procedure in Section 4-6 may be carried out alternatively from 
Maxwell’s equations written in cavity (0) as 


Vxée= —joph 
Vx h=JS+K, + joeé, where K,=(+i, X Aon 


whereupon we dot-multiply the first equation by hf, the second by @, 
and integrate them both over the cavity volume without integrating the 
left sides by parts. This result may also be obtained from the variational 
expression referred to in Section 8-4 by taking variations dv and di in 
E,, and ,, with E_ and A_ expanded in short-circuit modes. The pro- 
cedure is somewhat lengthy because it includes the irrotational open- 
circuit modes for the electric field, strictly speaking, and so we do not 
repeat it here. 

As a result of all this, surface electric current K, is equivalent to the 
coupling surface excitation for the open-circuit modes. If, now, we dot- 
multiply Eq. 9-24a by the total magnetic field A*, the conjugate of Eq. 
9-24 by é, subtract them, and integrate again over the cavity (0) volume, 
we obtain a Poynting theorem which says that the power flow into cavity 
(0) through this hole is 


(9-24) 


Pav,tot = —} Re i K,* - 6 dS = }Re | 6 x Ar. i,dS (9-25a) 
M M 


in which A is identified in Eq. 9-19b. By analogous reasoning the power 
flowing out of cavity (—1) is interpreted as 


Pay,tot = $ Re | gD x A. i, dS (9-25b) 
M 


Equation 9-19a shows these two expressions to be equal. Therefore the 
interpretation of power flow across coupling surface M is consistent in this 
formalism. 


f 


ane 


———— 
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The beam power flow in each wave is explicitly continuous at the 
coupling surfaces because the beam equations were solved so that V;,(L) 
flowing out of a cavity = V,(O)e~” flowing into the next cavity, and 
similarly for J(L) in each wave. 

We must observe that the power flows of the separate waves in an 
expression like Eq. 9-21 for the circuit power are not orthogonal; the 
crosspowers between the various waves contribute to the total power flow 
in the circuit and in the beam.’ 

The general relations in terms of a// the resonant cavity modes for the 
power flow are found in Appendix A, Section A.1, along with the proof of 
the power flow-stored energy-—group velocity relation for the “cold” chain. 


9-6. Nature of the Waves for Uniform Cavity Electric 
Field, in a Voltage Range about the Synchronous 
Voltage at 7 Cutoff 


The incremental phase shifts for the four independent waves appear in 
Figs. 9-10 through 9-12, for Cz? = 0.0025, 0.010, and 0.0225, respectively, 
and for the designated passband width of —M/p = 0.10 in Fig. 9-1. At 


4(QC), = 4(0q = 0.314) 
= 16(6q = 0.628) -——- 
= 36(0q = 0.942) -— — 


5 


(-Y + J6c) 


Fig. 9-10. Incremental periodic phase shift X + j Y for the waves in the tube with uniform 
e, field in each cavity. Synchronism at 7. Cz? = 0.0025. 4(QC),z is the parameter. —M/p 
= 0.10. 


7 The very last sentence is wrong in Appendix C of Ref. [2]. 
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2.0 
4(QC)z = 19 = 0.314) 

=4(6q = 0.628) -——- 

1.6 =9(0q = 0.942) ——— 
1.2 
0.8 
0.4 
0 
—0.4 
-0.8 
-1.2 
-1.6 

—2 =—1 0 1 2 3 4 5 6 
bg —> 
Fig. 9-11. Incremental phase shift for the waves in the tube with uniform e, field. 


Synchronism at 7. Cz” = 0.010. —M/p = 0.10. 4(QC)z is the parameter. 


the cutoff frequency of operation the Pierce parameter Cp of Eq. 9-2 is 
useless because sin y® = 0, so we use the parameters Cp and 4(QC)z 
exclusively. The incremental phase shifts have the same characteristics 
as they did for interaction near 37/4 and pips on the curves indicate the 
transition from backward-circuit power flow in the growing wave to 
forward-circuit power flow at the higher beam voltages. 

Figure 9-10 shows the insensitivity of the phase shifts to changes in beam 
voltage in the range —2 < bg < 6, which corresponds for this value of 
Cr = 0.05, to. 3.49 > 0, > 2.42. The gain per cavity X is high and higher, 
in fact, than the gain for the same Cz at the 37/4 synchronous point. We 
would operate an amplifier well to the right of a transition voltage such 
that appreciable circuit power grows in the direction of the d.c. beam at 
the expense of beam power. The effect of increasing the fractional pass- 
band width to 0.15 is a slight decrease in gain; the transition points 
essentially do not move. 
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In Fig. 9-11 we see the incremental phase shifts for the larger coupling 
of Cz? = 0.010. The useful gain per cavity to the right of the transition 
points is noticeably greater than for Cz” = 0.0025 of the previous figure. 
But the gain diminishes more rapidly with increasing b, than it did pre- 
viously. Maximum (6,/0,)" is 0.15 and occurs at by = 3,4(QC),z = 9. The 
effect on the growing wave of increasing — M/p to 0.15 (the curves are not 
shown) is to move all the transition points about 1 unit of bz to the right 
and to lower the curves, reducing the optimum gain about 0.13 neper. This 
term “optimum gain” is somewhat ambiguous; it is the gain beyond the 
transition point at a voltage which represents a compromise between low 
circuit power per unit amplitude of growing wave and low gain per cavity. 

In Fig. 9-12 we see the phase shifts for large beam-circuit coupling of 
Cz” = 0.0225. The useful gains to the right of the transition points have 
increased and they decrease somewhat more rapidly with increasing bp 
as in Fig. 9-11. The maximum (6,/0,)? of 0.19 at bg = 3, 4(QC), = 4 
violates our assumption of (6,/0,)? «< 1; however, the smooth nature of 
the curve for this value of 4(QC),, indicates that this gain is not greatly in 
error. An increase of the fractional passband width to 0.15 causes the 
optimum gains to drop about 0.08 neper but the transition voltages remain 
nearly fixed. 

We also examined the gain as a function of bz and 4(QC), for the high- 
power coupling of C,” = 0.040, but the curves are not included here. 
The optimum gain is about 0.10 neper above that for Cz? = 0.0225 at 
0,/0, = 0.1 and 0.2 [or 4(QC)gz = 0.445 and 1.78 in Fig. 9-12] and some- 
what less than this for 0,/0, = 0.3. An increase of passband width reduces 
the gains somewhat, as before. 

In Fig. 9-7 we show the gain for low values of 4(QC), as a function of 
Cz, as measured about one unit of bz to the right of the transition points. 
The curve labeled 7 shows decidedly more gain than was obtainable with 
operation around the 37/4 synchronous point. For operation near the 
a synchronous point the gain is only roughly linear with Cp, so that it is a 
gain parameter in a different sense than at the lower operating point. 


9-7. Behavior of the Growing Wave with Sinusoidal e, 
Cavity Field; Operation near the 37/4 and z 
Synchronous Points® 


In this section we digress to consider the growing wave in a chain con- 
sisting of the relatively narrow cavities of Fig. 9-13. These cavities are 
narrow compared to those of Fig. 9-1 so that the é, pattern is “bowed” 


*In the structure of Fig. 9-13, —M/p = 0.10. 
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4(QC)p = 0.445 (0g = 0.314) 
= 178g = 0.628) -——- 
= 4.0 (6g = 0.942) ——— 


Fig. 9-12. Incremental phase shift for the waves in the tube with uniform e, field. 
Synchronism at 7. Cz? = 0.0225. —M/p = 0.10. 4(QC)z is the parameter. 


across each cavity and é, ~ e,, sin (7z/L) across the cavity. Of the assump- 
tions made early in Section 9-2 the following remarks apply. Since the 
centerholes of Fig. 9-13 represent more coupling between cavities of smaller 
volume, the second passband will generally lie closer to the first passband 
and its modes will contribute more predominantly to the fields. Neverthe- 
less, we can obtain a good description of the growing wave behavior by 
ignoring them and representing the solenoidal electric field by vé of the 
first open-circuit mode, as before. We should note that vé, only describes 


7 
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the axial electric field at frequencies near the 7m cutoff frequency; at 
frequencies near the other cutoff frequency, P, the electric field would 
resemble the “straight-through” character of the short-circuit mode. We 
again take the axial space charge electric field to be jZ)f,/, and the é, 
pattern to be uniform in the cross section of the thin beam (hollow or 
solid), though it varies sinusoidally across the cavity. Our assumption of 
abrupt phase shift of amplitudes across the centerholes is better for 
sinusoidal than for uniform é, pattern because the nearly radial field near 
the centerholes does not accelerate the beam very much. 

Our fundamental equations for the interaction are on page 276 but 
with é, = e,, sin (7z/L). The derivation of the determinantal equation for 
y is outlined in Appendix E, Section E-2, and this equation has been 
solved on the IBM 704 computer for the same values of the parameters 
on which the previous curves were based. We define the Cp parameter for 
this chain as 
a pen A,Yo 

p’B.'7 
just as in Eq. 9-3, whereupon Eqs. 9-5 and 9-8 still serve as definitions for 
the space charge parameter 4(QC), and synchronism parameter bp. 
Although we do not work in terms of the Pierce parameters we call atten- 
tion to the fact that E2, of Eq. 9-1 evaluates as 


a en3| ee Od (9-27) 


a — 6, 


Cas s for sinusoidal field (9-26) 


ee Ga a 
Een = | = | e,, sin — €*e* dz 
LJo 1b 


which remains well behaved even as 6, approaches 7. This means Cp 


= 
L >| Beam velocity 
yy range of interest 


VA} 


ve’e(-D ve) ve-ve(t) 


MMM MJ jee. Beam , 
\ 7 7 VS Te 


ers 
2O~e,, sin rae 


O<z<L 0° = Bok = 


Fig. 9-13. A cavity-chain beam tube of narrow first passband and approximately sinusoidal 
é, pattern. Operating frequency k,, and the synchronous beam velocity both correspond 
to a “‘cold”’ circuit phase shift of 37/4 in this diagram. 
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4(QC)z a === Cp? = 0,001 


10 
Dev aecaeeses 


4(QC)p =1 


4(QC)y =1 —— 


=4. = —— 


=9-——— 


Fig. 9-14. Growth rate X for the cavity chain with sinusoidal e, field across each cavity. 
—M|p = 0.10. Cz? and 4(QC), are the parameters. (a) Synchronism at 37/4. 


would be related to Cz as 


Bo fy Se 
Cc. = (- Mee || sing’Cp*, O0.= 9° (9-28) 
p/ 8,27 cos (64/2) 
instead of by Eq. 9-4. 
Figure 9-14a illustrates the gain per cavity X of the growing wave for 
the four values of C,? and associated v-lues of 4(QC), upon which Figs. 
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4(QC)p=4. —— 
SL ee ae 


=36 —-—— 


4(QC), =1 


=4 -—._ 


=9 ——— 


b; ae 
(6) 
Fig. 9-14 (continued). (b) Synchronism at 7. 
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9-3, 9-4a, 9-5a, and 9-6 are based. If we compare each set of curves in 
Fig. 9-14a with the corresponding figure for the uniform @, field pattern, 
we note the following trends. Almost every curve in Fig. 9-14a has a 
maximum value which is slightly less than the corresponding curve on 
Figs. 9-3 through 9-6. The single exception is the gain curve for Cz? = 
0.010, 4(0C), = 9, which shows greater maximum gain in Fig. 9-14a than 
in Fig. 9-6. The close agreement of the gain curves for the two structures 
of Fig. 9-1 and 9-13 is surprising in view of the fact that we are comparing 
them on the basis of the same Cz, which means é, unigorm = €m, max: But 
the average value of e,, sin (7z/L) across the cavity is only (2/m)e,, = 
(2/m)e, uniform: The curves of Fig. 9-14a also indicate that the voltage 
bandwidths tend to be narrower in the structure of Fig. 9-13. 

In Fig. 9-14b we present the same types of curves for the structure of 
Fig. 9-13 but interacting with the beam near the 7 synchronous point, for 
comparison with Figs. 9-10 through 9-12. Here we observe that the 
maximum useful gain to the right of the pips in Fig. 9-140 is, in most cases, 
slightly or else noticeably greater than for the comparable structure of 
uniform @, pattern. The voltage bandwidths are also decidedly wider 
in Fig. 9-145. 

These facts warrant the statement that, whereas the cavity chain with 
sinusoidal @, field pattern is not quite as good as the chain with uniform 
e, pattern of the same Cz and 4(QC), for operation near the 3/4 syn- 
chronous point, the former is better with respect to gain near the a 
synchronous point. 

In the remainder of this chapter we study the properties of the cavity- 
chain beam amplifier with uniform é, field pattern in each cavity. We may 
reasonably expect the tube of sinusoidal pattern to have similar charac- 
teristics, but there is no doubt the detailed properties will be different. 


9-8. Excitation of the Growing Wave in the First Cavity 
of the Fig. 9-1 Structure® 


In this section we discuss the extent to which the growing wave is 
excited in the first cavity of an amplifier tube fed by the external generator 
through a coupling loop (see Fig. 9-15). We are not concerned with the 
reflection of the coaxial waveguide mode due to the mismatch of the 
cavity at surface S; but only with the relative amount of growing wave 
excited by a unit generator current J, in the loop. We do not consider 
hole input coupling according to remarks made at the end of Section 9-10. 


® —M/p = 0.10. 
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Fig. 9-15. Excitation of the first cavity by the generator. Magnetic field {2% threads 
the loop. 


The current J, is assumed to be uniform along the small loop within the 
cavity. 

The beam enters cavity (1) without initial a.c. modulation, and the 
problem is to determine the proper linear combination of growing, decay- 
ing, and constant-amplitude (perturbed fast beam mode) waves—all with 
forward-circuit power flow—in order to satisfy the boundary conditions 
within this cavity. We have solved the problem for operation near both 
the 37/4 and the 7 synchronous points. The magnitude of the growing 
wave component of electric field, v,, in the first cavity is plotted vs. bp 
in Fig. 9-16 for the various values of Cz and 4(QC), upon which the curves 
of Figs. 9-3, 9-Sa, and 9-6 are based. The curves are drawn only in the 
range of by in which the growing wave carries forward circuit power; 
the range of b, for Cz? = 0.010 is relatively narrow because Cy is relatively 
large and so a smaller range of by represents about the same fractional 
change in d.c. beam velocity. The curves tell us that if we adjust the beam 
voltage somewhat higher than the synchronous value v, will be 0.5 or 
more, where |v,,,| = 1 for all the curves of Fig. 9-16. The large amount of 
growing wave excited for Cz? = 0.001, 0.005, and 4(QC), = 10 at the 
voltage extremes does not warrant operating at those voltages, where either 
the rate of growth is going to zero or else the circuit power flow per unit 
amplitude v, is approaching zero. 

The corresponding curves for operation near the 7 synchronous point 
appear in Fig. 9-17, as determined from the properties of the waves in 
Figs. 9-10 and 9-11 and for the extreme coupling of Cp” = 0.040. Aside 
from the fact that the voltage range for useful gain is shifted upward, we 
see that |v,|/|v,o¢| is typically 0.6; |v,| for the case C,? = 0.01, 4(QC), = 1 
unfortunately starts to rise just as the rate of growth starts to diminish. 
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Fig. 9-16. Excitation of the growing wave in the first cavity. Synchronism at 37/4. 
—M|p = 0.10. Cz and 4(QC),z are the parameters. |vtot| = | in every case. 
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Fig. 9-17. Excitation of the growing wave in the first cavity. Synchronism at 7. —M/p = 
0.10. Cz2 and 4(QC)z are the parameters. |viot| = | in every case. 
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We should also observe for the case Cz? = 0.0025, although the growing 
wave is most effectively generated when 4(QC), = 36, the rate of growth 
is somewhat less than for lower space charges (see Fig. 9-10). 

We calculated the curves of Fig. 9-16 and 9-17 as follows. We first 
rederived the expressions for open-circuit mode amplitudes v and i, as 
excited by generator current /,, the beam, and tangential magnetic field 
on the right coupling hole of Fig. 9-15. Since no a.c. fields are presumed 
to exist on the gun side of the first hole, no circuit power flows out of this 
hole, according to remarks following Eq. 9-23. Following the derivation 
of Eqs. 4-34 through 4-36, we see that the tangential electric field of the 
coaxial tube on surface S; does not excite the cavity field because it is 
antisymmetric relative to the A pattern. Therefore, only J, of the loop 
excites the cavity field, and since the loop current is formally equivalent 
to the beam current we obtain just 


(p? — k? + pM)vig} + kpMvie? + eal Jtot * @, dV 


= eae i é-d¢ (9-29a) 
T loop 
The last term of this equation will be further justified on a power basis in 
Section 9-10. We regard 6,,, and /,,, as composed of growing, decaying, 


and perturbed fast beam waves, as 
fie => U, 4- Ug + Us, 6), — Vie + ve als Ve 
Sita J, + 5,45, (9-29b) 


If we add $pMv°} to both sides of Eq. 9-29a, with v(°} defined as v,e+¥s + 
- + v,et’s, the left side will be identically zero. This is so because the 
growing, decaying, and perturbed fast beam wave portions are separately 
zero (see Eq. 8-26). Therefore our first equation in terms of v,, vg, and v,; is 
simply 
4pM2}8t OEY At é-d¢ (9-29¢) 
T loop 

We obtain the other two relations by choosing the wave amplitudes so 
that the kinetic voltage and current which enter the first cavity are matched 
to zero. In terms of the A and B coefficients of Appendix E, Eq. E-5, 

these relations are 
V1) = 0 = A,v, + Agvg + Apes (9-30) 
J(1) = 0 = Biv, + Bywg + Byv, (9-31) 


Then Eqs. 9-29 through 9-31 enable us to compute v, with the magnitude 
of J, chosen so that |v(!}| = |v, + vz + v,| = 1 for convenience; this 
value of |v,| is plotted in Figs. 9-16 and 9-17. 


= 
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9-9. Effect of a Reactive Discontinuity (Detuned Cavity) 


We now investigate the effect upon the growing wave of inserting a 
detuned lossless cavity into the center of a long chain in order to reduce 
the tendency to oscillate. The detuned cavity and circuit field components 
are depicted in Fig. 9-18. We can understand how a detuned cavity in 
the center of a long chain will reduce the tendency to oscillate by recourse 
to the following reasoning. Suppose the chain without the detuned cavity 
has unit amplitude of growing wave in the first cavity, which grows to 
Jee" | = €%“ at the last cavity. If this cavity reflects a fraction R, in the 
form of the constant-amplitude backward wave, then e‘*R, returns to the 
first cavity. If this cavity reflects a fraction R, of the field into the growing 
wave we have a tendency to oscillate if |R,R,| «*X = 1. With the detuned 
cavity present a unit amplitude of growing wave in the first cavity reaches 
it with amplitude <**?. Ifa fraction R,’ is reflected as a backward wave, 
the first N/2 cavities will tend to oscillate if |R,’R,; «%*?| = 1. But if 
|R,’| < |R,| ¢*%? the first half of the tube shows less tendency to oscillate. 
The latter half of the tube will tend to oscillate by itself if |R,R,’ <**| = 1, 
where R;,’ is the fraction of backward wave converted into growing wave 
in the cavity following the detuned one. Therefore, if |R,’| < |R,| <%” 
the last half of the tube shows less tendency to oscillate. 

In a twenty-cavity tube of 50-db gain, say, <~”/? = 18, so that even 
though R,’ and R;’ may well lie in the range 1-3 (greater than 1 as we 
discover next) it may prove safer to insert the detuned cavity rather than 
assume the external loads are good matches, particularly since the matched 
generator and output loads in the “hot” circuit differ from those in the 


V; (1), 7), enter Vz (2), J (2) leave 
detuned cavity 


Fig. 9-18. A detuned cavity, with incident growing wave and reflected backward wave 
on the left, and generated growing, decaying, and perturbed fast waves on the right. 
The beam drifts under the action of its own space charge fields through the detuned 
cavity of angle 02 = w,d/uo. 
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30° 60° 90° 120° 150° 180° 

64 ——> 
Fig. 9-19. Amplitude of growing wave excited beyond a detuned cavity of drift angle 
04 = Wu. Synchronism at 37/4. —M/p = 0.10. 4(QC)z and Cz? are the parameters. 
bz is chosen for optimum gain. 


“cold” circuit. In the next section we find that the output cavity load 
which matches to the growing wave and creates no backward wave is 
rather critical and can differ considerably from the “cold” match if Cg 
is reasonably high. 

We now discuss the cavity-chain tube of fractional passband width 
—M|/p = 0.10, first for operation near the 37/4 synchronous point in 
Fig. 9-1. We first selected representative values of Cg and 4(QC), and 
chose a beam voltage for each pair of values at which both the circuit 
power flow in the growing wave and the rate of growth were substantial. 
We then assumed an incident growing wave of amplitude v, = 1 in the 
cavity preceding the detuned one. For each pair of values of Cg and 
' 4(QC)p we then computed the magnitude |v,’| of growing wave generated 
in the cavity just beyond the detuned one, as a function of the drift angle 
6, = w,d/u, of the detuned cavity. These computations gave us the series 
of curves shown on Fig. 9-19 for Cy? = 0.001, 0.005, and 0.010, and 
4(QC)pz = 1, 4, and 9 or 10. We see that a healthy amount of growing 
wave is always established beyond the detuned cavity, and more, in some 
cases, than was incident. This is understandable from the fact that the 
amplitude of backward wave |v,| engendered in the incident cavity is 
greater than 1 in all these cases and increases as |v,’| increases, so that 
|v, + v,| = |1 + v,| remains roughly equal to |v,’|. However, |v,| < 1.50 


i 
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for the parameters of Fig. 9-19 so the reflected backward wave does not 
become unduly large. 

The curves show that, for low values of space charge, 0, = 60° is about 
the best drift angle. For the large space charge of 4(QC), = 10 the drift 
angle is immaterial, indicating that both the kinetic voltage and current 
reexcite the growing wave. 

Now we change the beam voltage and operating frequency so as to 
operate near the 7 synchronous point. Figure 9-20 shows the reexcitation 
of the growing wave for C;,” = 0.0025 and 0.010 and for various values of 
4(QC). For each pair of values of Cz and 4(QC), we choose the beam 
voltage so as to compromise between a large rate of growth and a large 
amount of circuit power per unit amplitude v,. The growing wave ampli- 
tude |v,’| reexcited in the cavity beyond the detuned one is definitely larger 
than the total field |1 + v,| in the cavity preceding the detuned one for 
the two cases C,” = 0.0025, 4(Q0C), = 25, 36 and C,” = 0.010, 4(QC), = 
6.25, 9. Although these growing waves are not as practical to utilize 
because their circuit power flows per unit amplitude v, are small and 
decrease with increasing 4(QC),, they nevertheless deserve comment. 


C= 0.0025 —— 
=0.010 ——— 
0 a 
30° 60° 90° 120° «150° 180° 
6g ——> 


Fig. 9-20. Amplitude of growing wave excited beyond a detuned cavity of drift angle 
04 = @,d]uy. Synchronism at 7. —M/p = 0.10. 4(QC),z and Cz? are the parameters. 
bz is chosen for optimum gain. 


| 
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| 
In order to understand the large values of |v,'| in Fig. 9-20 we state a 
fact which is not obvious from the preceding descriptions of the waves, — 
namely, that the backward wave possesses large components of kinetic — 
voltage and current which, in fact, carry negative beam power. This — 
backward wave, which exists when the tube is operated near the 7 syn- | 
chronous point, is distinctly different from the ordinary helix traveling | 
wave tube backward wave, which is essentially only a circuit excitation. — 
The backward wave components of kinetic voltage and current add to — 
those of the incident growing wave and produce large excitations V;,(1) 
and J(1) entering the detuned cavity of Fig. 9-18. In fact, the engendered — 
backward wave increases V,(1) and J(1) by about the same factor as — 
|v,'| is greater than 1 for the upper curves of Fig. 9-20. The excitations 
V,(1) and J(1) then transform into large components of V,(2) and J(2) 
leaving the detuned cavity, and these reexcite the growing, decaying, and 
perturbed fast waves. The growing wave has the smallest components of 
beam excitation per unit amplitude v,’, and the perturbed fast wave has 
the greatest amount of beam excitation. Therefore |v,’| tends to be larger 
than either |v,'| or |v,'| in the cavity beyond the detuned one. For these 
two reasons, then, |v,’| is as large as shown on Fig. 9-20 for the higher 
values of space charge. 

The equations for the three cavities of Fig. 9-18 are now developed. 
The circuit equation for the left cavity is just Eq. 9-29a without the 
I, term, with v{+?) replaced by v,€”* + v,e”, and with v,,., = v, + v, and 
Jios =I, + J. If we now add the coupling terms (pM/2)(v,e~”e + v,€~”) 
to both sides of this equation we obtain, just as we obtained Eq. 9-29c, 


v,€ 7? + v,€-” = 0, v, =1 for reference (9-32) 


With v, now known the kinetic voltage V,,(1) and beam current density 
J(1) entering the detuned cavity are found by means of Eq. E-5: 


V,(1) = A,e~”? + A,vye?? 


9-33 
Z,J(1) = Be”? + Bp,” O39 
These excitations transform through the drift angle 0, into 
V.(2) = V,(1) cos 6, + jZ)J(1) sin 6 
k : . d oJ( d Ne @,d (9-34) 
Z,J(2) = jV,(1) sin 0, + Z,J(1) cos 6, Uo 


according to the transformation properties of Eq. E-2 with e, =0. We 
have neglected a common phase shift of «4/0 in Eq. 9-34. Excitations 
V,(2) and J(2) excite the cavity following the detuned one according to 
Eq. 9-32 with —y changed to +y: 


v,€ + ve + 0,6 = 0 (9-35a) 


——————————————————— 
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(where g, d, and f denote the growing, decaying, and perturbed fast waves) 
and also, according to Eqs. 9-30 and 9-31, we have 


V,(2) = A,v,’ + Agvy’ + A,r, (9-355) 
J(2) = By, “6 Biv 5 Byv,' (9-35¢) 


We solved Eq. 9-35 on the computer in order to obtain |v,'| as a function 
of Cz, 4(QC) z, and 6. 


9-10. Output Cavity Match to the Growing Wave; 
Input Cavity Match to the Backward Wave 


We now study the relation between reflected backward wave and output 
load in the last or Nth cavity of the beam tube, Fig. 9-21. For representa- 
tive values of Cz, 4(QC),, and bz we present loci of constant reflection 
coefficient (constant magnitude of backward wave amplitude |v,|) in the 
complex plane of the load admittance measured on surface S,. Figures 
9-22 through 9-25 describe the cavity chain of fractional passband width 
0.10 and uniform @, field pattern; the first two figures describe operation 
near the 37/4 synchronous point and the last two figures describe operation 
near the z cutoff point. 

For operation at the 37/4 point we first examine a lightly coupled tube 
with C,” = 0.001, 4(QC), = 1, and bz = 0 in Fig. 9-3. The gain X is 


J(N), V,.(N), enter last cavity, (V) 


Fig 9-21. Coupling of the external load Y,, to the last cavity. Field amplitude vo) is 
composed of the incident growing wave v, and the reflected backward wave vp. ge oe 
v,etYo + v, Et, 
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Fig. 9-22. Contours in the Y,, plane of constant amplitude of reflected backward wave. 
The incident growing wave has amplitude v, = |. Synchronism at 37/4. —M/p = 0.10, 
Cz? = 0.001, 4(OC)z = I, and bz = 0. 


about maximum at the synchronous voltage. Assuming v, = | in Fig. 
9-21 we computed from the equations to follow the magnitude of the 
constant-amplitude backward wave |v,| generated by various values of 
the normalized load admittance defined in Eq. 9-40 as 


: womy, —¥ 
Ten ae Grn + Brn = outa ea 5 a,) 


Here Y, is the external load admittance Y,’ transformed to the plane S, 
of Fig. 9-21. The loci of constant |v,| appear in Fig. 9-22. A “hot” 
match occurs for Y;,, ~~ 0.04 — j0.04, which is somewhat different from 
the “cold” circuit match. That match for these conditions is obtained 
from Eq. 9-41, with y = jp®, as 

Moecy 9-0 gg =! 

2p 4 Pp 
or Y;,,° = 0.035 — j0.035 inductive. To estimate practical magnitudes 
of the unnormalized load Y,, suppose o ~3kMec, 7 =5 x 10°’, 
he = 1 (see the remark following Eq. 7-10), and the loop diameter = 


lcm. Then 
PeeNe 
ae ( | i d5;) = 0.73 
T loop 


and the external matching load admittance on S, is 0.055 — j0.055. The 
load Y;, can be conveniently changed by altering the loop size. 
The magnitude |v,| increases rather rapidly as the load departs from the’ 


ET a 


The Cavity-Chain Beam Tube LS, 


matched value in Fig. 9-22 and is likely to be 0.25 or more unless we 
match the “hot” circuit carefully. Similar loci of constant |v,| for the 
same C;,” = 0.001 but with 4(0C), = 10 and a b, for optimum gain are 
almost the same. 

We then chose C;,” = 0.010, 4(0C), = 1, and bz for optimum gain. 
Now the loci appear as shown in Fig. 9-23 and the normalized matched 
load Y,, = 0.042 — j0.058. This differs considerably from the “cold” 
circuit match of 0.035 — j0.035. Again the reflected |v,| is apt to be 0.25 
or more unless we match carefully. The loci for the same C,? but for 
4(QC), = 9 and a new value of b, for optimum gain closely resemble 
those of Fig. 9-23. 

Curiously, the matched load in the “hot” circuit which does not reflect 
the backward wave is not the load which maximizes the load power! 
This latter load is nearly 0.04 — j0.04 on Fig. 9-23. The ready explanation 
is the fact that the presence of the backward wave can create more negative 
beam power leaving the last cavity than is attributed to the growing wave 
alone. Calculations for the data of Fig. 9-23 verify the fact that, with the 
nonmatched load of 0.04 — 70.04, the amount of net power flow into the 
last cavity is nearly the same as if the growing wave alone were present, 
but the beam power leaving the last cavity is less and the load power 
consequently greater by about 10%. 

This discrepancy between matched load and maximum power load is 
more apparent if we change the operating conditions so as to operate near 
the 7 synchronous point. Our first such example is that of Cz? = 0.0025, 


8 12 16 20 
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Fig. 9-23. Contours in the Y,,, plane of constant amplitude of reflected backward wave. 
The incident growing wave has amplitude v, = |. Synchronism at 37/4. —M|/p = 0.10, 


<< 


C3? = 0.010, 4(QC)z = |, and by = 0.5. 
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Fig. 9-24. Contours in the Y;,,, plane of constant amplitude of reflected backward wave. _ 
The incident growing wave has amplitude v, = |. Synchronism at 7, —M/p = 0.10, 
Cz? = 0.0025, 4(OC)y = 4, and by = 5. 

4(QC),, = 4, and a value of 6,, = 5 chosen on Fig. 9-10 for a growth ra 
of 0.33 neper per cavity as well as a healthy amount of power flow per 
unit amplitude v, as specified by Im (e~”*) = —0,314. The loci of constant _ 
|v,| appear in Fig. 9-24 and the matching load of 0.016 — 0.068 is ob- — 
viously more critical than for operation near the 37/4 point. The maxi- 
mum power load is now nearly 0.02 — j0.04. We have also examined the 
case of 4(QC), = 16 for the same C;,? and a new optimum value of dg 
but the loci very closely resemble those of Fig. 9-24, 

Now let us maintain synchronism near the w cutoff but choose C;,? = 
0.010, 4(QC),, = 1, and an optimum 6, such that X of the growing wave 
is 0.51 neper and Im (e~’*) = —0.435. Figure 9-25 shows the loci of 
constant |v,|. The matching Y,,, is 0.022 — 70.081, and this is apparently 
somewhat less critical than in the preceding case. Upon increasing 
4(QC), to 4 and readjusting 5, for optimum gain the loci essentially did 
not change. 

Figures 9-22 through 9-25 are descriptive of /oop output coupling; the 
circuit equation for hole output coupling in which tangential electric fiele 
from the waveguide excites the last cavity on surface S, of Fig. 9-21 wo 
be somewhat different. We point out this difference in a moment. 

It is almost if not just as important to match the input cavity of Fig. 9-15 
to the reflected backward wave as it is to match the output cavity to the 
growing wave." By an input cavity match we do not mean a generator 
1° Transversely magnetized ferrite posts may be inserted into the coupling apertures te 


attenuate the backward wave. The simple theory of their effect is discussed at the end 
of Section 11-3. 


7 
: 


ens es ee 
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load which will absorb all the backward wave, but rather one which will 
prevent reexcitation of the growing wave. Usually the backward wave will 
carry appreciable beam excitation back to the first cavity so that growing, 
decaying, and perturbed fast waves will be reexcited in order to match the 
input conditions of no initial beam kinetic voltage and current. We now 
ask: Does an appropriate generator load exist such that only the decaying 
and perturbed fast beam waves will be reexcited? To answer this question 
we examined two representative cases: one for —M/p = 0.10, synchronism 
of beam and circuit at 37/4, C;,? = 0.005, 4(QC), = 4, operating fre- 
quency at the synchronous frequency, and the other for operation at the 
am synchronous point such that by = +6, Cy? = 0.0025, and 4(QC), = 16. 
In both cases a reasonable normalized load Y,,, exists on surface S, of 
Fig. 9-15 such that no growing wave is reexcited by a backward wave. 
It is 0.033 — 0.057 for the first case and 0.011 — /0.069 for the second 
case. Therefore we make the broad statement that 


In general, a matched load exists for the first or input cavity of an 
amplifier tube such that a backward wave reflected into this cavity will 
regenerate no additional growing wave. 


The circuit equation for the backward wave induced in the last cavity 
by the incident growing wave of amplitude v, = 1 is developed as follows. 
With loop current J, flowing out toward the load in Fig. 9-21 we have, 


12 16 20 
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Fig. 9-25. Contours in the Y,,, plane of constant amplitude of reflected backward wave. 
The incident growing wave has amplitude v, = |. Synchronism at 7, —M/p = 0.10, 
Cz*® = 0.010, 4(QC),z = |, and bz = 3. 


316 Electromagnetic Slow Wave Systems 


from Eq. 9-29, 
(p? — Io pion) 2 oe ee [ Stor: é, dV 
i V 


pes (9-36) 
T loop 
with 
viot = 1+ 0,  vtor = €”” + ve” 


If we add (pM/2)(e~”s + v,€~*) to both sides of this equation the left side, 
with the exception of the loop term, is identically zero for the reason 
following Eq. 9-29a. Therefore this equation is simply 


s. Sy (eo + ve) +P 7 a ig: Ed’ =0 (9-37) 
T p 


100 


We can introduce the load admittance by writing Faraday’s law for voltage 
V,, induced on surface S,:4 


Mes Sm Te —jouif h- dS¢ = pols hee dS¢ (9-38) 
loop loop 
where Z,; = Y,,1 is the external load defined on S,. Since 
| e-d= V x é-dSy=p h- dS¢ 
loop loop loop 
we can write the circuit Eq. 9-37 as 


— pM (en? + ve”) be (| 
iD) T 


loop 


h: ar) Y,viii=0 (9-39) 
If we define a normalized load Y;,,, on surface S, as 
vege | { Ne ar) (9-40) 
the expression for v, from Eq. 9-39 is 
_ _(M[2p)e" = j¥in 


—(M/2p)e” + jYin 


From this expression we computed the curves of Figs. 9-22 through 9-25. 
The last term of Eq. 9-36 implies that the time-average power flow into 
the load is 


b 


pReh (06)* I, dé= FRe v4 | é- dé 
loop 


loop 


(9-41) — 


11 There is no loop self-inductance term in Eq. 9-38 because ih measures the total — 


magnetic field threading the loop. 
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However, since 


| é-dl=p h- dS¢ and pv* = +jaui* 
loop loop 


this power flow can also be written 


loop 


which is the correct power as measured by the voltage and current in the 
coaxial tube just beyond surface S,. Therefore our treatment implies 
continuity of power flow across this surface. 

Suppose, now, the last cavity couples to the load by way of a rectangular 
or circular orifice instead of a loop through surface S, of Fig. 9-21. If an 
electric field is maintained in the waveguide on S, perpendicular to A in 
the cavity, the cavity will couple to the load. If we modify the derivation 
of Eqs. 4-34 and 4-35 for the cavity mode amplitudes so as to include the 
effect of this field as well as the beam, we obtain 


post = — al ix E,-hdS — jouit®? (9-42a) 
So 


T 


, : M wy 1 : 
pits = matin: = > i 2 + = | Tere nice dV + joevy} (9-42b) 
TdJIV 


If we denote the waveguide fields by EF, = VE,(S,) and A, = 1,H)(S,) 
and naively ignore the cutoff waveguide modes excited by the tangential 
cavity magnetic field on S,, we can say V; = /,Z,, by definition of the 
load impedance of the propagating mode as measured on S,, whereupon 
the equality of power flow leaving the cavity and entering the waveguide 
per unit of V; means 


A E, x h-adS = a E, x Hy: dS (9-43) 
So 0 


Apparently, then, we need only express the V;, drive of Eq. 9-42a in 
terms of J, and therefore i,,, in order to have a well-behaved pair of equa- 
tions for the Nth cavity mode amplitudes as influenced by load Z,. 
Unfortunately there is one inconsistency in this treatment which did 
not arise for loop coupling; namely, Eqs. 9-42 do not imply conservation 
of power flow across the coupling surface between cavities (N — 1) and 
(N). The reason stems from. the fact that pu,., = —jw@pi,,, in cavity 
(N — 1) but not so in cavity (N); this means when we write the power 
flow out of cavity (N — 1) as proportional to Re o¥~ VY Y* 4 [%*) 
(see Eq. 9-19) there is an extra component of power in the term v%~)7* 
due to the load term in Eq. 9-42a which is entirely different from the extra 
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components in the expression for power flowing into the Nth cavity 
Re oY) (7 —D* 4 7)*), The same statement is true if we meas 
power flow by the magnetic field on one side or the other and use 
averaged electric field on the coupling surface. 

The ambiguity in power flow is resolved if we cast the previous equa: 
tions into equivalent circuit form, with the definitions in Section 4-7, 
result is a circuit for the Nth cavity of the form of either Fig. 4-4a or 4 
depending on the symmetry of the mode patterns. The coupling to 
(+1) cavity should be removed and a current generator inserted in parallel” 
with C,,, to represent the effect of the beam in Eq. 9-426. The effect of 
the Z, load is an appropriate impedance in parallel with L,,.. In this ci | 
there is obvious continuity of power flow across the coupling indu 
from the vc) terminal to the ce terminal. 

The interpretation of the equations with respect to power flow a 
the coupling surface between cavities is, however, somewhat unsatisfactory, 
and so we do not consider any further the cavity chain coupled to a load 
through a hole in the cavity wall. | 

The equations for the input cavity with loop coupling are developed 
follows. Equations 9-36 through 9-40 are modified to apply to the first 
cavity by including the decaying and perturbed fast waves, changing 
to —y, and by setting incident o, = 1: 

_ eM (67 + ve + ve” + ve”) + JY pl + 0, + 0g + 0) = 0} 

( 

The beam equations are just Eqs. 9-30 and 9-31 but including the back 
wave components as well: 


—A, = A,v, + Agdg + Ap; (0-43) 
—B, = Biv, + Burg + Byr; (9-46) 


By setting v, = 0 in these last three equations we can readily find o, and 
v, in the latter two knowing coefficients 4, and B, and then determine 
whether or not Eq. 9-44 determines a physically realizable Y,,. } 

a 


9-1. Effect on the Growing Wave of the 
Impedance Walls : 
So far in the analysis of the waves we have assumed the walls of the 


cavity to be perfectly conducting. We now treat the effect of the impedance 
walls on the phase shift per cavity, y, of the growing wave, by the following 


| 


The Cavit 'yeChain Beam Tube 319 


means. The cavity field in the presence of perfectly conducting walls 
would establish a surface current —A x thon them, A being the unit normal 
outward. If, now, the wall impedance Z, is finite, a surface electric field 
B, = —(fi x th)Z, is established. ‘This excites correction fields within 
the cavity which can also be represented by the one open- and short-circuit 
_ mode of this passband, Equation 9-42 give the expressions for v’ and i’ 
_ of the correction field’* in terms, now, of £, with the beam current term 
_ dropped. The phase shift y, for both the original and the primed fields 
_ in the growing wave is now perturbed from that for perfectly conducting 
_ walls. The beam kinetic voltage is driven by the total field (v + v’)é, 
_ within the cavity. Since v’ is related to v we can modify the determinantal 
_ equation for y and find out how much the impedance walls change y,. 
In particular, we want to know if Re (Ay,) is reduced or goes negative, 
thus implying augmented growth [e~” = excitation in cavity (n + 1)/ 
j 

t 


Se ea Ve 


excitation in cavity (n)]. 

Shown in Fig. 9-26 is the parameter Re (Q)Ay,) vs. the space charge 
parameter 4(QC),, for various values of coupling coefficient C,*; —M/p = 
0.10 in the structure of Fig. 9-1 operated near the 37/4 synchronism point. 
As 4(QC),, increases, the beam velocity is readjusted slightly so as to keep 
the gain in the absence of the impedance in the walls optimum. The 
ordinary quality factor Qy of the unloaded “cold” cavity is 

| oW, _ , Lelol’r 


Q) = 


= ‘1 
Patss 2 P aise 


In the “cold” chain we can express the average power dissipated into the 


(9-47) 


walls of the cavity of reference phase zero as 


2 
PMr el im(e’) +Im(e)] (9-48) 


Paiss = Pin — Pout = a 
4m 


from Eq. 9-18. If the attenuation per cavity is small, and “cold” circuit 
phase shift y° is not too near 7, we can say that y = jp? + Ay ~ jy” + a, 
% being the attenuation per cavity in nepers. Then Eq, 9-48 becomes 
2 
Paiss = — pearl (1 + «) sin p® — (1 — «) sin ¢°| 
Op 
9-49 
_ _ pMr |p)’ Pitre 
2op 
Since w*ye ~ p* for this narrow passband, Eq. 9-47 tells us 
] 
= 0, Re (Ay) = ——__—_——_ 
. Qo% = Qo Re (Ay) (—M]p) sin @® 


_™ This treatment is consistent with continuity of power flow on the coupling surfaces 
_ according to subsequent discussion. 


(a sin ~) 


(9-50) 
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Id circuit at 3727/4 synchronism 


Re (QoAYg) Sr 
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Fig. 9-26. Effect of the impedance walls on the growing wave. —M/p =0.10. 0, is 


chosen for optimum gain for each value of 4(QC) z, with C,” as the parameter. Two _ 


conditions of synchronism are represented. Solid lines: Synchronism at 37/4. Dashed 


lines: Synchronism at 7. Negative values of the ordinate imply enhancement of the — 


rate of growth, Re — Ay,. 


in the “cold” chain. For —M/p = 0.10 and ¢° = 37/4 we have the point 


14.14 on Fig. 9-26. 

Figure 9-26 shows us that, for weakly coupled beams, the “hot” circuit 
attenuation due to the impedance wall effect is diminished at the low space 
charge values but rises as the space charge increases. For sufficiently 


high values of C,?, however, the attenuation will go negative (greater gain 


due to the impedance in the walls) for large values of space charge. This 
is the resistive wall amplifier effect, which is more pronounced for. beam- 
circuit synchronism near the z cutoff point. 

Figure 9-26 makes clear the fact that, for most beams of interest, the 


“cold’’ circuit attenuation per cavity is not descriptive of the effect of the ' 


impedance walls upon the growing wave. Indeed, the walls may actually 
enhance the gain. 
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We now outline the derivation of the expression for Q,Ay. From Eq. 
9-42 the expressions for the open-circuit mode amplitudes v’ and i’ excited 
by E, = Z,(—Ai x ih) on the walls are 


i - 
= = — —Z.n x ih)x h:nidS —j i’ 
a (kee I ae OG} 
pi’ = —MI'(1 + cosh y) + jwev’, Tue 


where y is y) + Ay. Equation 9-51 gives us v’ and i’ both in terms of i. 
The beam equations remain the same except that (v + v’) is substituted for 
v, SO we want to write the new circuit equation in terms of v + v’. Our 
original circuit equation 8-26 on page 258 was 


[p> — k® + pM(1 + cosh y)]v = — eel J-é,dV 
7 JV 
From Eq. 9-51 we obtain v’ in terms of v as 


gee 2 h 
poet PML + cosh) , _ pe z,+{ lPas (9-52) 
T /JWwalls 


p+ M(1 + cosh y) jop 
where we used pu = —jwui. Now observe that Q, of a single cavity is 
ow, o(4)u |il? r WUT 
ee oes ee (9-53) 
Paiss 1 


tf lih|? R, dS R,| |Al? dS 
2 J walls walls 


Since Z, = R,(1 + /) at microwave frequencies we can write Eq. 9-52 as 
p* — k* + pM(i + cosh y) ,, _ poll + Jj) 
p + M(1 + cosh y) JQ 
sO our circuit equation can be manipulated into the form 
p> — k® + pM(1 + cosh y) 
les pes 


(9-54) 


(v +0’) = — 18 | J-2,av (9-55) 
i V 
with 
Pee Pip + MOU + coshy)) .1—J 
p> —k* + pM(1+coshy) Q, 


Equation 9-55 together with the beam equations on page 276, with 
_v +v’' replacing v, now furnish the same determinantal equation for y as 
before except that (1 + é)-1~ 1 — & multiplies the first bracket of Eq. 
E-9 in Appendix E. Then it is a simple matter to compute Ay, caused by 
—. We made one more assumption to the effect that |(M/p)(1 + cosh y,)| « 
1 in the numerator of £; with —M/p = 0.10 this is an excellent approxi- 
mation for Fig. 9-26 because |1 + cosh y,| < 1 for all those cases. This 

term should be ignored, however, according to the following consistency 
argument. 


we RE 
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In order to have continuity of the first-order power flows proportional 
to v'J and v/’ on a coupling surface we need i’ ~ jv’ (see Prob. 2). We can 
arrange this by expanding the primed fields with the short-circuit mode, in 
which case PI’ = jweV’ in Eq. 9-51b and the M term goes into Eq. 9-5la. 
But Eq. 9-55 again emerges, in terms of v + V’ provided we ignore the 
M(1 + cosh y) term in &. It is also necessary to say the passband is narrow 
in the sense that |M/p| « 1. The conclusion is simply this: The single 
mode-pair correction to the fields due to wall loss is consistent and good 
enough to represent the quantitive effect of the wall impedance upon the 
growing wave. 


Problems 


1. Compare the gain per cavity of Fig. 9-7 with the rate of growth for low 
space charge in the helix traveling wave tube (Chapter 8 of Ref. [1]). 

2. List the necessary and sufficient conditions for all the power flow expressions 
of Eq. 9-19 to be equivalent. 

3. Verify the zero circuit power flow at the pips on Fig. 9-4a, for example. 

4. Approximately what is the value of bp for optimum gain and low space 
charge in Fig. 9-12? 

5. Compare the growth rates with sinusoidal e, field, Fig. 9-14, with the 
corresponding growth rates with uniform field, Figs. 9-3 through 9-6 and 
9-10 through 9-12. Is there a definite advantage in using sinusoidal field 
with the same Cz value as for uniform field? 

6. Show that the equivalent electric field remains finite as 6, approaches 7 
in Eq. 9-27. 

7. Why does the growth rate go to zero at bg ~2.6 for C,” = 0.005, 
4(QC), = 1 in Fig. 9-16? 

8. Compare the effect of a detuned cavity, Fig. 9-19, with the effect of a severed 
helix with drift space in the helix traveling wave tube (Chapter 9 of Ref. [1]). 

9. Verify the matched load of Fig. 9-23 with respect to Eq. 9-41 and the data 
of Fig. 9-6. 

10. From Egs. 9-40 and 9-41 and related remarks show that the power flowing 
out of the last cavity into a matched load is —}a@W, |M/p| Im (<~”9), W, 
being the time-average stored energy in the last cavity and M/p the fractional 
passband width. 
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Chapter X 


Design Considerations for Cavity- 
Chain and Multicavity Klystron 
Beam Amplifiers 


10-1. Synopsis* 


In the preceding chapter we studied many of the individual small-signal 
characteristics of the coupled-cavity beam amplifier without regard for 
the overall performance of the tube. In this chapter we study the small- 
signal power gain and input resistance of various amplifier models in a 
frequency range near the cavity resonant frequencies. We list the assump- 
tions of the analysis in Section 10-2 and develop the equations for the 
input, intermediate, and output cavities so as to allow stagger-tuning and 
external loading of various kinds. The complete set of equations is 
presented as it was programmed for the computer, and expressions for the 
power flows and input impedance are developed. 

The first portion of our program is restricted to a study of high-gain, low- 
bandwidth cavity-chain amplifiers in which the cavities are all stacked 
together with no drift spaces, field-free or otherwise, between them. The 
cavities are either decoupled or lightly coupled. The second phase of the 
program is devoted to the characteristics of various chains used as 
bunchers to feed r.f. beam excitation across a drift space to an optimized 
output cavity. These models have relatively low gains but large band- 
widths. Lastly, we describe in Section 10-6 the properties of constituent 
Cavities which may be used in multicavity klystrons. The computations 


1The author gratefully acknowledges the help of Mr. Y. Satoda who launched the 
preliminary investigation in his M.S. thesis entitled “The Stagger-tuned Cavity-Chain 
Traveling Wave Tube Amplifier,” Electrical Engineering Dept., University of Cali- 
fornia, Berkeley, 1961. Thanks go also to the Board of Regents of the University of 
California for the use of the IBM 704 and 7090 computers. 
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describe the gain and bandwidth characteristics of various physical tubes 
well enough to warrant the statement that the analysis is realistic. As a 
check on each computation there was a conservation-of-power sub- 
computation. 

We first report, in Section 10-3, on the gain and bandwidth properties 
of various synchronously tuned amplifier models with weak beam-circuit 
coupling specified by Cp. The cavities are not externally loaded—a good 
assumption if their Q’s are several thousand or more—except for the last 
one, which is either matched to the growing wave at the 37/4 “cold” 
circuit phase shift frequency if the cavities are coupled or else loaded to a 
Q of 50 if they are decoupled. For representative values of 0, and 0, we vary 
the passband parameter m (which measures the electromagnetic cavity- 
cavity coupling) and the beam-circuit coupling coefficient Cz. These 
decoupled-cavity models are not very interesting because, despite their 
tremendous gains, they have virtually no bandwidths. What is worse, the 
coupled-cavity models exhibit widely fluctuating input resistance which 
usually goes negative in the frequency range of interest. External loading 
sufficient to keep the tubes stable at all frequencies will often allow gains 
of 30 db or so (ten-cavity length), but the bandwidths remain <1%. Nor 
does an increase of cavity-cavity coupling increase the bandwidths to any 
noticeable extent. Negative input resistance at frequencies near the 7 
cutoff frequency explains the “cutoff” oscillations observed in many high- 
power tubes. 

In Section 10-4 we answer the question of whether these high-gain 
power amplifiers, with high-Q intermediate cavities, can be broadbanded 
by stagger-tuning the cavities. Many stagger-tuning schemes were tried 
on a representative five- and ten-cavity tube model in which the cavities 
were either decoupled or else very lightly coupled, but they all had the 
effect of reducing the transducer gains tremendously without providing a 
significant increase in bandwidth. External loading of the intermediate 
cavities did not increase the bandwidths above 1% or so for reasonable 
stable gains of 30-40 db. 

The reasons for the narrow bandwidths in these models are two: The 
last cavity, although of simple design, is not optimum with respect to 
cavity voltage generation per unit of entering r.f. beam current, and a 
drift space between the last cavity and its neighbor has not been inserted. 
Therefore the bandwidths of these cavity-chain models may be considerably 
increased by externally loading them and using them as bunchers to excite, 
across a drift space, an optimized output cavity. The loss of gain caused 
by the loading may be offset by an increase of d.c. beam admittance so as 
to increase Cz. In addition, the optimization of the output cavity allows 
an increase in gain on the order of (w/@,)?. 
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In Section 10-5 we present characteristics of various five-cavity buncher 
models designed with a low value of C, to emphasize bandwidth rather 
than gain. For one typical choice of d.c. beam parameters, output cavity 
shunt resistance equal to the d.c. beam conductance, and Q of ten these 
various models have gains on the order of 20 db and bandwidths ranging 
from 1 to 10%. The bandwidth of each tube has been optimized with 
respect to gain by appropriate choice of generator resistance. For a model 
of given cavity-cavity coupling and 0,, with 6,/0, = 0.1, the bandwidth is 
strongly dependent on the stagger-tuning scheme employed. One of these 
models studied is a five-cavity “skirtron”’ tube, so-called because it realizes 
high gain on the skirts of the output power curve where the input power 
falls proportionately so as to keep the transducer gain high. This par- 
ticular model has a bandwidth of more than 10% and a maximum trans- 
ducer gain which can be 20db or more. Computations indicate that 
neither stagger-tuning of the intermediate cavities nor coupling between 
the cavities has more than a negligible effect on its maximum gain and 
bandwidth. 

In the last section, Section 10-6, we describe the effects of varying the 
parameters 0,, 0,, and Cz, of an input, intermediate, and output cavity 
suitable for a multicavity klystron. Of interest is the kinetic voltage 
produced by the input cavity, the kinetic voltage produced by the inter- 
mediate cavity per unit of entering beam current, and the load power per 
unit of beam current entering the output cavity. 


10-2. Outline of the Cavity-Chain Analysis? 


A. Assumptions 


We now outline the various steps in the analysis of the beam amplifier 
model shown schematically in Fig. 10-1. The beam enters the first cavity 
(1) initially unmodulated, and the generator feeds current J, in through 
the first coupling loop. A large axial magnetic field constrains the beam 
to flow longitudinally through N cavities, each one with the same length 
L and loaded externally. No field-free drift spaces lie between successive 
cavities although the beam equations could easily be modified to include 
them. The r.f. magnetic field in each cavity induces a current to flow into 
the external load if one is coupled. The fields of each cavity are excited by 
the fields of its neighbors, the a.c. beam current in the cavity, and the 


* Only the gist of this section is necessary for the ensuing discussion. 
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Fig. 10-1. Schematic diagram of the amplifier or buncher model. The quantity in — 
parentheses denotes the cavity. 4 


current in the loop. The beam is driven by the axial electric field in each 
cavity. 

We have studied the small-signal a.c. power gain and input impedance 
as functions of frequency for various output loads and cavity parameters 
under the following assumptions. 


1. There is only loop coupling from the cavities to coaxial lines, as shown in 
Fig. 10-1. The cavity dimensions are uniform unless otherwise stated. 

2. We represent the solenoidal fields with the open- and short-circuit modes of _ 
the first passband alone, at frequencies presumed to be far from the resonances 
of all other cavity modes. We have only examined stagger-tuned chains in 
which the maximum open-circuit mode resonant frequency is within 15% of — 
the minimum short-circuit mode resonant frequency. 

3. The cavity length is presumed to be about three times the centerhole diameter 
so the axial electric field within the cavity is approximately uniform across 
the cavity. What is more important, the electric field pattern driving the 
beam is essentially the same whether the operating frequency is near the 
open- or the short-circuit mode resonant frequency. These two resonant 
frequencies would be the = cutoff and the zero cutoff frequencies, respectively, 
in an infinitely long and uniform chain. Figures 10-2 and 10-3 show the 
nearly uniform nature of the é, pattern near the axis. The amplitude of the 
electric field is, of course, determined by the beam current and by the center- 
hole fields. 

4. We neglect the fringing of the electric field near each centerhole and simply 
say the axial electric field of one cavity acts upon the beam right up to one 
centerhole, just beyond which the field of the next cavity “takes over” and 
drives the beam. This assumption was invoked in Chapter 9. These cavities 
are long compared to the centerhole diameter so this assumption is 
reasonable. 

5. The preceding assumption does not mean the electromagnetic power flow is 
discontinuous on each hole. It is continuous according to the considerations 


Pp — 
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of Section 9-5 except now there is no explicit phase shift introduced from one 
cavity to the next. 

6. To keep the analysis as realistic as possible we work with Maxwell’s equations 
directly and do not introduce equivalent circuit elements except for the input 
and output admittances, both of which are well defined in the coaxial 
waveguides. 

7. The longitudinal beam excitations are represented by the usual small-signal 
expressions for kinetic voltage and current (Eq. 8-17). We do not account for 
nonlinear effects even if the power gain is considerable. 

8. We also assume a thin beam and neglect the radial variation of electric field 
pattern in any transverse cross section. Since the electric field varies about as 
J)(Pr), with PR = 2.40 if R is the cavity radius, radial corrections are rather 
unimportant. We assume as before that the space charge reduction factor 
@,/@, is constant across each cavity and that the space charge electric field is 
proportional to the a.c. beam current by the factor jZ)f,, according to 
Eq. D-14 in Appendix D. 


Granting that these assumptions are reasonable for a description of the 
amplifier we turn now to the formulation of the cavity equations. 


B. Equations for the Fields and Beam Excitations 
in Each Cavity 


We choose to expand the solenoidal portion of the fields in the nth 
cavity, 1 <n < N, by the open-circuit mode. The primary reason for so 
doing is the simple form which the first amplitude equation takes, namely 
pv = —j@pi. The secondary reason is the fact that the mode is excited by 
tangential magnetic field on the centerholes, whereas the beam and cavity 
fields excite only irrotational electric field given by the open-circuit modes. 
The discussion in Section 5-4 is relevant here. In order to derive the 
expressions for the open-circuit mode amplitudes v(m) and i(n), where the 
quantity in parentheses denotes the cavity under consideration, for a 
nonperiodic chain we proceed as follows. Equations 4-34 and 4-35 
augmented for the presence of the beam give us 


p(n)v(n) = —japi(n) 
7(n) holes 7(n) V 


in which J can include a loop current as well as the beam current. Resonant 
frequency p(n) may vary from cavity to cavity if the cavity radii are 
staggered, according to the footnote 3. We represent H,,, in the usual 
way as 


Aian(M—) = 30 —1)A(n—1) + IM)A@), =n) = (rn) (10-2) 
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Fig. 10-2. Intermediate and output cavities. Magnetic field I(n)A(n) or i(n)h(n) threads 
the loop of area Agand induces current to flow to the load Y(n). 


with a similar expression for A,,, on the forward hole (M+). The 
directions of these patterns are shown in Fig. 10-2; H = H, always 
maintains the same direction, but we must account for the reversals of é 
across each centerhole. 

We can proceed to eliminate i(n) from Eqs. 10-1 and employ Eq. 10-2 
for the hole excitation so as to write the general nth cavity equation for 
electric field amplitude v(m) as 


Pet ae DUD ree An) «i 
Eo ke + “(n) [2 HO) si as on) 


pln — 1)eGr = 1) 


a &n) x A(n — 1)-i,dS 
M— 


27(n) 
_ Re + Don FD) | cea ees 
27(n) M+ 
4 12 4 
eo 5 [ J: &n)dv=0 (10-3) 


The integrals over the holes (M+) are left in this general form to allow 
for a possible change of dimensions from one cavity to the next, as 
discussed in footnote 3. 

To account for the loop coupling to the external load in Fig. 10-2 we 
proceed as follows. Tangential electric field on coupling surface S, does 
not excite the cavity mode because the former is asymmetric with respect 
to h(n) =h,(n). The loop excitation of the cavity is 


jou ue 
(ny LP a e(n) (10-4) 
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since the loop current is essentially uniform along the loop. From the 
defining relation V x &(n) = p(n)h(n) we see 
dan): df = i V x &n):+ dAy = p(n) | h(n) + dA; 


= p(n) |A(n)| ¢ Ag 


Ay, being the loop area inside surface S, of Fig. 10-2. Subscript 7 denotes 
a parameter measured at a loop. Therefore Eq. 10-4 can be written 


(10-5) 


- aie : 
Jet 1, Fe a(n) = 2H 1, p(n) [Mele Ae (10-6) 
7(n) 7(n) 

I,(n) can be related to the external load Y;(n) measured on surface S, as 
T,(m) = V,(m) Y;(n). Lastly, Vz is given by Faraday’s law for the loop: 


V(n) = b é- dé = v(n)p(n) |h(n)|¢ Ae (10-7) 


Equation 10-3 for cavity (n) will therefore add the following term to the 
left side: 


+2 ¥i(n)[p(n) |h(n)le AdlPo(n) (10-8) 
7(n) 
The last cavity would not have the v(N + 1) term. 

Equation 10-3 for the very first cavity is modified further by dropping 
the v(m — 1) term (with n = 1 now) and adding a generator excitation 
term to the left side, derived as follows. With reference to Fig. 10-3 the 
additional term now in Eq. 10-3 is the same term which accounts for the 


Fig. 10-3. Input cavity, with possible external loading not shown. Generator current 
I, excites the first cavity by virtue of the magnetic field /(1)A(1) or i(1)h(1) threading 
the loop of area Ap. 
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loop current in Eq. 9-29, that is, 


12H 1, d- aa) = +4 tp) lee —— (10-9) 
7(1) © J1oop (1) 

according to Eq. 10-5. This term is added to the left side of Eq. 10-3 to 
represent the generator excitation of cavity (1). 

The solutions to the longitudinal beam equations were developed in 
Appendix E, Section E-1, for uniform axial é, pattern in each cavity. In 
Eq. E-2 V,(z = L) and J(L) are now the kinetic voltage and current 
density leaving a cavity in terms of electric field amplitude v within that 
cavity and V,(0) and J(0) entering the cavity. These equations may be 
abbreviated into the form 


Vln + 1) = AD,(n) + AgS(n) + Aqvl(n) 


‘ (10-10) 
J(n + 1) = BV,(n) + BJ) + B3v(n) 


in which V,(n) and J(n) enter the nth cavity, V,(n + 1) and J(n + 1) enter 
the (1 + 1) cavity, and the A; and B; coefficients are given by Eqs. E-2. 
The continuity of V;, and J across each coupling hole is explicit. 
To evaluate the 
i J-é,dV 


integral for each cavity equation we must integrate Eq. E-2b across each 
cavity. The integral for any nth cavity is obtained directly in terms of 
V,{n) and J(n) entering that cavity and v(m). For lack of space we do not 
quote the integrals. 


C. The Normalized Set of Equations for the Stagger-Tuned Chain 


We have now outlined the development of all the equations relevant to 
the analysis. These normalized parameters prove to be convenient: 


$(n) & v()L 
is the nth cavity voltage per unit of é, field pattern 
I,(n) & Z,J(n) 
is the beam current density in volts 


a PO) 
NY 2 


r 


Se eS ae oe 


Cavity-Chain and Multicavity Klystron Beam Amplifiers 331 
is the normalized open-circuit mode resonant frequency. 
w 
Pam 


is any convenient reference frequency 


is the normalized operating frequency 


= HOH aids 
P,7(n) Jm— 
1 (10-11) 
=— é(n) x A(n)-i, dS <0 
SUN One OM 
is the normalized self-coupling coefficient for cavity (n), 
Mani = + L | én + 1) x A(n)-i, dS <0 
P,r(n) J M+ 
is a normalized cross-coupling coefficient, and 
Matin = — : i én) x A(n + 1)-i, dS <0 
P,7(n) Jm+ 


is another cross-coupling coefficient. 
If the dimensions are uniform from cavity to cavity, all the m,; are 
equal. 


p & PW hADle Ae 
P,?7(1) 


is the loop parameter for the generator coupling in the first cavity. 
Ay is the loop area, and pattern A(1), threads the loop 
Tq & wpl,L 
is the normalized input-loop current in volts 
n) |A(n)le Ag |? 
= 24 | Am) | Y,(n) 
7(n) & 


is the normalized load admittance in cavity (m), just that of Eq. 9-40 
for a nonstaggered chain. 


In 


In terms of these variables the complete set of equations for the beam 
tube is given in Table 10-1. There are 3N-2 equations in terms of the 
variables ¢(n), V,(n), and J,(n), excluding V,(1) = J,(1) = 0. 
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D. Tuning, Power Flow, and Input Impedance 


In Table 10-1 only the parameter «,,, for the nth cavity contains the 
normalized resonant frequency p, and the normalized load admittance 
Y,, of that cavity. The effective normalized resonant frequency is 


clearly 
(Pn err a Pa oe Brn 


Table 10-1. Equations for the Stagger-Tuned Beam Amplifier 


91) + F pera 4(2) — jDIg = 0 
Ann P(t) + 2 PnaMn_1,nb(2 — 1) + 3 pnsaMnsin$(n +1) +fnViln) + 2nl(n) =0 
aV,(n) + cl,(n) + b¢(n) — V,(n +1) =0 
cV,(n) + al,(n) + d¢(n) — I,(n + 1) = 0 
ayn P(N) + dpyaMy_anHN — 1) + fyViAN) + gyh(N) = 0 


in which these abbreviations have been introduced: 


onan = Pan ea Pn nn + Oy + Ting 


) 
Gn = —K, |é(n)| {is.|1 — «5% (cos 6, ie sin ) | 
qd 


: 6 ) 
+ s,| (sin 64 mr cos ) +z + y 
qd q. 


6, n 
f= K, (60s 84 and iy sin ) eee 1 
qa 


. : . 0, i0 . 96 
§&n = jKn| | Sin 0, —j— cos 0, |e" 
0, 94 


@ = cos 0,62" 


oa 


c =/sin 0,< 3% 


= |é,(n)| (—jS, + /S,¢os O,€ 7% — S, sin O,€9%e) 


d = |é,(n)| (—S, sin 0,<9% + jS, cos Oge 7% — Sq) 


Oe 
i 62 — 62 
64 
Som gags 
(9,?/0,” is not neglected with respect to 1) 
Se 
K,=- —— (6 2 n) 
» = —Ta@l 


Cp given by Eq. 9-3 relative to reference frequency P, 
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Thus an external capacitive admittance will lower the effective resonant 
frequency.® 

In order to check the computed excitations for each cavity-chain model 
we also computed the output beam power for a comparison with the 
generator input power minus all the output load power. With reference 


* We could also stagger-tune the cavities by inserting metal collars in order to stagger 
their radii. Since the short-circuit mode resonates in the mth cavity at frequency P(n) 
such that J[P()R,] = 0, R, being the radius, we have P(m + 1)/P(n) = Rp/Rnit- 
According to Eq. 3-17 the short-circuit mode patterns E(n) and A(m) are such that 
E(n) is nearly uniform with radius near the axis while H(n) = Afo(n) is nearly linear in r. 
Since the open-circuit mode pattern é(n) is a perturbation of E(m) near the holes we 
might assume |é(n)| = |@(n + 1)| = |e(n + 2)| =--- at the same transverse point on 
the various holes. By the definition of the m,; in Eq. 10-11 and the fact that volume 
7(n) is proportional to R,,? we find that 


3 2 
R R 
Masia = Fs ™Mnny Man = rm Man 
+1 +1 


Main = >— Man 


All the m;; may be computed from any one of the m,,, knowing the various R,. 

To relate the normalized open-circuit mode frequencies p, to the R, we can substitute 
A = &(n) and B = E(n) into Green’s vector theorem, Eq. 3-430, and use the definitions 
of the mode patterns in Eqs. 5-5 and 5-10 to obtain 

P(n) 
P, 
valid for small centerholes, where P(n) is the short-circuit mode resonant frequency 
for the nth cavity. 

However, when we determine the m, ni: and 77n41,n in this way we find they are not 
quite right to guarantee conservation of electromagnetic power flow from cavity (7) 
to (n + 1). According to Eq. 9-19a the flow out of cavity (7) is 


Pn = Mann 


Pay = 4 Re| v(n)é(n) X 4[1(n)*A(m) + In + 1I)*A(n + DV): i,dS 
M+ 


The expression for the flow into cavity (n + 1) is analogous. When we introduce the 


relation p(n)v(n) = —jwpi(n), with i(n) ~ I(n) and similar relations for cavity ( + 1), 
we find the two power expressions are only equal provided 
2 
| Ra Jr = My,n+1 
Pn Rasa 


This last relation is slightly incompatible with the previous expressions for the m;;. 

Therefore it would be necessary to readjust each Mny1 n ANd Mp nia slightly in order to 
guarantee conservation of power flow in a chain of cavities with staggered radii. The 
single mode-pair description of the chain is not perfect for there is no unique way that 
these m,; need be changed. The ambiguity is greater for greater disparity in resonant 
frequencies between adjacent cavities. However, computations indicate that if all the 
open-circuit mode resonant frequencies lie within a range of 10% the tube model behaves 
qualitatively just like a tube with uniform dimensions but external reactive loading to 
achieve the same resonant frequencies. 
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to Fig. 10-3 and Eq. 10-5 the input power is 


P,,, = } Re I,*V, = 4p(1) |A(1)| 7 47 Re I,*0(1) (10-13) 


The load power in cavity (7) is 
P,(n) = Re Yin) |Vi(n)l? = $ oI? (p lle Adn?G fn) (10-14) 
and the beam power leaving the last cavity (JV) is 
Pream = } Re A,Vi(N + 1)5,(N + 1)*, A, = beam area (10-15) 


Each of these powers can be written in terms of normalized parameters by 
multiplying them by the factor wyL?/[P,?7(1)]. With the definitions of the 


various parameters in Eq. 10-11 the power conservation relation can be 


written very generally in terms of normalized voltage ¢, loads Y,,, and 
the final beam excitations as 


Dig Re 41) = ZIM 7 Grn 
Ky. 7{n) 
— —*——— Re [V,(N + 1)f,(N + 1)*] (10-16 
2(n)S,, x(1) [V.(N + 1)f,(N + 1)*] (10-16) 
The error in this check expression was always negligible. 
The input impedance is given by (see Eq. 10-7) 


é(1) - dé 
ivetie ee _- ye eee De Ae 40.17) 
Ig 
To know the constant of proportionality between Z,, and #(1) we must 
know both loop and cavity parameters. A particular tube of interest 
had the parameters w = 27(3 kMc), Alicop 1, loop diameter =1 cm, 
cavity volume + = 10-* m’, and cavity length L = 1.8cm. We choose 
Ig numerically equal to p(1) |A(1)|¢ Agu so that Z,, = o(1), whereupon 
this tube had the loop excitation parameter D/g = 0.48. 

All the computed results in this chapter correspond to the excitation 
DIg = 0.48. 


10-3. Decoupled and Coupled Synchronously Tuned Tube 
Models with High Gain and Narrow Bandwidth 


In this section we study the frequency response characteristics of 
various five- and ten-cavity tube models as a function of the passband 
parameter m = M/p (which would be the fractional passband width in an 
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infinite chain of cavities) and beam-circuit coupling coefficient Cz. There 
are two basic reasons for the small bandwidths of these models. First, 
the value of Cz is not greater than 0.10, whereas in conventional high-gain 
broadband amplifiers it would be 0.30 or more. The higher C, is, the 
more external loading we can apply for reasonable gain of 30 db or more 
and the broader the bandwidth of the beam kinetic voltage and current 
at the output cavity. Second, the output cavity, although easy to design 
and build, is not optimum with respect to load voltage generated per unit 
of entering beam current,* which means the model cannot be externally 
loaded as heavily for a given gain with a consequent reduction of band- 
width. The absence of a drift space between the last cavity and its neighbor 
also causes a reduction in gain. The more interesting tube models which 
provide for greater gain and hence wider bandwidth for a given gain are 
discussed in Section 10-5. 

We selected, for our study of these small-bandwidth tubes, the typical 
parameters 0, = 2.24 and 6, = 0.235 and initially regarded the inter- 
mediate cavities as lossless. The effects of loading the intermediates to 
various degrees are summarized in Section 10-3C. We chose these values of 
6, and 8, so that the beam would be nearly synchronous with the “cold” 
circuit at the 37/4 phase shift frequency of a tube with coupled cavities, 
near which most tubes are operated for gain. For the representative value 
of Cz = 0.10 the 4(QC), parameter is 1 and the synchronism parameter 
bz is 0.5 in Fig. 9-6, such that the growing wave is about optimum with 
respect to both the rate of growth and the power flow per unit amplitude. 
For smaller values of C, and anm = —0.10 the value of bz increases (by 
definition in Eq. 9-8) but the growing wave remains about optimum 
according to Figs. 9-3, 9-4a, and 9-5a. 

We now proceed to discuss the following observations made from the 
computer analysis. The cavity chain with no coupling between cavities 
and the last one loaded to a Q of 50 exhibits positive input resistance 
varying from a few ohms to hundreds or even thousands of ohms through- 
out the passband and must be operated for high gain only in a very narrow 
frequency range. But the amplifier with finite cavity-cavity coupling and 
a matched load (matched always with the beam present) at the 37/4 phase 
shift frequency has vastly different characteristics. The coupled tube 
exhibits widely fluctuating input resistance which usually goes negative in 


* An optimized output cavity would have a Q of about 50 or smaller for large bandwidth 
and an effective shunt resistance such that an entering r.f. beam current of J, amperes 
would generate Vp volts across the gap. This is because the r.f. beam current is com- 
parable to the d.c. beam current in the large-signal regime (which we do not treat in 
this book) and the limit on r.f. voltage generated is the d.c. voltage. But in a conven- 
tional output cavity of low Cz, such as used in these models, the gap voltage is smaller 
by about a factor w,/. 
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one or more frequency ranges in the passband. It must be operated as an 
amplifier with either sufficiently large generator resistance or external 
loading in order to prevent the occurrence of oscillations at an unwanted 
frequency. The large negative resistances which develop at frequencies 
near 7 cutoff in all these coupled tubes explain the experimental “cutoff” 
oscillations. 

Neither an increase of electromagnetic coupling nor external loading 
sufficient to keep the input resistance positive will raise the bandwidth up 
to 1% or so, along with a reasonable gain of 30 db. Analysis indicates 
that the gain-bandwidth product can be arbitrarily high, provided the 
bandwidth is vanishingly small. The effect of adding external loading to 
the intermediate cavities is a rapid decrease in gain accompanied by a 
slow increase in bandwidth, such that the gain-bandwidth product di- 
minishes rapidly. As we mentioned several paragraphs back, the low 
bandwidth is attributed to the nonoptimization of the output section, so 
that 30 db cannot be obtained with external loading sufficient for band- 
widths of several percent or more. 


A. Gain and Input Resistance Characteristics 


We first present the frequency response characteristics of two decoupled 
ten-cavity amplifier models which are constructed like the one shown in 
Fig. 10-1. Only the output cavity is loaded; the others are assumed to be 
lossless. This approximation is a good one for cavities with internal Q’s 
of several thousand or more. The decoupling is effected by cutting slots 
or holes between cavities on the outer portions of the partitions so as to 
cancel the centerhole coupling. Experimentally, the zero and m phase 
shift frequencies of a finite number of cavities properly terminated with 
shorting planes will then coincide. These two tube models have Cz values 
of 0.028 and 0.10 and a normalized output load of Y;y = 0.02 + j0, for 
a loaded Q, of 50. This value of Q; gives about the optimum frequency 
response, which, however, is not very critical with the precise load. The 
fact that 0, = (k/P,)?/Gry & 1/G,y may be verified by substituting Eq. 
10-14 for load power P, into the expression for Q,, 


_ Le lonyie x0) 


=a et (in the absence of the beam) (10-18) 
Py, 2 ae Be 


and by invoking the definition of Y,, from the last of Eq. 10-11. The 


term Q,, as represented by external load G,;, may be considered to be 


the total loaded Q in the absence of the beam provided G;,y includes the 


; 


: 


4 
} 
\ 
: 
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equivalent loss conductance of the cavity walls. Thus Q, obeys the usual 
relation Q;-* = Q)* + Q.,-1, where Q, is internal and Q,, is external, 
due to the load.® 


The gain G is defined in the usual way as 


si load power generator current (10-19) 
power entering first cavity ’ always constant 

The more meaningful gain, however, is the transducer gain, which takes 

into account a possible mismatch between generator resistance and input 

resistance of the amplifier. 

The transducer gain (of a two-port linear transducer) is defined by the 
Institute of Radio Engineers at a specified frequency as the ratio of the 
actual signal power transferred from the output port of the transducer to 
its load to the available signal power from the source driving the trans- 
ducer [1]. Each of the gains S has been computed on the basis of the same 
input current J,. Suppose the generator is adjusted to pass J, amperes into 
the input cavity so the load power is precisely that which we have com- 
puted. Then if we calculate the maximum available generator power for 
this value of generator voltage, we find the transducer gain Gp is related 
to the computed G as 

4R, |Rinl 


Sa SS ¥ 
seal a 


(10-20) 


provided only that R, + R;,, > 0. Experimentally, the transducer gain is 
the measured output power divided by the reference power V,?/8R,, V, 
being the generator voltage. The gain Gp is infinite for R, + Ri, = 0 
because the generator supplies infinite current to the first cavity, where- 
upon the load power is infinite. 

We see from Table 10-2, which summarizes the frequency responses of 
these tube models, that S is very high at a frequency near the 7 cutoff 
frequency (x = 1) where the input impedance Z,, is on the order of 
hundreds of ohms. The bandwidths, of course, are infinitesimal, nor will 
they improve very much when the various cavities are stagger-tuned 
(Section 10-4) so as to maintain a gain of about 30 db or more. It is 
perhaps surprising that the gains are so high with the cavities merely 
stacked together without optimized drift spaces between them. 

Now consider how the responses of these two amplifiers change when 


5 To include the effect of cavity wall loss we would include in Y,y a term (1 +/)/Qo 
according to Eqs. 9-55 and 9-36, Then the total normalized cavity conductance Gzy = 
Gry ex + 1/Qo, which implies the usual relation among the Q’s. 
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Table 10-2. Response of the Synchronously Tuned Uncoupled Ten-Cavity Amplifier 
Model. m =0, 6, = 2.24 and 6, = 0.235, Y,, =0 (n =I1,...,9), Yio = 
0.02 + jO (Q:, = 50). « Is the Normalized Operating Frequency.* 


Cy = 0.028 CH=010 

K S (gain) Zin (ohm)t K S (gain) Zin (ohm) 
0.9985 25x12 74/163 0.9975 1.7.x 108 36 +100 
0.9990 1.1 x 10° 16 + j247 0.9980 1.1 x 10° 57°4- fiz 
0.9993 5.7 x 108 34 + j356 0.9985 1.1 x 101° 99 + j147 
0.9995 3.6 x 104 68 + j503 0.9990 1.3 x 104 188 + j155 
0.9997 1.0 x 108 199 + 846 0.9995 2.0 x10" 308 + pol 
1.0000 2.1 x 107 3050 = fLSUT. 1.0000 2.2 x 108 254 — j126 


* « = 1 corresponds to the resonant frequency of each cavity in this chain of 
zero passband width. 

+ Zin = 4(1), the first cavity voltage generated, according to remarks following 
Eq. 10-17. 


we introduce very slight electromagnetic coupling as specified by m = 
—0.01. Each model is matched to the growing wave at the 37/4 “cold” 
circuit phase shift frequency in order that the amplitude of the backward 
wave be zero by Eq. 9-41. Table 10-3 shows, for Cz = 0.028, large 
negative input resistance of about —300 ohms developing at x = 0.9991 
while, for Cz = 0.10 (no table) negative input resistance of about —20 — 
ohms exists over the entire frequency range surveyed. These tubes would 


Table 10-3. Response of the Synchronously Tuned 
Ten-Cavity Model.m = —0.0I, 6, = 2.24, 0, = 


0.235, Cz = 0.028, Y,, =O(i =1,...,9)* 

K Gt Zin 
0.999 06 889 540 + j187 
0.999 08 1611 1204 + j58 
0.999 09 2801 1661 — j954 
0.999 11 —5166 —252— 71039 
0.999 12 —2083 —282 — joes 
0.999 16 —587 —153- 7282 
0.999 20 Jae —99)— 7196 


* The output cavity is matched to the growing wave 
at that frequency for which the “cold” circuit phase 
shift would be 37/4 in the infinite chain. 

t Negative gain means negative input power, Rin < 0. 
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be stable high-gain amplifiers only if the generator resistance were slightly 
greater than the magnitude of the most negative input resistance and would 
have very small bandwidths. Clearly the effect of this slight cavity-cavity 
coupling is to alter completely the input impedance characteristics to the 
extent that each coupled tube could be operated either as an amplifier or 
as an oscillator. Comparison of the minimum values of R,,, for these two 
values of C;, indicates the effect of an increase in beam-circuit coupling 
is a decrease in the maximum magnitude of negative input resistance; 
however, an increase of coupling often increases the tendency to oscillate. 


Table 10-4, Response of the Ten-Cavity Model. m = —0.04, 6,= 2.24 and 
6, = 0.235, Y,,=0(n =1,...,9)* 


Cp = 0.0707 Cp = 0.10 
K S Zin S Zin 
0.983 24 3.6 —j9.3 —152 —2.7 — 73.3 
0.986 —114 =—17.9. + {30.3 —58 =21.6'— ji53 
0.988 —726 —3.7 — j55.6 -40  —5.4 —j20.6 
0.990 205 I. — 719.6 —1,869 —0.8 — j12.7 
0.993 334 15.3 + 0.3 —5,014 10.0 + j16.7 
0.995 448 9.0 — j6.4 =14,300 ., -0.5 —7.7 
0.996 —1374 —4.8 + j7.3 ~—473,. --80 —/74 
0.998 —59 =< fom {18.0 —105 =O. f13,7 
1.000 —18 a alse —28 774.3 = j12.6 


* The output cavity is matched at the 37/4 phase shift frequency. 


Now let us discuss several models with somewhat larger cavity-cavity 
coupling specified by m = —0.04. If Cz = 0.028, the tube is uninteresting: 
The gain is only 20 or so. For Cg = 0.0707 we have the curious char- 
acteristics listed in Table 10-4. Whereas the decoupled-cavity tube 
(response not tabulated) should be operated at a frequency very close to 
cutoff with a matched generator resistance of about 100 ohms, the coupled- 
cavity tube must be operated for large gain near x = 0.986 with a generator 
resistance of about 15 ohms to prevent oscillation at all frequencies. If 
R, were chosen equal to 15 ohms this model could have a bandwidth of 
about 1% in the range around x = 0.99, but with gain peaks near the two 
extreme frequencies. If we now increase Cz to 0.10 the generator resist- 
ance must change to about 22 ohms in order that the tube be operated 
at the same frequency as before without oscillations at other frequencies. 

If we increase the cavity-cavity coupling still further to m = —0.07, 
and rematch the model at the 37/4 frequency, we obtain the response of 
Table 10-5 with C, = 0.0707. The increase of |m| has changed the 
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characteristics greatly from those of Table 10-4. Now there is an abrupt — | 


transition from a positive input resistance to about —300 ohms at k = 


0.9941, which would necessitate operating the tube for high gain around 


this frequency with a somewhat greater generator resistance. Also in 
Table 10-5 we present the response of one of the models in the m = —0.10 
class—the tube for which Cp, = 0.10. Despite the larger beam-circuit © 


| 


coupling this tube has a minimum input resistance of only —28 ohms © 


near the 7 cutoff frequency. 
Tables 10-3 through 10-5 prove that the frequency response of these 
amplifier models can vary erratically as the m and Cy parameters are 


Table 10-5. Response of the Ten-Cavity Amplifier. 0, = 2.24 and 6, = 0.235,” 


¥.{a) = Otel 9)* ; 
m = —0.07, Cg = 0.0707 m = —0.10, Cz = 0.10 
K G Zin K S Zin 
0.9935 343 19.4 + 14.3 0.985 267 14.3 — 78.1 
0.9939 1394 48.0 + 80.5 0.991 1,485 6:2 °+ ji2 
0.9940 8516 44.3 + j231 0.9912 4,509 3.1 + j184 
0.9941 —1991 = 302 — j86 0.9913 —65,480 =—0:3 + j228 
0.9942 —876 —85 — j80 0.9914 —3,848 =). ft jz 
0.9945 — 3160 = 22,6236 0.9920 —531l —28.4 —j42 


* The output cavity is matched at the 37/4 “cold” circuit phase shift frequency. 


changed. Even though each amplifier is matched at the 37/4 phase shift 
frequency the input resistance can go sufficiently negative at other fre- 
quencies to allow troublesome cutoff oscillations which are observed in 
many tubes. The load required for match to the growing wave changes 
so rapidly with frequency about the 37/4 frequency that the backward 
wave engendered in the last cavity may cause the input resistance to go 
_ negative. 


B. Cutoff Oscillations 


Data taken for tubes that employ the centipede and cloverleaf slow wave 
structures discussed in Sections 7-6 and 7-7 show that the cutoff oscilla- 
tions exist at frequencies near the 7 cutoff such that the beam is nearly 
synchronous with the “cold” circuit. As the beam voltage is lowered, the 
oscillations cease rather suddenly when the power carried by the growing 
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wave changes from negative to positive. This occurs when two conditions 
are both satisfied: 0, ~ 7 at a frequency such that 6, + 0,, the slow beam 
mode phase shift per cavity, is about equal to the “cold” circuit phase 
shift in the backward wave region of the w-@ curve [2]. We now present 
evidence that the minimum value of input resistance can indeed go 
increasingly negative as the beam voltage increases above the critical 
voltage. Table 10-6 summarizes the behavior of the minimum value of 
R;, for a representative tube model with the parameters m = —0.07, 
Cz = 0.10 and with the output load matched at the 37/4 frequency when 
6, = 2.24. Note that 0, = 0.235 throughout the range of variation of 0,. 


Table 10-6. Minimum Value of Rin vs. 0, for a 
Ten-Cavity Tube. m = —0.07, C; = 0.10, and 


q = 0.235* 

6, Rin, min (ohm) k at Rin, min 
3.30 >0 <0.980 
3.15 SOS 0.980 
PB abil 0.989 
2.56 —4.1 0.991 
2.24 SHG? 0.994 
2.09 as 948, 0.990 


* The load on the last cavity is matched at the 
37/4 phase shift frequency when 0, = 2.24. 


The table not only indicates a tendency for oscillation to develop only 
when 0, < 7 but also shows us that the frequency of oscillation might 
rise somewhat as 0, diminishes; this effect is, in fact, observed experimen- 
tally. 

We could maintain a positive R;, by decoupling the first cavity electro- 
magnetically from its neighbor, but the remaining cavities would still tend 
to oscillate. The conventional cure for cutoff oscillations involves the 
insertion of ohmic loss along the tube or perhaps a severed cavity near the 
center. However, let us consider an unconventional procedure which 
involves a monotonic taper of the open-circuit mode resonant frequencies 
in the more heavily coupled tube of Cz = 0.10 in Table 10-5, as an 
example. This model tends to oscillate near the 7 cutoff frequency with 
a minimum input resistance of about —30 ohms. It turns out that the 
taper raises the minimum value of R,,, somewhat (to —22 ohms) but moves 
it to a frequency nearer the center of the untapered passband. The response 
of the tapered model is given in Table 10-7 with the effective normalized 
open-circuit mode resonant frequencies tapered monotonically from 0.98), 
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in the first cavity to 1.024; in the tenth one.* The taper has successfully 
prevented cutoff oscillations if we are willing to operate such a tube as a 
high-gain, narrowband amplifier at « = 0.968 with a generator resistance 
of about 22 ohms. 

Stagger-tuning or tapering of an ordinary centerhole-coupled cavity 
chain, Fig. 10-1, has a pronounced effect throughout most of the passband. 
It is difficult to design such a structure to avoid the cutoff oscillations 
without affecting the useful gain at lower frequencies. However, the 

Table 10-7. Response of the Ten-Cavity Tube Which 


Is a Tapered Version of the Tube of Table /0-5. 
(m = —0.10, Cz; = 0.10) 


K G Zin 
0.962 61.5 08° = j12 
0.964 —67.4 —0.8 + j2.3 
0.965 —39.0 —2.5 + 75.1 
0.966 —29.0 —7.5 +j8.7 
0.967 —24.2 —19.8 + j6.7 
0.968 lee 2) 27a 


resonant-slot and resonant-loop coupled structures discussed in Chapter 
7 have effective coupling coefficients for the first passband which are 


strongly frequency dependent and much larger in magnitude near the a7 ~ 


cutoff frequency that at lower frequencies. The possibility therefore exists 
of staggering the open-circuit mode resonant frequencies in such chains 
so as to raise R;,, and suppress the cutoff oscillations and yet not adversely 
affect the amplifier properties at lower frequencies. Preliminary analysis of 
the effect of taper upon the growing and constant-amplitude backward 


waves in the cloverleaf and centipede chains indicates that a monotonic ~ 


taper of these resonant frequencies so as to increase them from the gun 
(input) end to the output end of the tube would indeed reduce the level of 
the cutoff oscillations or eliminate them entirely, except, perhaps, at 


Perea ein 


isolated frequencies for a given beam voltage. Furthermore, the effect of — 


_ a taper appears to be more favorable at higher beam voltages in the range 
where the tube is operated for gain. However, these conclusions have not 
as yet been substantiated by experiment. 


° The effective resonant frequency has been tapered by means of external susceptance 
B,, in the nth cavity, according to Eq. 10-12. If we taper the cavity radii instead, accord- 
ing to the preceding footnote, the short-circuit mode resonant frequencies would start 
from 0.885 ; in the first cavity to 0.918 p, in the tenth one. Upon readjusting the 
calculated 7,,1,n and mp,n41 a few percent each so as to guarantee continuity of power 
flow through the cavities, the computed response qualitatively agreed with Table 10-7. 
But the minimum input resistance dropped to about —55 ohms at x = 0.967. Thus the 
performance of the model is sensitive to the scheme of tapering. 
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C. Gain and Bandwidth Performance as Compared with Experiment. 
Effect of Intermediate Cavity Loading 


Up to this point we have discussed the characteristics of power amplifier 
models (which could be operated as oscillators in many cases) with lossless 
intermediate cavities. The effect of gradually increasing the intermediate 
loading will be discussed at the end of this subsection. First we want to 
compare experimental characteristics of tubes which employ the ring-bar 
helix cavities with models of similar parameters but lossless intermediate 
cavities. 

Preliminary to this comparison we wish to point out a rather interesting 
deduction made on the basis of the computations for amplifiers with very 
high-Q intermediate cavities. As a high-gain amplifier is lengthened its gain 
goes to infinity faster than its bandwidth goes to zero, so that the gain-band- 
width product is unlimited. For example, in a five-cavity tube model with 
no drift spaces and the parameters 


6, = 2.36, 0, = 0.40, 


Cp” = 0.010, Y;5=0.02+j0 (Q; = 50) 
(10-21) 
feo 0) don t= 1,2... 4A; 
m=0 (no electromagnetic coupling) 


the transducer gain was 44 db and the fractional bandwidth was 0.0015 in 
a range just below the z cutoff frequency. This gain is computed with the 
input cavity matched to the generator resistance at midband frequency. 
Thus the transducer gain-fractional bandwidth product (abbreviated SFB) 
is 37. However, the ten-cavity model had a gain of 110 db and a fractional 
bandwidth of 0.001 for a GpFB of 108. 

The tube models summarized in Tables 10-3 through 10-5 can be 
operated as high-gain amplifiers provided the generator resistance is 
slightly greater in magnitude than the most negative input resistance. 
There is no formula for the $F B of a tube with negative R,,,, and, in fact, 
the product can be arbitrarily high if the generator resistance is sufficiently 
close to R,,. For the stable, decoupled-cavity tube (Table 10-2) an 
increase of Cy, from 0.028 to 0.10 causes the SFB product to increase 
from about 10? to about 10’. But the $_,FB for practical tubes with some 
bandwidth lies typically in the range from 1 to 100. A product of 1 is the 
order of magnitude reported by Chodorow and Wessel-Berg [3] for an 
experimental three-cavity tube in which each cavity is a full electronic 
wavelength section of ring-bar helix, separated from the neighboring 
helices by short drift spaces of about 20 space charge degrees. The 
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parameters of their particular tube are 
m= 0 (very slight cavity-cavity coupling) 


0 )_iren 


6, = 7 for each half of a given helix cavity. Each cavity is a full — 


electronic wavelength long 


Oe _ 0.14 
0, 
k ~ 3.2 kMc 


a of a cavity ~ 250 (10-28 
Q,, the loaded Q of the output cavity, = 60 (the best all-round 
experimental value) 

Voge 13 kv 

I) = 2.3 amp 


The value of Cz,” for this tube (Eq. 9-26) with a full sinusoid of @, = 
e,, Sin (27rz/L) pattern in each helix cavity is calculated by first determining 
€m/T. By definition, the effective shunt resistance across the cavity gap is 


2 ry 
Rsn = aa , vs L| Cm sin” 2m dz = -e,7L? 
2Pr, 0 ib, 
sO 


= a = (10-23) 
Q 4mW, we tr 
The parameters of this tube determine Cz,? to be about 0.008 for each 
cavity, somewhat on the high side as ordinary cavity chains go. However, 
the wide-bandwidth high-power multicavity klystrons often have C,* 
values ten times this or more. 

Chodorow and Wessel-Berg have obtained a gain of 27 db and a band- 
width of 0.02 kMc with only three cavities. H. Golde [4] has done still 
better with five decoupled cavities of the same helix variety. Under the 
same operating conditions he has reported a synchronous small-signal 
- gain of 53 db and a fractional bandwidth of 0.009 for a SpFB of 1800. 
By stagger-tuning the cavity resonant frequencies he obtained 50-db small- 
signal gain over a fractional bandwidth of 0.021 for a S7FB of 2000. Each 
cavity was loaded to a Q, of 45 in these tubes. 


These ring-bar helix cavities appear to be very good for use in high- ~ 


power multicavity klystrons, judging by computer analyses of tube models 
using cavities of comparable parameters. We analyzed a model of the 
Fig. 10-1 variety with no drift spaces between cavities and initially no 
external loading of the intermediate ones. Each cavity of the model was 


half an electronic wavelength long (6, = 7) to correspond to each half of © 


the ring-bar helix cavity. Since Cp, ~ 7! was 0.008 for the full ring-bar 
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cavity, it is 0.016 for the half-cavity. The model had the same 6,/0, for 
0, = 7 but a Cz,” for uniform e, field of 0.0095. The e, yniform in the 
model cavity is therefore /9.5/16 = 0.77 of €max in the half ring-bar cavity. 
The normalized output load was chosen to be 0.02 + j0 for a loaded QO, 
of 50, and the intermediate cavities were initially taken to be lossless. We 
computed 33-db gain over a fractional bandwidth of 0.003 centered at 
k = 0.9985 just below the = cutoff frequency. The input impedance varied 
from 50 + j46 ohms near the low-frequency half-power point (relative to 
transducer gain), to 69 + 739 ohms at midband and 91 + j6 ohms at the 
upper half-power point. This tube does not, however, compare directly 
with Golde’s tube, because ten of our cavities correspond to five of his 
full-wavelength cavities. Upon computing the frequency response for this 
ten-cavity model we were surprised to find that the gain had increased to 
85 db with two-thirds of the former bandwidth, instead of the 2 x 33 db 
expected. The SFB product was about 7 in the five-cavity model and 
7 X 10° in the ten-cavity model. 

Since the Q of each intermediate cavity in Golde’s tube was 45 we 
gradually increased the intermediate cavity loading in the tube model and 
studied the gain and bandwidth. As the intermediate Q,, decreased from 
infinity the gain dropped rapidly at first, then less and less rapidly. Fora 
Q,, of 100,i = 1,..., 9, the model had a gain of 40 db and a fractional 
bandwidth of 0.007; a lower value of Q,, implies a lower gain. 

Judging from the measured synchronous gain of 53 db and fractional 
bandwidth of 0.009 as compared to the computed values of 40 db and 
0.007, respectively, in the tube model we suspect that the ful/-wavelength 
ring-bar helix cavity may be nearly the ideal one to use in high-power 
multicavity klystrons. Apparently with a stronger value of Cy, and 
increased external loading we could obtain a fractional bandwidth above 
0.05 and gains of 30 db or more. 

A computer study of the effect of increased intermediate cavity loading 
of the amplifier models discussed earlier in this section revealed the 
following facts. As the loading increases in the high-gain, narrow band- 
width amplifier of positive input resistance throughout the frequency 
range near 7 cutoff the gain drops considerably more rapidly than the 
bandwidth increases, if it increases at all. As loading increases in the 
coupled-cavity model which has negative input resistance at some fre- 
quencies it eventually becomes stable at all frequencies with a gain which 
can be appreciable. However, the bandwidth tends to remain about 1% 
or less with the external loading adjusted for a gain of 30 db, for reasons 
given in the initial paragraphs of this section. 

In conclusion, the computations demonstrate conclusively that these 
synchronously tuned ten-cavity power amplifier models with relatively low 
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values of Cz and conventional, nonoptimized output cavities tend to have 
bandwidths of only 1% or less with a reasonable gain of 30 db. Since the 
bandwidth of the experimental tube we have discussed more than doubled 
when the appropriate stagger-tuning scheme was invoked, let us study the 
effect of various stagger-tuning arrangements on these models. 


10-4. Effect of Stagger-Tuning on the Performances of the 
High-Gain, Narrow-Bandwidth Tube Models 


In the preceding section we studied the large gains and small bandwidths 
obtainable with decoupled-cavity models of the type shown in Fig. 10-1 — 
in which the cavities were synchronously tuned. We now present evidence 
that various stagger-tuning schemes can be expected to increase the band- 
width by only a factor of 2 or so without undue decrease of gain. This 
means that the models which are very narrowband tend to remain so. 
We chose to stagger the resonant frequencies of the decoupled cavities in 
a five-cavity model with the following parameters: 


6, = 2.36, 6, = 0.40, C;? = 0.01, 
Gy.=90 (G=1, 2, 3, 4), (10-24) 
Y75 = 0.02 + j0 (Q,;; = 50), no drift spaces 


Only the output cavity is externally loaded. We selected this model 
because of its large transducer gain of 44 db, with an accociated fractional 
bandwidth of 0.0015. The input impedance is 77 + 79 at the lower half- 
power point, 132 + 751 at the center frequency, and 157 — /4 at the upper 
half-power frequency. 

Many stagger-tuning schemes were tried, including monotonically in- 
creasing and decreasing tapers of the open-circuit resonant frequencies 
and some rather haphazard arrangements. But they all had the effect of — 
lowering the gain by a factor of 10 or more without providing a smooth 
. gain vs. frequency curve of commensurately larger bandwidth. Some of 
the schemes for staggering the resonant frequencies only slightly resulted 
in a loss of gain in the upper frequency range near the synchronous 7 
cutoff. The remainder of the schemes involved staggering the frequencies 
more heavily, but they yielded response curves with unwanted “holes” 
which prevented an increase in bandwidth. The addition of external 
loading to the intermediate cavities had the expected effect: The gain 
dropped sharply and the bandwidth at best increased only slightly. Mere 
loading of the input cavity so as to increase its bandwidth is not sufficient, 
for the remaining cavities will still give a narrowband response. 

Just to verify the fact that we missed no interesting effects we also 
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computed the gain frequency response of various staggered five- and ten- 
cavity amplifier models with the parameters of Eq. 10-24 but with the 
very light coupling specified by m = —0.01 and with the output cavity 
matched at the unstaggered 37/4 “cold” circuit phase shift frequency. 
Some of the five-cavity models developed minimum input resistance less 
than zero near the 37/4 phase shift frequency, and as the frequency 
increased toward the unstaggered cutoff frequency R,,, increased until it 
was only slightly negative or else positive. Other models had negative 
input resistance throughout the frequency range near the unstaggered 
cutoff frequency. 

And so we have found that these various stagger-tuned models, like the 
synchronously tuned ones of the preceding section, have reasonable gains 
in the range of 30 db or more but only for bandwidths of <1%. By 
contrast, many of the models discussed in the next section develop signi- 
ficantly larger bandwidths (at reduced gains) when the appropriate 
stagger-tuning scheme is adopted. The fundamental reason for the larger 
bandwidths is traced to the optimized output cavity separated by a drift 
space from its neighbor, the last buncher cavity. The amplifier with 
optimized output section allows greater external loading for a given gain, 
say 30 db, and hence larger bandwidth. 


10-5. Various Tube Models with an Optimized 
Output Section 


In this section we describe the small-signal gain and bandwidth char- 
acteristics of two varieties of models: those in which the tuned resonant 
frequencies of all the cavities are clustered in a narrow frequency range, 
and the “skirtron’’ tubes in which the first cavity is tuned low and the 
three intermediates are tuned high with respect to the output cavity tuned 
to the center frequency. All the cavities except the output cavity in each 
model are stacked together to form a buncher which feeds a strongly 
excited beam across a drift space to the optimized output cavity. We make 
no attempt to design the optimized output cavity but refer to the next 
section for a discussion of the responses of various output cavities. All 
the five buncher cavities in each tube are loaded to a Q of 50, excluding 
the beam, except for the “‘skirtron” model in which the four buncher 
cavities were loaded to a Q of 25 in accord with the experimental tubes. 
A comment will be made later about the qualitative effect of reducing the 
loading. 

We have used the computer program based on the equations of Table 
10-1 to search for models with bandwidths in the range of 5-10%. We 
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took a median value of Cz = 0.10 for all these models; consequently the 
maximum transducer gain will turn out to be about 20 db, even with an 
optimized output cavity. The gain may be raised and the bandwidth 
maintained by increasing the value of C, and the external loading; some 
high-power tubes have Cz = 0.30 or more. We also fix the ratio 0,/0, at 
0.10; the smaller this ratio, the larger the gain tends to be, provided the 
d.c. beam current is maintained. 

Various bunching sections, exclusive of the output cavity, were analyzed 
both for 6, = 7/2 and 37/4. They are categorized as 


la. A five-cavity decoupled tube (m = 0), synchronously tuned 

1b. The same decoupled tube with the cavities stagger-tuned in three 
different ways 

2a. The same tube but coupled to m = —0.04, synchronously tuned 

2b. The same tube of m = —0.04 but stagger-tuned in the same three 
different ways 

3a. The same tube but coupled now to m = —0.10, synchronously tuned 

3b. The same tube of m = —0.10 but stagger-tuned in the same three 
different ways 


Lastly, we computed the characteristics of 


4. The four-cavity skirtron buncher, with three intermediate cavities syn- 
chronously tuned and also stagger-tuned in three different ways. 
6, = 7/2 and 6,/0, = 0.11 


To describe the inherent transducer gain and bandwidth of these tubes 
it is convenient to refer to a “buncher power” defined as the magnitude of 
the kinetic voltage squared emerging from the last buncher cavity divided 
by the input resistance and also multiplied by the last factor in Eq. 10-20. 
The input cavity voltage is proportional to the input impedance by Eq. 
10-17. Buncher power Pz is 


P A (Ve ont 4R, Rin 
Not at 2? 
Rin Us =P Rin) 


All buncher power responses vs. frequency have been computed for the 
excitation DJg = 0.48 in the first cavity according to the equations of 


Rin > 0 (10-25) 


Table 10-1. Knowing the geometry of the coupling loop and other param- 


eters we can determine the actual loop input current J, and the input 
resistance R;, which is proportional to the computed normalized voltage 
¢(1) in the first cavity. Hence we can evaluate the total input power 
P;, = 41,?R;, at constant J,. To estimate the actual transducer gain we 
assume that the output cavity is located 90 space charge degrees beyond 


the output cavity (less for large-signal operation), whereupon a beam 


| 


er meee = 
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Table 10-8. Approximate Buncher Powers Ps and Bandwidths of the Various Tube 


Models. 6,/@, = 0.10, C,? = 0.01. All Cavities Loaded to a Q of 50 


0, = a/2 0, = 32/4 
Scheme Tigenas BWC) R,* (ohm) Pp B.We( yy) 2 
m = 0, sync. 165 Bue 6 300 39 4 
it 140 3.3 7 135 D2 2 
2 150 3.7 12 205 4.5 5 
3 110 7.2 0.8 200 35 0.7 
m = —0.04, sync. 180 4.1 7 238 29 9 
1 103 8.2 3 104 ke A 
2 238 3.5 16.5 206 Sia 16 
3 98 6.0 Sie} 94 6.3 4 
m = —0.10, sync. 246 2S) 6 196 2.1 5 
4 215 4.5 8 118 1.5 3 
5 237 6.0 8 290 2 2 
6 185 I 8 160 iS 3 


* R, is the generator resistance if Re ¢(1) is numerically equal to Rin; otherwise 
the true generator resistance is larger by a factor Rin/Re ¢(1). 

{7 The numbers denote stagger tuning schemes. Scheme 1 corresponds to 
normalized resonant frequencies p,,9,3,4,5 = 0.98, 0.99, 1.00, 0.99, 0.98. Scheme 2 
~0.98, 0.99, 0.99, 1.0, 1.0. Scheme 3 ~1.0, 1.0, 0.99, 0.99, 0.98. Scheme 4 
~0.970, 0.985, 1.0, 0.985, 0.97. Scheme 5 ~0.970, 0.985, 0.985, 1.0, 1.0. 
Scheme 6 ~1.0, 1.0, 0.985, 0.985, 0.97. 


current of YjV;, .y, Will excite that cavity of self-admittance Y,, load 
admittance Y,, and gap-coupling coefficient S,. The transducer gain Sp 
will then be 


g _- i YoVi,outS ¢ 2 Gr 2 4R,Rin 
eee Y, 4, | W7Rm-(R, + Rin) 
: (10-26) 
= Ps| zd G L +). I, a fixed reference 
1 nD Y, Fe 


It is sufficient to measure the relative gain as well as the inherent band- 
width by Pz, at fixed driving current J,. In a moment we estimate the 
magnitude of the bracketed factor in Eq. 10-26 and with it the transducer 
gain for a practical tube. 

With respect to the buncher power Pz, then, the performance char- 
acteristics of the aforementioned tubes are summarized in Table 10-8. 
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Maximum buncher power always occurs at a frequency below the highest 
resonant frequency.’ For most tubes the generator resistance R, was 
adjusted so as to optimize the bandwidth without too great a reduction in 
the maximum buncher power. For some of the tubes—notably the 
m = —0.10, 0, = 37/4 tubes—the bandwidth was determined primarily 
by the buncher power vs. frequency and only slightly by the frequency 
dependence of R;,,, in which case we had no choice but to choose R, so as 
to match R;, at the frequency of maximum buncher power. It is rather 
surprising that the bandwidths for all the decoupled and all the m = —0.04 
models are /arger than those of the more heavily coupled m = —0.10, 
6, = 32/4 tubes. We also observe that the bandwidth is a rather sensitive 
function of the manner of stagger-tuning the cavities; and a change in the 
coupling parameter m or drift angle 0, may change not orly the gain and 
bandwidth but also the tuning scheme necessary for a given bandwidth. 

The buncher power vs. normalized frequency response curves appear on 
Fig. 10-4 for all varieties of the m = —0.04 models listed in the table 
except the narrow-bandwidth models stagger-tuned according to scheme 
2. There x = 1 may be regarded as a reference frequency, about which 
the cavities are tuned. 

Thé computations reveal a fact which may not be generally known; 
namely, that the kinetic voltage after the initial buildup increases very 
slowly along these tubes, whereas the beam current builds up steadily 
until it is comparable to the kinetic voltage in magnitude at the output of 
the fifth and final buncher cavity. The kinetic voltage may increase by a 
factor of 2 or even 3 from the first to the fifth cavity output at frequencies 
near the upper half-power point in the m = 0, 0, = 37/4, staggered and 
unstaggered models, but in the others it increases by less than a factor of 
2. The skirtron performs somewhat differently because of the different 
tuning arrangement. These remarks mean that we can improve the 
transducer gain a few decibels by relocating the output cavity so as to 
maximize the total beam current as composed of both a fraction of the 
output buncher current and a portion of the kinetic voltage which has 
drifted into current. 

The general effect of reducing the external conductance to 0.01 (Q = 100) 
in all the buncher cavities is as expected: an increase in the maximum 
buncher power and a slight reduction in bandwidth. The input resistance 


7 We certainly expect this in a synchronously tuned tube because the impedance looking 
from the beam edge toward the cavity walls is inductive (pv = —jwi) and the electron 
power flow is in the direction of growth. It can be shown very generally that a beam 
propagating a slow wave which grows with distance must “‘see” an inductive impedance 
as presented by the surrounding medium. Therefore in a stagger-tuned tube it is rather 
plausible the frequency of maximum growth would always lie below the highest tuned 
frequency (open-circuit mode cutoff frequency) of any cavity. 
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remains positive in all of the synchronously tuned, coupled tubes but it 
does go negative in certain of the coupled, stagger-tuned models. So we 
must take care to maintain stability when reducing the external loading. 

We now estimate the magnitude of transducer gain G7 from typical 
parameters in a high-power tube. At the end of Section 10-2 we estimated 
parameters for a 3-kMc tube such that the generator current J, turns out 
to be § amp for the reference excitation D/g = 0.48. Beam current J, 
might correspond to a perveance of 4 x 10-* amp/v” at 85 ky, say, so 
that J, = 100 amp and the beam admittance Y) = 0.60(w/w,)10-°. The 
output cavity conductance G, will probably be on the order of 10-° mhos, 
much smaller than the load conductance G; which, for large-signal 
operation (not treated in this book) should be about J,/V, = 1.2 x 107%. 
For a loaded Q, of 10 in the output cavity, R,,/Q, is therefore 85. With 
zero output cavity susceptance at midband and Pz = 100, say, we find 
the transducer gain is about 


w 2 
Sr max 2 1.0 (2) (10-27) 
Da 

The (w/,)? dependence arises from the fact the r.f. power in the last 
cavity is proportional to | YV;,oy:|? from the buncher, and Y) ~ w/a,. 
We should not forget that a precise estimate of transducer gain would 
account for the implicit dependence of the buncher performance—and 
hence R,,, and Pz—upon w/a,. 

Equation 10-27 predicts a maximum transducer gain of only 100 or 
20 db for these tube models, whereas 30 db is more typical of practical 
tubes. The gain is low, as we mentioned earlier, because of the median 
value of Cz = 0.10 selected for the models, as compared to values of 
0.30-0.40 in really high-power tubes. An increase of Cg in conjunction 
with an increase in external loading of the buncher cavities would tend 
to maintain the bandwidth but increase the gain. A larger value of Cp 
also tends to optimize the output cavity with respect to gap voltage 
generated per unit of entering beam current, as explained in the next 
section. 

We should remark at this point that a tube which is built with drift 
tubes connecting the various cavities may perform quite differently from 
a model of the tube with field-free drift spaces between cavities and the 
same value of 6,/6,. Calculations made on the broadband megawatt 
hollow-beam multicavity klystron designed by A. Bers and L. B. Anderson 
[5] indicate that a model with the same parameters but with field-free 
drift spaces between cavities had a (power out/power in)-bandwidth of 
about 5.5%, as compared to the experimental small-signal bandwidth of 
8.7%. This discrepancy suggests the presence of fields in the drift tubes 
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between the cavities that couple them electromagnetically to an extent 
which cannot be ignored in an accurate computation of the performance. 

Each of the aforementioned tube models is characterized by a group of 
tuned cavity resonant frequencies clustered in a narrow frequency range. 
The skirtron tubes, on the other hand, are designed with the input cavity 
tuned to the approximate lower half-power frequency, whereas the three 
or more intermediate cavities are tuned to the approximate upper half- 
power point. The beam which emerges from the last buncher cavity 
drifts to the output cavity tuned to the midband frequency and with at 
least the tube bandwidth—on the order of 10% or more. Experimental 
tubes have been built with a reduced plasma transit angle of 20° or so 
between successive cavities, excluding the separation between last buncher 
and output cavity—but we have analyzed tube models in which the 
bunching cavities are stacked together. These models have performance 
characteristics similar to the experimental ones, 

A representative four-cavity skirtron buncher will be described with the 
parameters A 6 
m=0, .-0,=-, —-“=011, Cgz=0.20 

2 6, 
G,, = 9.04 (buncher cavities loaded to a Q of 25) 
P1,2,3,4 = 9.96, 1.04, 1.04, 1.04 


(normalized resonant frequencies of the input and three intermediate 
bunching cavities). In this skirtron tube model the kinetic voltage leaving 
the fourth cavity builds up with increasing frequency relative to the 
voltage leaving the first cavity, with a maximum ratio of about 2 obtained 
at maximum buncher power P, on Fig. 10-5. The current leaving the 
fourth cavity remains always less than half of the kinetic voltage leaving 
that cavity. This model has the remarkable property that |V;, 5.4? varies 
with frequency qualitatively just like Re (1) oc Rj, shown on Fig. 10-5 
so the buncher power proportional to |V;, ,,,|?/Re ¢(1) tends to stay 
constant over a wide frequency range. By choosing a median value of 
generator resistance we lose some gain in the low-frequency range but 
maintain good gain in the high-frequency range. The resultant bandwidth 
is 11.49%, and the maximum buncher power is 90. 

We have also examined the effect of stagger-tuning the intermediate- 
cavity resonant frequencies in various ways—as 1.03, 1.04, 1.05; 1.03, 
1.05, 1.04; and 1.05, 1.04, 1.03—both for zero electromagnetic coupling 
and a coupling of m = —0.02. However, the effect of each stagger- 
tuning scheme on both the kinetic voltage and the current output is slight 
and apparently not beneficial over the frequency range of concern. The 
result of changing m to —0.02 is virtually no change in the maximum 
buncher power and bandwidth provided we change R, a few ohms. We 
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Fig. 10-5. Buncher power and input resistance of a skirtron buncher model consisting of 
four decoupled cavities with no drift spaces between them. The relative frequencies 
of the cavities are shown along the abscissa. 0, = 7/2, 0,/0, = 0.11, Cz? = 0.04, the 
loaded Q of each cavity is 25, and generator resistance R, has been adjusted to 5 
ohms. It is presumed that Re $(1) is the input resistance according to remarks following 
Eq. 10-17. 


suspect that the response curves will also be insensitive to changes in 
0,/0, and Cz as well, provided the generator resistance is varied so as to 
maintain both a reasonable bandwidth and reasonable gain. 


10-6. Response Characteristics of Constituent Cavities 
Appropriate for Multicavity Klystrons 


In this section we describe qualitatively the response characteristics of 
input and intermediate cavities in a range of small C,? and the numerical 
characteristics of these cavities and the output cavity in a range up to 
Cz? = 0.10. The parameters which are varied are 0,, 0, and Cg. The é, 
pattern within each cavity is uniform. Each cavity is assumed to be 
decoupled electromagnetically from its neighbors—an assumption that 
may be untenable if they are connected by drift tubes through which a 
strong beam passes. The information is intended to serve as an aid in the 
selection of cavities for a power amplifier or buncher. 
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We first discuss the qualitative effects of varying 0,, 6,, and Cz in the 
range 


as 0<7<03, and £ OCR ce 02 


é 

With respect to the input cavity, computations indicate that the voltage 
generated is very insensitive to these parameters at a given frequency in 
the resonance region, for a fixed external loading. This means the input 
resistance, proportional to Re ¢(1) by Eq. 10-17, will be insensitive. The 
amount of kinetic voltage generated is insensitive to changes of 0, at a 
given 0, and Cz in a frequency range throughout the resonance region 
but is more sensitive to changes of 0,: As 0, approaches 7 at fixed 6, the 
kinetic voltage generated near resonance goes down slowly at first, then 
more rapidly until, at 0, = 7, the V, generated is on the average about 
two-thirds of the V, for 6, = 7/2. Thus we are not unduly constrained to 
use a narrow-gap input cavity. The effect of varying only Cz in the range 
indicated is—curiously enough—very little change in the cavity voltage 
and the kinetic voltage and current leaving the cavity. Of course, a 
larger Cy will usually imply a stronger d.c. beam current and hence a 
larger inherent a.c. power output proportional to Y)V,, sin 86, amperes of 
beam current, which would be created by kinetic voltage V, drifting 
through reduced plasma transit angle 6,. 

Computations for typical intermediate cavities which are loaded ex- 
ternally and operated in the aforementioned ranges of 6,, 6,, and Cz and 
which are uncoupled to their neighbors reveal the following points. An 
increase of 0, causes the kinetic voltage generated per unit of entering 
beam current to decrease at frequencies below resonance (which would 
be the midband frequency in an infinite chain of such cavities) and to 
increase at frequencies above resonance so that the behavior is not clear 
cut. However, an increase of 0, alone with all other parameters fixed 
raises the kinetic voltage generated throughout the resonance range and 
the range @,. This is a valid reason for not designing narrow-gap inter- 
mediate cavities for a given 6,. Asa rule, both the entering kinetic voltage 
and current excite the cavity and we cannot neglect the contribution by 
V,, to the departing beam excitations. 

The numerical response characteristics for the various cavities at their 
resonant frequencies are summarized in Tables 10-9 through 10-11 for 
C;” in the range 

0.025 < Cp,” < 0.10 


The first two tables are for the input and intermediate cavities, respectively, 
for various 6, and 6, and the external loading of G, = 0.02 (Q; = 50). 
These tables are compatible with the statements made about these cavities 
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Table 10-9. Input Cavity |V,| Response for Various Parameters at the Resonant 


Frequency. Gz, = 


Cr? 
6, 0 0.025 0.06 0.10 
1.57 0.175 39 (22.6)* 36 (20.7) 32.9 (18.7) 
0.525 33.5 (19.9) 26.9 (15.5) 21.6 (12.0) 
2.35 0.175 31.1 (20.6) 25.9 (17.1) PAN AL Ot es 
0.525 23.4 (15.9) 15.8 (10.6) (5) 
1.05 15.7 (12.0) 9.2 (6.9) 6.2 (4.6) 
a 0.175 23.0 (18.8) 17.6 (14.4) 13.9 (11.4) 
0.525 15.5 (13.1) 9.5 (8.0) 6.6 (5.6) 
1.05 9.8 (9.3) 5.2 (5.0) 3.4 (3.3) 


* Re 4(1) appears in the parentheses; it equals Rin numerically for the param- 
eters following Eq. 10-17. 


in the lower range of Cz. Notice that the kinetic voltage generated by the 
input cavity for the reference excitation Dg = 0.48 (defined in Eq. 10-11 
and appearing in the first equation of Table 10-1) decreases with increasing 
Cz, whereas the kinetic voltage generated per unit of entering beam 
current (measured as Z,J = 1 v) by the intermediate cavity increases with 
increasing Cz. The beam current generated by the input cavity (not 
tabulated) increases with increasing 0,/0, ratio and can easily be com- 
parable to the kinetic voltage. 

The responses of various output cavities to an entering beam current 


Table 10-10. Intermediate Cavity V, Response to an 
Entering Beam Current of Z,l = 1 at the Resonant 
Frequency. Gz, = 0.02* 


Ce 

0, 6, 0.025 0.06 0.10 
1.57 0.175 2.3 5.2 7.9 
0.525 2.0 3.8 5.1 

Ds 0.175 3.6 4 10.1 
0.525 2.7 4.4 5.3 

1.05 1.7 2.4 2.6 

7 0.175 3.9 Tat 9.4 
0.525 vss 3.7 4.3 

1.05 1.4 107 1.9 


* The numbers are rounded off to the nearest tenth. 
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of Z,J = 1 v appear in Table 10-11 for the aforementioned range of C,?. 
These cavities all have a loaded Q, of 10. In footnote 4 we explained that, 
in the large-signal regime, the cavity gap voltage generated by 1 amp of 
r.f. current should be about V,/J, volts. Therefore a beam current of 


Table 10-11. Response of the Output Cavity Voltage ¢ to an 
Entering Beam Current of Z,l =1 at the Resonant 
Frequency. |¢| Is Tabulated for Various Parameters and 
G;, = 0.10 (Q; = 10) 


Gc 

0, 0,4 0.025 0.06 0.10 
1.57 0.175 0.28 0.67 1.09 
0.525 0.26 0.61 0.96 

2.35 0.175 0.29 1.24 1.98 
0.525 0.24 1.04 1.54 

1.05 0.16 0.78 1.07 

7 0.175 0.77 1.71 2.65 
0.525 0.67 1.34 1.88 

1.05 0.53 0.95 1.23 


Z,1 = 1 v should generate a voltage of about Y)V)/J) = 0,/20, volts. The 
computed gap voltage is ve,L = ge, ~ 2¢ if we estimate e, by the patterns 
of the “straight-through” short-circuit mode (Eq. 3-17) in these long 
cavities. We see that the cavities with Cp? = 0.06 and 0.10 and 6, = 0.525 
and 1.05 do indeed generate about the optimum gap voltage or more. 
The long cavities of 6, = 7 are not inferior to the shorter ones. 


Problems 


- 


According to the Bethe theory of small-hole coupling, Chapter 3, show that 
there is very little radiation of power out the left hole of the first cavity and 
the last hole of the output cavity in a cavity-chain amplifier. 


. How would we use the computer program to study the noise figure of an 


amplifier ? 


. How could the computer program be used to analyze the transient response 


of an amplifier? What effect would a negative input resistance have on the 
output response? 


. What does the transducer gain formula, Eq. 10-20, imply about the reactances 


of the generator and input impedances? 


. Show there is usually no finite gain-bandwidth product for an amplifier with 


negative input resistance; the value depends on the generator resistance. 


. What practical considerations prevent us from indefinitely increasing the 
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transducer gain by lowering the input resistance to a very small value and 
raising the w/a, ratio to a large value? 

7. Show that an electron beam will support a growing wave only if the impedance 
looking out from its boundaries is inductive. 

8. Study the transducer gain, Eq. 10-26, for the amplifiers of Fig. 10-4 with 
respect to frequency, with Y; = G;(1 +/j2Q,6) and 6 = (w — a )/a, the 
fractional change of frequency from resonance. G,« G;. How must the 
output cavity bandwidth 1/Q, compare with the buncher power bandwidth 
in order that the overall bandwidth be nearly that of the latter. 

9. Verify the fact that the buncher power response of the skirtron model of 
Fig. 10-5 is insensitive to the value of generator resistance R,. Let 
Re (1) = Rin. 
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Chapter XI 


Parametric and Maser 


Slow Wave Systems 


11-1. Synopsis 


This chapter opens with a review of parametric power conversion on 
two transmission lines coupled through a nonlinear “pumped” inductance, 
as described by Tien. There are four basic states of operation of this three- 
frequency device, depending upon whether the pump frequency w, is 
higher or lower than the applied signal frequency w, and whether the 
group velocities at frequencies w, and w, — w, = @, are in the same or 
opposite directions at corresponding points on the w—@ curves. In two of 
these states the fields at frequencies w, and wz, are sinusoidal along the 
line; in the other two they are exponential. The sinusoidal or exponential 
nature of the waves may be inferred from knowledge of the directions of 
the group velocities and the Manley-Rowe power relations for lossless 
nonlinear media. The elementary expression for noise figure indicates 
the conditions for low-noise amplification. 

We then analyze in some detail the three-frequency cavity-chain para- 
metric amplifier, with w, in the mth passband and «, in the nth passband. 
The fields in each of these (narrow) passbands may still be described by 
the open- and short-circuit mode-pairs, defined with respect to the Her- 
mitian (lossless) portion of the permittivity dyadic. Then Maxwell’s 
equations are solved for the fields at each frequency coupled to the fields at 
the other frequency through the nonlinear pumped ferroelectric. A deter- 
minantal equation is obtained for the complex phase shift y, of the a, 
fields in terms of the nonparametric phase shifts on the w—p curves and a 
parametric coupling coefficient W. The properties of the four independent 
waves of the amplifier are listed. If wo, = , + @2, there are two states 
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of exponential gain operation, depending on whether the two dispersion 
curves in which w, and wz, lie have the same or opposite shapes. If they 
have the same shape, this state is the analog of gain operation on the trans- 
mission line; in the other state the phase shifts are such that the powers at 
frequencies w, and w, also flow in the same direction. If w, = w, — @s, 
two states of exponential gain also exist, one of which corresponds to the 
state of opposing group velocities on the transmission line. In the other 
state the phase shifts adjust themselves so that the powers at frequencies 
@, and @, also flow in opposite directions. Our field expressions, which 
yield a determinantal equation for y,, are consistent with the Manley- 
Rowe relations if the ferroelectric is lossless. 

The expression for the maximum growth factor per cavity, valid for — 
low rates of growth, reveals a gain-passband width conservation relation 
which depends not only upon the parametric coupling coefficient W but 
also upon the nonparametric phase shifts at the frequencies w, and @,. 

Currie and Gould have calculated the gain vs. frequency response for 
various six-cavity amplifiers and different operating conditions, such that 
the pump phase shift per cavity w, is about 2.9 radians. Both w, and w, 
lie in the first passband and w, = w, = w,/2 at the nonparametric phase 
shift of g,° = m.°~ 1.2 radians. We show, by means of curves of the 
growth factor vs. W and a pump phase shift of 3.0 radians, the ranges of 
g,° and ¢,° and W within which only one growing-decaying wave pair 
exists in the system. 

Grabowski and Weglein show that the best condition for unilateral gain 
occurs for y, = 57/4, provided w, = w, + w, and both w-p curves have 
the same shapes. Unilateral performance is improved if the w—p curves 
are distorted from their single mode-pair shapes so as to increase the 
asynchronism between y, in the backward direction and @,° + ,° in 
that direction. On the other hand, if w, = w, + w, and the w- curves 
have opposing group velocities at corresponding points, the best pump 
phase shift is perhaps 7/4, so that 7/4 ~ ¢,° + 9° in the forward direction 
and —7/4 % q,° + ¢,° in the backward direction. 

We present a table listing the phase shifts of the four independent waves 
at frequency , for y, = 4.0 and various values of ¢,°, y° and W. With 
these waves and formulas for their relative amplitudes, as determined by 
the terminal loads and excitations, we can compute the parametric gain vs. 
frequency for an amplifier operating with w, in any narrow passband and 
@, in another (or the same) passband of the same shape. 

We summarize the experimental behavior of the Grabowski-Weglein 
iris-loaded waveguide (cavity-chain) parametric amplifier. The unilateral 
performance is improved by (a) changing some of the pump phases, 
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particularly in the last cavity, (b) coupling the fields at a sum frequency in 
the backward wave to loss but not the fields of the forward wave, or (c) 
inserting a magnetized ferrite post into each coupling aperture between 
cavities. The simple theory of elliptically polarized r.f. magnetic field 
around each post is developed. 

In the next section we review Suhl’s analysis of the three-frequency 
ferromagnetic parametric amplifier, and cast his equations for electro- 
magnetic operation between two resonant cavity modes at frequencies 
@, and , and for semistatic operation between one resonant cavity mode 
and the sample magnetostatic modes into the form appropriate for the 
traveling wave amplifier. We include the effects of cavity wall losses 
upon the waves. The determinantal equation for phase shift y, of the fields 
at frequency , is similar to the equation derived for the ferroelectric 
amplifier in the case of electromagnetic operation but is more complicated 
for semistatic operation because of the inclusion of more than one excited 
magnetostatic mode. 

The reader is referred to W. H. Louisell [4] for a discussion of parametric 
beam amplifiers which employ the fast space charge modes and the fast 
cyclotron modes. 

Section 11-5 develops the quantum electrodynamic equations for the 
cavity-chain maser amplifier with a continuously pumped active material 
of three energy levels in each cavity. The equations are formally similar 
to those of the ferromagnetic parametric amplifier. The pumping field 
maintains a surplus of molecules in the higher-energy states from which 
they radiate energy into the electromagnetic field at the signal frequency. 
The Heisenberg equations of motion are developed for the quantized 
electric and magnetic field operators of the resonant cavity mode belonging 
to the narrow passband within which the signal frequency lies. These 
operators in a given cavity are coupled to the fields in the adjacent cavities, 
magnetic dipole moments of the molecules, loss mechanism in the walls, 
and to the generator field in the first cavity and the dissipative external 
load in the last cavity. Then the equations of motion for the dipole mo- 
ments are developed, including the 7, or spin-spin coupling between mole- 
cules but excluding the 7, or spin-lattice dissipation. From these operator 
equations we may obtain, in principle, all the signal frequency components 
of the matrix elements of the electric and magnetic field operators in each 
cavity, in terms of the matrix elements established by the d.c. and “pump” 
magnetic fields. Given a specified (constant) density matrix for the system, 
as determined by the temperature and pumping field, we can then com- 
pute the expectation values of the field energy and load power in the last 
cavity. 
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11-2. Parametric Power Conversion on Two Coupled 
Transmission Lines 


The principles of power conversion from one frequency to another can 
be illustrated with reference to Tien’s fundamental article [1]. Consider 
the pair of distributed transmission lines coupled through the nonlinear 
inductances which are varied with time along the lines in Fig. 11-1. Line 1 
with the per unit length parameters X, and B, supports voltage V, and 
current J, at frequency w,, and they propagate as <1? in the absence of 
the pump wave. Line 2 supports a similar mode? at frequency w,; this 
line usually represents propagation on the same physical structure. Now 
let a high-level pumping wave propagate to the right along the lines and 
modulate the nonlinear inductance as 


L,(2, t) = Lyo(e!"@2*-92" + ©.c,), (11-1a) 


where c.c. means the complex conjugate of the preceding term so that 
L,(z, t) is a real quantity. We assume the pumping level is so high that 
L, is unaffected by the power converted to other frequencies along the 
interaction length of interest. In the presence of the pump wave, V, and 
I, at frequency @, will not exactly vary as «~*:*, and so we write 


V,(z, t) = V,(z)e 22-8) 4 cc, 


11-1b 
1,(z, t) = 1,(z)e*?2*- 2) +. cc, ( ) 
with analogous expressions for V, and J, at frequency @,. 
Ty 
Pump prim ; 
Cavers <<a p (2, t) 
Ip +V2 

Fig. I 1-1. Two coupled TEM transmission lines, in which the pumping wave modulates 


the common inductance between the lines. 


? We distinguish the separate modes in the unpumped line which compose each wave 
of the pumped line. These terms are defined in the Introduction. 
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The transmission line equations for V, and J, are clearly 
0 te : 2 ) 
a [V,(2)e 117) = —jX,1,(2e 5Biz __ » [L,(z, t)I,(z, +o, comp (11-2a) 
0 : 
rs [L@e-**] = jB,V,(@)e (11-2b) 
Zz 


At this point we must distinguish two states of operation. In the first one 
an applied frequency w, higher than w, generates a difference frequency 
@, and we neglect the sum frequencies wm, + w, and w, + @,. Interaction 
among the frequencies is most effective if the propagation constants of their 
uncoupled fields are related in the same way as the frequencies, whereupon 
this state is described by the following relations: 


i Ie @,; — 0, = w, > 0, Pi — By Bs 
The other state of operation is described by the relations 
Il. w, — a, = o, > 0, By — Bi Ba, 


and we neglect the sum frequencies w, + w, and w, + w,. State I is 
associated with inverter or mixer operation, in which power may be 
converted from the pump frequency to a higher frequency @, in either a 
sinusoidal or an exponential manner depending on the relative group 
velocities at the two frequencies w, and w,. State IT is associated with 
amplifier operation because pump power may be converted into the fields 
at the lower frequency «, (or «,) either in a sinusoidal or an exponential 
manner without supplying additional power at the other frequency w, 
(or w,). The ensuing discussion will clarify these points. 

First, consider state I. The +, component of [L,J,] in Eq. 11-2a is 
just Lola(z) 2 te2"IPot Ps)”, Now 6, + B, is not necessarily equal 
to 8, because these are the propagation constants of the individual un- 
coupled frequencies, but we shall limit our discussion in this section to 
the case 6, + 8, = 6, because it is the most efficient from the point of 
view of exponential gain per unit length. If we differentiate Eq. 11-2b 
with respect to z, use Eq. 11-2a, and also assume 


071, (z) K By Ol, 


02" Oz 
we obtain 
ol i@) _ BL 91 
——— SY! 11-3 
ae a ar ee 2B, (2) (11-3) 


By symmetrical reasoning, the equation for 01,(z)/dz is the same with 
interchange of subscripts 1 and 2. We now differentiate Eq. 11-3 once 
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more and use the equation for 0/,/0z to arrive at 


071,(z) @,0),B;, Ba ee 
Ct) — See 11-4 
az? 4B Bo po i(2) ( ) 


We now must distinguish two substates of state I, depending on the 
signs of B, and B,. If B, and X, (which have the same signs in any case) 
have the same signs as B, and X,, the solution to Eq. 11-4 is 


I,(2) = aye** + bye 


2\l4 “4 
goat (eat | = (2:22) Ly,” teal (11-5) 
2 BiB. 2 \Z.Zo2 


Therefore the complete solution for this substate such that J,(0), as ob- | 
tained from Eq. 11-2 for /,(z) in terms of J,(2), is zero is 


with 


I,(2, t) = a cos az cos (w,t — B,z + 8) 


lg 
I(2,1) = (2822) asin «2 sin (Wat — Paz + 8) (11-6) 
0B, p> 

a and @ being the initial amplitude and phase of the injected /,(0, 7). 
These expressions reveal the fact that the power initially injected at 

frequency w, converts to frequency wz, at distances az = 7/2, 37/2,..., 

and reverts to frequency w, at distances az = 7,27,.... The maximum 

power flows at these two frequencies are 


Pi, max = $11, maxZo, = $a°Zy, 


Pon 41; maxZea = 4a” je B, Bs Zoe (11-7) 
a wo, By Bs 
Since Z) = V X/B = B/B we have 
Pi,max = P2,max (11-8) 


This power relation is a special case of the Manley-Rowe relations [2, 3] 
which have become so famous we shall digress a moment to summarize 
them. 

Suppose we have a lossless nonlinear medium characterized by macro- 
scopic vector parameters £ and A as well as polarizations P and M related 
to them as P = D — e,£ and M = B/u, — A, where D and B are the 
continuous electric and magnetic flux densities. Suppose further that £ 
is a single-valued function of P (not necessarily in the same direction) and 
His a single-valued function of M at every point. This often implies that 
the voltage f £ - d/ between any two points is a single-valued function of 
§ D+ d/ along the same contour, and § H- d/ around any contour is a 
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single-valued function of the flux { 8: dS through the contour. Under 
these conditions, there may be a number of fields at different frequencies 
specified by mw, + nw, for different positive and negative values of m and 
n. If P»,, denotes the net real power flow out of the medium at frequency 
m®, + Nz, all the powers are constrained in two ways; 


3 
ee 


Ke ar > — an (11-9) 


o MW, ites NW, 0M, vs NW, 


Each excluded — |m| term in the first expression, for example, is equal to a 
corresponding +m term in the summation. Equations 11-9 are the 
Manley-Rowe relations. To obtain Eq. 11-8 for the three frequencies 
@, = 1@, — 1@,, @;, and w, we apply the relations to the region between 
two planes at «z = 0 and 7/2, whereupon we know P,(m = 1,n = 0) = 
—P;, max and P,(m = 0,n = 1) = Py max The Manley-Rowe relations 
separately imply 


Sse ela elise (11-10) 


Oi; Wy ®, @ 


that is, P,/w, = —P,/w,, which is Eq. 11-8. 

Equation 11-8 tells us immediately that we must draw less power out 
at frequency w, than we injected at frequency w, since wg is less than 
@,; the remainder of the power flows into the pumping fields. However, 
if we had injected power at frequency w, and not at «,, the sine and cosine 
dependences would just interchange in Eq. 11-6 and we could draw more 
power out at frequency w, than we injected at frequency w,. Power would 
then flow into the system by way of the pumped inductance. 

Now we consider the other substate of state I operation, for which 
B, and B, in the transmission lines have opposite signs and the group 
velocities at frequencies w, and w, are opposed. The sign on the right 
side of Eq. 11-4 changes to plus and exponential waves result. If power 
is injected at frequency w, and /,(0, t) = 0, the currents for all 2 and f¢ 
are now 


1,(2, t) = a cosh az cos (w,t — B,z + 9) B,>0 
(11-11) 
I,(z, t) = sited By |B)" sinh az sin (wst — Boz + 0), By < 0. 
2 


The Manley-Rowe relation P,/w, = P,/w, is true for any section of the 
line from z = 0 to z =z. Now the power flows grow exponentially at 
both frequencies, fed by the pumped inductance. We have assumed the 
best case of f,, — 8, = B.; if the synchronism is off by Af Tien shows 
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that the growth constant will change to 
27% 
eax a! _ oer (11-12) 


and the perturbed propagation constants 8,’ and f,’ will satisfy the relation 
By = Br’ + By’ exactly. 

This completes our review of state I operation. State II operation in 
which the group velocities at the two frequencies w, and w, oppose each 
other is identical to state I operation in which the group velocities are in 
the same direction (Eq. 11-6 is now written with |B,/B,|). State II opera- 
tion in which the group velocities both lie in the same direction is identical 
to state I operation in which they are opposed, Eq. 11-11. Here is a 
summary of the various states of operation: 


Sinusoidal waves: 
I. w, = @,— @,, group velocities in the same direction 


II. w, = @,+ 2, group velocities in opposite directions (11-13) 
Exponential waves: 


I. w, = @,— @, group velocities in opposite directions 
II. w, = @, +s, group velocities in the same direction 


Each wave includes both w, and w, components of the field which prop- 
agate together according to the relation 8, = fh,’ + B,’ (B,’ and B,’ being, 
in general, the perturbed propagation constants), depending on the 
relative frequencies in the expression w, = @, + @y. 

We should observe that Tien’s solution neglects the two backward 
circuit modes because of the approximation preceding Eq. 11-3; each of 
these modes has w, or w, components propagating as «(:'**:2) or 
est +Px2), respectively. Strictly speaking, each of the two independent 
waves found by Tien, either of constant amplitude or of a growing- 
decaying pair, contains weak components of the uncoupled backward 
mode at both frequencies w, and w,. In addition, there are two more 
independent waves, each of which has a strong component of backward 
mode at frequency w, or w, and weak components of the other backward 
mode and of the forward modes at both those frequencies. We can solve 
for all four propagation constants of these four independent waves by 
substituting 1,(z, t) = 1,,«%°' 1”) + ¢.c., and so on, into the trans- 
mission line Eq. 11-2 for the excitations at w, and w, whereupon a quartic 
equation for the perturbed f,’ develops with the aid of the relation 6, = 
B,' + B.’. Each of the allowed values of 6,’ determines the associated 
B,' and the relative amplitudes J,,,..., 1, of the four components in a 
given wave. With weak parametric coupling and a transmission line output 
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matched at frequencies w, and w, these extra components in the forward 
waves are not important and the backward waves are not excited, but in 
the parametrically operated cavity chain all four independent waves are 
tequired, in general, to match the boundary conditions at frequencies 
@, and @, in the first and last cavities. 

We close this section by demonstrating the simple theory of the low 
noise figures obtainable in the parametric line.2 Suppose the line is 
operated for exponential gain, with the matched input at frequency w, of 
temperature 7,, the matched input at frequency w, at T,, and both matched 
outputs at temperature T,. We utilize the single-sideband gain from 
frequency w, at the input to w, at the output so the noise figure F is 

pa SIN)in2e — Nout1 1 (11-14) 
(S/N)out,1 Nine Gey 
where N, S, and Gz; are the noise power, signal power, and power gain 
from the input at frequency w, to the output at frequency «,, respectively. 
To obtain Gz, we observe that the gain G of the amplifier is the same for 
the fields at frequency , as for the @, fields; the ratio of signal power out 
at frequency w, to that entering at w, is 


ae (11-15) 


Thus, the net output power at frequency @, is S,, (G — 1). From the 
Manley-Rowe Eq. 11-8 it follows that the net signal power out at @, is 


Sout,1 —— as Sin,o(G oe 1) 


Ws, 


Since no signal power enters the line at frequency @, 


Gu 1G) (11-16) 
Ws 
The noise power into the matched load at w, is Ning = KT,B, B being the 
receiver noise bandwidth. The total noise out of the line at frequency 
@, is kT,B(G — 1), and by the same reasoning which gave us Eq. 11-16 the 
associated noise out at frequency w,, excluding the entering k7,B noise, is 
(@,/@.)kT,B(G — 1). Thus, the total noise out at frequency «, is 


Negara ticTOB( Gal) kT BG (11-17) 


Wo 


2 W. H. Louisell [4, p. 142]. He discusses the single-sideband gain from frequency 
@, at the input to frequency «, at the output. 
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Therefore 

ol 

w,T,G — 1 

In high-gain amplifiers F~ 1 provided T, « T, and/or w, { a. 
With this introduction to parametrically operated slow wave structures 

we turn now to the ferroelectric parametric amplifier. 


F=i+ (11-18) 


11-3. The Three-Frequency Ferroelectric Parametric 
Amplifier 


Consider the symmetric cavity chain shown schematically in Fig. 11-2 
with lossless ferroelectric pills distributed throughout each cavity and 
with mirror symmetry about a transverse bisecting plane through the 
cavity. Such an arrangement guarantees symmetric open- and short- 
circuit resonant cavity mode patterns on the coupling surfaces, so that each 
of these modes will continue to represent a physical field at one of the 
cutoff frequencies in the absence of the pump excitation. The coupling 
surfaces are depicted as edge apertures only for definiteness. For the sake 
of generality, let frequency «, lie in the mth passband and @, lie in the nth 
passband (n may equal m) of the unpumped structure, and w, = @, + @,. 
The electric fields at these two frequencies are represented, in the single- 
passband approximation, by the mth and nth mode-pairs, respectively, 
and these electric fields are usually aligned within the ferroelectrics for 
best interaction. If the pump frequency w, lies in a stopband, external 
pumping is necessary to establish the requisite real phase shift y, in the 
pump fields between consecutive cavities. However, external pumping is 
advantageous for it allows us to vary the relative pump phases and enhance 
the performance somewhat, as we mention later. Frequencies w, + @, 
and w, + w, are presumed to lie deep within stopbands, so this device is 
essentially a three-frequency one. 


(-1) (0) (+1) 


(M-—) aperture 


Fig. 11-2. Schematic diagram of a symmetric cavity chain, loaded periodically and sym- 
metrically by ferroelectric pills. 
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We can define the solenoidal short- and open-circuit modes of Eqs. 
5-5 and 5-10 with respect to Hermitian (lossless) dyadic permittivity 
e, and permeability w, merely by writing e,(7) - E,,(7) in place of ¢,E,,, 
for example, whereupon the orthogonality statement, Eq. 5-9, involves 


| Bate. 8 av and | Fat + tee Ay av 
Vv V 


(7 denotes a transpose conjugate, in this case of column vectors E,, = 
column (Eyres E my, Emz) and H,,. For lossless mediae,’ = e, and u,* = p.,.) 
The normalized resonant frequencies P,, and p,, remain real but the 
patterns £,,, and so on, may be complex. The open- and short-circuit 
solenoidal mode-pair so defined for the mth (or nth) passband furnishes 
a good description of the fields even if the ferroelectric is lossy, provided 
the resonant frequencies of the neighboring modes are far from the operat- 
ing frequency as compared to the resonant frequencies of the mth (or 
nth) mode-pair. 
Let us split the dyadic permittivity into an unpumped and a pumped 
portion, 
é€ = e€, + E, (11-19a) 


in which that portion of the pumped e, seen by the fields at frequency 
(mm, + s@,) may contain more than one harmonic of the pumped field 
in general, 
E,(mo, + so,) = > €,,,(mo, + sw; hw,)e"* — (11-19) 
h 


€,,, is the dyadic “seen” by the fields at this frequency mw, + sa, varying 
at the frequency hw,. We assume the pumping field is large compared to 
the w, and w, fields, so that each pump harmonic €, ,(+@,; hw,) “seen” 
by the +a, fields and €, (+2; hw,) “seen” by the +a, fields are 
implicitly known and are not affected by the amplitudes of the m, and wy, 
fields. The general frequency in the system is mw, + @, (s = +1) 
because the predominant harmonics include those resulting from the 
mixing of the low-level fields at frequency w, with the high-level pump 
fields at frequencies hw,, namely hw, + w,. These mix with the pump 
harmonics and produce comparable fields at the frequencies h’'w, + @, 
and so on. 

The fields at frequency «, are represented by the modes of the mth 
passband in which «, lies as 


€(0y) = Vp (1) Emer? + €.C. (11-20a) 
f(o,) = inh," + c.c. (11-20b) 
A(oy) = I (MH nee"! + c.c. (11-20c) 
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The fields at frequency w, are similarly represented by the modes of the 
nth passband within which ws lies. Hereafter we write v,,(1) at frequency 
w, and v,,(—1) = v,,(1)* at —q@, as just v,, and v,,*, respectively, for 
brevity. We expand the fields of Maxwell’s equations with these open- 
circuit modes as driven by the (solenoidal) magnetic field on the coupling 
surfaces. This latter field is given by Eq. 11-20c, and we make the usual 
narrow-band single mode-pair approximation that J,,~i,, and J, ~ i,. 
The equations at frequency +a, are 

V x &@,) = —jo,ph(w 

‘ 1) a h(;) (11-21) 
V xX A(@,) = ry (€- é).5, 


The procedure in Section 4-6 of evaluating amplitudes v,, and i,, yields 
straightforwardly, for w, = @, + @s, 


Prim = —JOxpim, # is a scalar here (11-22a) 


Pala a =—Mion tl te cosh Vili + JO EVm 


ifs { eral - €,,4(—1, 1} +@,)* v,*é,* dV, (11-226) 


T Jf 


eal z ATE 2 on the (M—) coupling 
Mm = | & Aig i ae surface of Fig. 11-2 (Useey 


| PAY Fe (11-22d) 


Here the v,, and i,, amplitudes at frequency w, phase shift from one cavity 
to the next as e~”! in the +z direction. The electric displacement flux 
created by the — a, fields at frequency +, ise, ,,(—1,1; +@,)- &(—2) = 
€,41(—@,; +@,) “é2)*: 

Analogously we can develop the expressions for amplitudes v,* and 
i,* at frequency —@g, as coupled to v,,: 


pet == t-Fiatht,,* (11-23a) 
Paige == et oa! oe cosh Ve )T a JOEVn* 


tee i é,*+ €, (0, +1; —O,)* Umm dV (11-236) 
erro 


- 
I 
where 


mi, (11-23c) 


y_ (the phase shift of the —w, fields) = y,* (11-23d) 


The superscript ¢ denotes a transpose of column vector é,. The fields at 


SEE OS 
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frequency Ow, + , = a, create, through e, (0, +1; —@,), electric 
displacement flux at frequency —w,. In these equations we have made the 
narrow-passband approximation of 


1 = 
rn ry a { Loe ° €,° erg dV ee ec 1 (11-24) 
Ue 


with small percentage error. 

Equations 11-22 combine to give us one relation for i,, as related to 
i,*, and Equations 11-23 combine to yield another relation. Therefore 
we can obtain one equation for i,,, say, in terms of itself, whereupon i,, 


cancels and leaves this determinantal equation for the allowed values of y,: 
[Pm = ky? + PmMmm™*(1 + cosh 71)] 

X [Pn? — ke? + PrMnn(l + cosh y2*)] = ||? 
with 


T 


1 
wt WWolo€o — (hemeom : = (—@.; +@,)°é,* dV (11-25) 


In deriving this equation we have employed the equality e, ,,(—1, 1; 
+@,) = €541(—2; w,) = €f (0, 1; —w,) =e) _\(@,; —@,), which 
may be readily verified for lossless media with the aid of the Manley-Rowe 
relations. Therefore the two f;,,,. integrals in Eqs. 11-22b and 11-23b 
are Hermitian conjugates of each other. The upper sign is taken in either 
of the brackets of Eq. 11-25 if the open-circuit mode of that passband 
resonates at the nonparametric gy = z phase shift frequency; otherwise, 
the lower sign is taken. 

The phase shift y.* is related to y, by the fact that the coupled-ampli- 
tude equations must be invariant with respect to the cavity for which 
they are written. If we write Eq. 11-226, for example, in the next cavity, 
v, and i,, each gain a factor of « ”!, €,(—w,; +@,) gains a factor of 
« /% (gy, real), and v,,* becomes v,*e 2". It follows that 


¥1 =JPp + V2* (11-26) 


Equation 11-25 is a quartic equation in e« ”1, the solutions to which yield 
the four values of y, associated with each independent wave of the in- 
finitely long structure. Once we know the four values of y, we know, from 
either Eq. 11-22 or Eq. 11-23, the relative amplitudes v,,, i,, V,*, and 
i,* comprising each of the waves. Then we can select the overall ampli- 
tudes of these various waves so as to satisfy the terminal boundary condi- 
tions. Before proceeding with a description of the waves we pause to 
note that the equations do imply the Manley-Rowe relations among the 
net powers flowing into a cavity, regardless of the number of waves present. 
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To appreciate this, let subscript « denote the ath wave of amplitudes 
Uma and i,,, at frequency w, and amplitudes v,, and i, at @, in Eq. 11-22. 
Multiply Eq. 11-22a by i,,,* of the 6 wave and Eq. 11-22 by v,,,*, sub- 
tract the two, sum over « and f from | to 4, and take the real part. The 


terms remaining are (J,,,, ~ dng) 


Re > Cig eM me = cosh Vie)tena 


= Re| (s om") . 2(a, a o5a%2,*) 
ferro \ gz Ot a 


The right side is the power flowing into the ferroelectric at frequency 
+,. In the left side we replace i,,, by PyVm/—j@1u and observe that 
only the cosh y,, terms contribute to the real sum, Minn being nearly pure 
real. The left side now reads 


dV (11-27) 


+04 


Re Dig Vl aan _>) Uma mp *(€24 +e meer) 

j2m, ap 

Comparison with Eq. 9-22 for the beam tube indicates that this is indeed 

the total power flow carried into the cavity by all the wave components at 

frequency +@,. The discrepancy of a factor of 2 arises because of our 

Eq. 11-20 expressions for the fields. 

In order to solve Eq. 11-25 in terms of the phase shifts y,° on the mth 

c—p curve at frequency k,, and ¢,° on the nth w-¢@ curve at frequency kz, 
we write the defining equations for these curves :* 


Pret — kv? + PrMinm*(1 24 cos 9°) = 0 


(11-28) 
Par Cae k,? 4 Paina (1 Se cos Po") at 0 
with which Eq. 11-25 can be written in the form 
|w|? A 
(cosh y, — cos 9,°)(cosh y,* — cos 92) = ——$— 
: (LP mM mm EP M an) 
(11-29) 


Ye* =¥1—JP, (Eq. 11-26) 


For practical purposes M,,,,,* is a real number, and so the dimensionless 
parametric coupling coefficient W is real. The coefficient W is positive if 
both dispersion curves have the same slopes over the range 0 << op < 7 
and is negative if they have opposite group velocities. The significance of 
W is apparent if we substitute the good approximation k, ~ oJ Meo & Pm 


5 More precisely, the real coefficients Minm*/Umm* and Mnyn/Un, occur here. But the 
U factors do not enter into dispersion Eq. 11-29. 
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and ky = p,, into Eq. 11-25 for w. Then 


1 


a 1 2 
DEM yim" | Pm) EM nnl Pn) 


_ + " x 
| Cn Otis) oe," dV 
ferro E 


3 0 


(11-30) 


in which M,,,,,*/Pm is essentially the fractional passband width of the mth 
passband in which &, lies and M,,,,/p,, is the nth fractional passband width 
for kg. 

The four values of y, and associated y, which obey Eq. 11-29 for 
particular values of ¢,°, ~.°, and W (some of which are listed in Table 11-1) 
have these properties: 


1. Im y, + Im y, = ¢, in each wave always, even though ¢,° + ,° may 
not equal 7,. 

2. Interchange of ¢,° and ¢,° merely interchanges y, and y, in each wave. 
y, and 7, remain unchanged if only the sign of ¢,° or g,°, or both, is 
changed, and the sign of W must not be changed. 

3. If y, = « ” and y, = e€ ” are the phase factors for a particular wave, 
another wave exists with the phase factors y,’ = 1/y,* and y2’ = 1/y,*. 
Therefore a growing wave always implies the existence of another 
independent decaying wave. 

4. If (yy).,° °°», Y)q denote the phase factors for the «, fields in the four 
waves, their product (y,),°°* (¥Dqa = « 72”. 

5. Examination of the real and imaginary portions of Eq. 11-29 reveals 
the fact that, for W > 0 and maximum growth in the forward direction 
we want Imy,.= 90, attained if 9,°+ 92° =, and sin ¢,°sin 
92° > 0. Such a situation corresponds to Tien’s fourth state of opera- 
tion in Eq. 11-13. If, instead, W < 0 so that the group velocities are 
opposed at corresponding points on the dispersion curves we can 
still have exponential growth for w, = ©, + @, which will be a maxi- 
mum provided ,° + 9° = ¢, but now sin ¢,° sin p,° < 0. 


This last state of operation does not correspond to one of Tien’s states. 
Let us illustrate the case of W < 0 by taking M,,,, <0 and M,,, > 0; 
then if either sin y,° > 0 and sin y,° < 0 or sin g,° < 0 and sin ¢,° > 0, 
the power flows at the two frequencies will be in the same direction, 
because power flow in the +z direction is proportional to —M sin g. 
Gain can then occur. To interpret a growing or decaying wave physically 
we must always examine the directions of the power flows at each fre- 
quency; the power flow in the +z direction is always proportional to 
—M sin (Im y), y being the phase lag from cavity (m) to cavity (n + 1). 
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Parameter is (¢1°, 2°) in radians 
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Fig. 11-3. Growth constant « of the one or two waves in the ferroelectric parametric 
amplifier, as a function of parametric coupling parameter W. The pumping wave traveling 
in the +z direction phase shifts by m, = 3.0 radians per cavity. Forw,=w, +m, a 
solid line denotes power flow at both frequencies w, and w, in the +2 direction if both 
Minm 2nd My, are <0; in the —z direction if both are >0. A dashed line denotes 
power flow at both frequencies in the —z direction if both M,,,, and M,, are <0; in 
the +z direction if both are >0. 


For either situation W Z 0 discussed in the preceding paragraph the 
approximate growth factor per cavity is 


W 
sin y,° sin gy? 


4 


max (neper) ~ gy and g° #n7 (11-31) 


This expression develops error as «,,,, increases but it is often surprisingly 
accurate up to 0.4 or so, as Fig. 11-3 shows. (The entry », = 4.0, g,° = 
3.0, y° = 1.0, W = 0.05 in Table 11-1 is one exception.) 

We can put «,,,, into a form which involves the cavity impedances as 
they are naturally defined at frequencies w, and w,. By analogy with the 
cavity chain beam tube (Chapter 8) we define the interaction impedance 
at w, in the mth passband as 


len erse 2 \2,,|terco 


0 0 
= cs - > WHA Ma ee By db 
2(By°) |Pavl: — (Bx°)*@£0 [Myun/Pmal 7 [sin 72° ‘ 


(11-32) 


01 
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in which we have used Eq. 8-32 for (P,,), and the approximation P,,/au ~ 
@Eo/Pm- Impedance Zo, is defined the same way with respect to the param- 
eters of the mth passband. Therefore «;,,, in terms of W of Eq. 11-30 is 


es 01(By°)’Z1 Bo’) Zoo 


2 
Bt 4 2 
[ Ey, * €,(—Wy; @,) * €,* dV 
ferro 
O&max bial kat asa 5 aoe acme eee Soe 


11-33 

4 lene. leerrp \ ) 

Equation 11-31 indicates an interesting gain-passband width conserva- 

tion relation when «,,,, is small, because W of Eq. 11-30 is inversely pro- 

portional to the product of the two fractional passband widths. The 
statement of this principle is 


Parametric coupling of a frequency w, in one narrow passband to one 
other frequency 2. in another narrow passband via the pump frequency 
®,», with w, = @, + W, implies a maximum gain-fractional passband 
width (FPW) conservation of the form 


growth . ee 
&max arity in nepers /(FPW),(FPW). 


1 a - 2 
_ ek - €,(—w,; w,) - é,* dV 
Eo ferro 


_ TY [sin g,° sin 92"| . 
AGA (11-34) 


where &nax occurs for the condition p, = 1° + Y°. Equation 11-34 is 
valid whether the dispersion curves of the two passbands have group 
velocities in the same or in opposing directions. If, instead, w, = w, — 
@., the optimum phase condition should read y, = 9° — 92°. 


Observe that this conservation relation is stated in terms of nonparametric 
passband widths and not the parametric bandwidth which depends upon 
the external loads and the lesser of the two passband widths. Equation 
11-34 tends to be optimistic at higher values of «,,,,; the entries for 
y,° = 3.0 and ¢,° = 1.0 in Table 11-1 show that, as W increases, a,x 
does not increase as fast as Eq. 11-31 specifies, and therefore the true 
max” (FPW),(FPW), is lower than specified by Eq. 11-34. 

Let us now consider a state of operation for which we might at first 
expect to find «,,,, quite large. We choose k, such that ¢,° = 7m at the 
edge of the mth passband, k, such that y,° 4 nz, and pump phase shift 
Pp = 91° + 2°. For either case of W the growth factor «,,,, for that 
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growing-decaying wave pair with values of y, which are perturbations of 
Joo = jr is, for small apaxs 


/3 


Z 


2w |* 


Omax a 
sin P, 


Equation 11-35 is often a good approximation out to «,,,, 0.30. 
These remarks should not be interpreted to mean that the detailed 


— ve 


> Omax K $ assumed (11-35) ( 


nature of the four waves for the state W > 0 and sin y,° sin y,° > 0 is © 
similar to the nature of the waves for the state W < 0 and either ¢,° or — 


y,° negated. For instance, the state of operation for which », = ,° + 92° 
with y,° = 7 and ¢,° = 7/6, W > 0, has waves quite different from the 
same state with W < 0 and ¢,° regarded as —z/6. The former state of 
operation has two growing-decaying wave pairs because the synchronism 
condition, in addition to being satisfied in the forward direction is suffi- 
ciently well satisfied in the backward direction in the sense that y,- = 
57/6 + 7 + 7/6. The latter state of operation unexpectedly has only one 
growing-decaying wave pair corresponding to the synchronism condition 


Pp = 5x/6 = 7 — z/6 but does not develop another pair associated — 


with synchronism in the forward direction. In each of these growing or 
decaying waves Im y, and Im y, sum to y, and also make the powers at 
both frequencies flow in the same direction as required by the Manley- 
Rowe relations. 

The aforementioned properties of all the waves apply if w, = @, + @g. 
The effect of changing to the condition w, = w, — Wg, is to couple the 
fields at frequency w, to the fields at +m,; Eqs. 11-22 and 11-23 are 
written in terms of v,(2), i,(2), and y, and the relation among the y’s is 
V1 — ¥2 =jP,. Examination of Eq. 11-29 shows us that for maximum 
(small) growth factor we want the synchronism condition y, = ,° — 92°. 
It follows that, for maximum growth factor and W > 0, we now want 
sin ¢,° sin y,° < 0; physically this means the dispersion curves have the 
same shapes but the power flows are opposed. If W <0 we want the 
sine product to be greater than 0, so that the power flows remain opposed. 
Then for low |W|, 91° ~ Im 71, 92° = Im y,, and the power flows in the 
two frequency components of the growing (or decaying) wave oppose 
each other in either case. The first-mentioned state of operation is not the 
analog of any of Tien’s states; the W < 0 state is the analog of his third 


state in Eq. 11-13. The Manley-Rowe relations tell us that the power ~ 
flows at frequencies w, and w, < w, must be opposed in this state because — 


we cannot extract power at frequency w, > w, without supplying some 
power at frequency @,. 
Now let us take the condition w, = w, + , again, for definiteness, and 
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Fig. 11-4. Schematic diagram of a resonant cavity containing a diode in the coupled- 
cavity traveling wave parametric amplifier. At zero phase shift per cavity in the first 
passband an open-circuit cavity mode resonates with the apertures magnetically shorted 
and strong é field across the diode, At 7 phase shift per cavity in the first passband the 
short-circuit resonant cavity mode also has strong E field across the diode. 


discuss the design principles we should adopt in order to obtain unilateral 
gain from an amplifier. Currie and Gould [5] have discussed this point 
and calculated the gain vs. frequency responses of various six-cavity 
amplifiers for different pump frequencies, pump phase shifts, pump ampli- 
tudes, and output loads. They consider states in which both w, and «, are 
in the first passband of a slow wave structure resembling Fig. 11-4 but 
loaded with variable-capacitance diodes at positions of maximum electric 
field within the cavities. Here w, = 2, = w,/2 occurs at a “cold” circuit 
phase shift of about 7,° = ¢,° ~ 1.2 radians. The pump phase shift is 
2.9 radians/cavity. When w, and therefore w, vary over about two-thirds 
of the passband width of 10% the transducer gain varies between 10 and 
15 db when the output load is matched to the one growing wave. Gould’s 
coupling coefficient ¢, equal to our |WMiymMnn/(PmmPnn)|® is not large 
enough to allow two growing waves in the system. 

In Fig. 11-3 we present a graphical description of the growth factors as 
computed by Eq. 11-29 for y, = 3.0 and for various values of ¢,°, 2°, and 
positive W. The solid curves show the behavior of growth factor « for 
these waves which occur because the synchronism condition p, = 3.0 = 
gi° + ¢,° is approximately satisfied in the forward direction; the dashed 
curves show the lesser growth factors for the waves which exist because the 
condition y,- = 3.28 © q,° + ¢,° is almost as well satisfied in the reverse 
direction. A typical value of W is 0.10, corresponding to Gould’s ¢g = 
0.032 for fractional passband widths —M/p of 0.10. We see the risks of 
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operating with both y,° and ¢,° in the range 1.25 to 1.50 for reasonable 
values of W, where two growing waves exist with comparable growth 
factors. Clearly the bilateral nature of y, ~ 7 restricts the frequency 
range and the growth factor we can attain and still maintain unilateral 
gain. 

For unilateral gain it is clear that we want (1) y, ~ ,° + 9° at each 
w, and related w, in the frequency range of operation, (2) g,~ = 27 — 
Py ¥ Yr° + 2° in the reverse direction, and (3) a parametric coupling 
coefficient W not so large that a growing-decaying wave pair will exist to 
amplify power reflected from a mismatched load. Grabowski and Weglein 
[6] show that if w, and w, both lie in the first passband the best pump phase 
shift for unilateral gain is 57/4 (see Fig. 11-5). Such a phase shift, however, 
requires a distortion of the w-@ curve so that the phase shift of the fields 
at midfrequency, w, = ,, is 57/8, whereupon the difference between 
QY, = 37/4 in the backward direction and ,° + ¢,° in that direction will 
be about 7/2 throughout the frequency range of operation. This effect 
should be apparent by examination of the curve of ¢,° + ¢,° in the back- 
ward direction as compared to y,, = 37/4, in the first passband region 
of Fig. 11-5. On the other hand, if the second passband is utilized as 
shown, the best pump phase shift is y,. = 7/4. Then ¢,° (negative) + 
Q2° = 7/4 in the indicated range of operation of w, in the second passband 
and , in the first passband, for good forward gain. Operation is improved 
if the first dispersion curve is distorted as shown and also the second dis- 
persion curve is depressed downward as shown so as to keep ¢° — |,°| = 
Y, well above zero in the frequency range of operation. Under these 
conditions g,° + @,° in the backward direction is a lag of about 7/4 
radians whereas the pump phase shift ,~ in this direction is a Jead of 
7/4, a discrepancy of 7/2 which will prevent bilateral gain unless W is 
unduly high. Later, in Section 12-6, we point out the fact that resonant 
slots may be used to “‘shape’’ the curves in the desired manner. 

Before discussing the experimental work of Grabowski and Weglein 
it seems appropriate to tabulate the values of y, for the four waves which 
occur when the fields at frequency w, and nonparametric phase shift ,° 
in any narrow mth passband interact parametrically with the fields at 
frequency w, and phase shift ~,° on the nth dispersion curve. A table of 
these roots will enable us to estimate the gain performance of many 
amplifiers with respect to various terminal loads and excitations. Table 
11-1 lists the roots for a pump phase shift of 4.0 and various combinations 
of 7,°, v2, and the positive W values of 0.05, 0.15, and 0.25. Some of the 
roots not listed may be inferred from others; for example, the y, roots for 
the case y,° = 1.5, p,° = 3.0, are just the y, roots for the tabulated case 
91° = 3.0, g.° = 1.5. Since W > 0 the roots are of interest when both 
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Fig. 11-5. The first two dispersion curves in the parametric amplifier of Fig. 11-4. The 
single mode-pair curves are shown dashed. In the first case y,, = 57/4 ifw, = @, + W: 
so that (p,° + @2°) vs. w, remains nearly equal to 57/4 in the forward direction but far 
out of synchronism with the pump phase shift of 37/4 in the backward direction. In the 
second case 7. = 7/4 if wm, = w, + w, so that p,° + ,° remains nearly equal to 7/4 in 
the forward direction but far out of synchronism with the pump phase shift of —7/4 
in the backward direction. Resonant slots inserted into the partitions between cavities 
will help to perturb the dispersion curves as shown if their resonant frequencies lie 
along the w axis as shown. This effect is discussed in Section 12-6. 


w-g curves have the same shapes; a separate table would have to be com- 
puted for the W < Ocases. Observe that many of these states of operation 
have two pairs of growing and decaying waves. 

It should be clear now that the parametric amplifier behaves in an 
entirely different fashion than the traveling wave beam tube, with respect 
to the characters of the various independent waves. 

To calculate the performance of a three-frequency amplifier, wo, = 
@, + @ , with a table like Table 11-1 we would (1) determine from the 


ie ee ae. li Peery 
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w-p curves the phase shifts ¢,° and @,° for a given w, and w, = w, — a4 
of interest, (2) read the four values of y, from the table and calculate the 
associated y, = y,* + jy,, and (3) evaluate the relative amplitudes of 
the four waves by satisfying 4 boundary conditions in a manner to be 
outlined next. 

The equation which must be satisfied in the first cavity, labeled with 
superscript (0), fed by an input loop current, let us say, of amplitude 
T,, at frequency «, and J, at frequency «a is 


3PM mmdsot, =e a) é,,- dl (11-36) 
loop 


T 


(see Eq. 9-29c, with ferroelectric in place of the beam) with 


C1) 
ioctl — OP ee + tee + 0.62 + 0,46 % 


Here v,,, and so on, are the w, amplitudes of the four independent waves 
and 7,,, and so on, are the phase shifts of the «, field components. Equa- 
tion 11-36 and a similar equation for the amplitudes v,,,...,U2q at 
frequency wz, in the nth passband furnish two relations for the four inde- 
pendent amplitudes (recall that each v.; amplitude is related to its v,, 
amplitude through the coupled-amplitude Eq. 11-22 or 11-23 in which 
V3, and y,,; are both known.) 

The remaining two relations for the amplitudes are furnished by the 
output cavity (NV) load conditions; from Eqs. 9-39 and 9-40 and the 
ferroelectric in place of the electron beam we have 


2 Gist : (N) 
EDM imPtotl = IPm?Y iy tot (11-37a) 
where 
(v r me 
viot1 = Vig Bea ei acegied Vi ge pe (11-37b) 
(N+1) Px A E 
Viot,1 = Vyigé (NAD ¥10 40 ee Dia€ (n+1)y14 


and Y;y is the normalized output load at frequency w,. There is a 
similar equation involving the total fields at frequency w, in terms of 
Ypy,2- 

Suppose only the growing wave, signified by subscript a, impinges upon 
the output cavity (NV); to avoid generating a backward wave (which may 
be either a constant-amplitude wave or a growing wave carrying power 
backward) we want to absorb both incident growing wave components 
at both frequencies. If we neglect all waves but the growing one in Eq. 
11-37 we want the loads to be 


Vena = —} itt te (11-384) 
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and 


Vine = fee (11-38b) 
2Pn 


as verified by the numerator of Eq. 9-41 for the beam tube. 

The input power to the first cavity may be calculated at each frequency 
by Eq. 10-13, and the output power by Eq. 10-14. 

We conclude this section with a resumé of the experimental work of 
Grabowski and Weglein, together with some comments on the various 
methods of enhancing the amplifier performance. Their iris coupled- 
cavity amplifier is shown in Fig. 11-4; it is operated with both frequencies 
in the first passband in the so-called degenerate mode of operation because 
the interaction impedances are low at frequencies in the second passband. 
An open-circuit mode resonates at the p = 0 cutoff frequency in the first 
passband with respect to magnetic shorts on the inductive apertures, and 
a short-circuit mode resonates at the » = 7 cutoff frequency. Both these 
modes have strong electric field across the diodes. In this structure the 
modes of the second passband have weak electric field across the diodes 
but in a modified version of the structure called the coupled coaxial-cavity 
amplifier (with a reported insertion gain of 13 db and 15% bandwidth 
for degenerate operation and somewhat poorer performance with @, 
in the first passband and w, in the second one) the diode supporting rods 
make the resonant cavity modes of both the first and the second passbands 
perturbations of a coaxial mode with strong voltage across the diodes. 
In the structure of Fig. 11-4 voltage gain-bandwidth products of 2000 Mc 
» with a 350-Mc bandwidth at S-band have been realized with commercial 
diodes. The trend is toward higher products which are realized at higher 
gains, as we would expect from the performances of the high-gain ampli- 
fiers discussed in Chapter 10. The pump phase shifts may be externally 
adjusted for gain enhancement and a better match to the load. The first 
passband of this structure, shown in Fig. 11-5, is somewhat depressed in 
the direction favoring unilateral gain with both @, and ws in this passband 
and y, = 52/4. This depression is caused by the fact that the diode series 
resonant frequency w, falls at about 2.8 kMc (2-v bias) just below the 
gy = 0 cutoff frequency, so the diodes are inductive at frequencies in the 
first passband. The tuning stubs enable us to tune out the diode lead 
inductance so that more r.f. voltage falls across the capacitive portion. 

This passband, as well as the second one, could also be “shaped” more 
favorably by inserting long narrow slot(s) in each partition between 
neighboring cavities. If the slots are half a free-space wavelength long at 
the frequencies designated on Fig. 11-5, the interaction of their fields with 
the modes of the nearest passband will shift the lower dispersion curve 


is 


¥ 


" 
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downward and the upper dispersion curve downward as shown, according 
to the discussion in Sections 7-5 and 12-6. 

The experimental results proved, indeed, that the insertion gain was 
about the same in both directions for y, = 7 as expected. As gy, ap- 
proached 57/4 the forward gain increased to 10-15 db in a four-cavity 
amplifier over most of the 8% passband width, while the reverse gain 
decreased to less than 0 db over almost all of the band. An increase of the 
pump power increased the forward gain most noticeably near the band 
edges, where the reverse gain also tended to rise. The increased gain 
demanded rematching; when this was done the forward gain was made 
quite flat in the 10-15 db range over a frequency range of nearly 10%. 
The reverse gain was then less than 0 db. The effect of adding two more 
cavities increased the forward gain to the range 20-25 db but reduced the 
frequency range for this gain to about 5% and also made the gain more 
sensitive to terminal conditions and irregularities in the cavities. However, 
the amplifier remained stable with a gain-bandwidth product of 2000 Mc. 

There are several ways to reduce the regenerative effects due to a mis- 
matched output cavity or the presence of a growing wave which carries 
power back to the input. One scheme involves changing the pump phase 
shift in the last cavity, and perhaps in others also, so as to flatten the gain 
curve near the edges without reducing its midband value. This also tends 
to lower the reverse gain without reducing the bandwidth. It is a method 
of stabilizing high-gain responses while maintaining low reverse gain. 
Another method of combating regeneration is to allow one of the sum 
frequencies, say w, = w, + @,, to fall in a passband which has been 
shaped so that y,, ® y, + ¢,° in the forward direction but y,- ~ y, + 
@,° in the backward direction. Then the backward growing wave with 
@, and mw, phase shifts which satisfy the relation »,- = Im(—7,) + 
Im (—y,) will also support a component of frequency w,. If, then, loss 
is introduced at the frequency w,, through resonant slots, for example, this 
backward wave will attenuate. At the same time, the forward growing 
wave supports very weak field components at frequency w,, because they 
tend to propagate with the wrong phase shift per cavity. 

The most interesting and perhaps the most promising means of obtaining 
nonreciprocal loss in the parametric amplifier, and in beam tubes as well, 
is with ferrites. Carlile and Sensiper [7]. have demonstrated experi- 
mentally the nonreciprocal loss introduced by ferrite posts or wafers in 
the coupling apertures between neighboring cavities in a chain, and we now 
develop the simple theory of the elliptical polarization upon which the 
nonreciprocal nature of the loss depends. 

Consider the rectangular aperture containing a ferrite post as shown in 
Fig. 11-6; the cavities may have general shapes but the aperture must lie 
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Fig. 11-6. Ferrite post in a coupling aperture. (a) The tangential electric and magnetic 
field components on each side of the post, (b) phase relations of magnetic field components 
showing elliptical polarization. 


next to the outer wall as shown for the maximum effect. Now the cavity 
mode-pair for this passband will have one of two characters: Either the 
H pattern reverses direction across the aperture and é does not, or é@ 
reverses and A does not. Let us examine the latter situation first, as shown 
in the figure. The phase relations shown imply an elliptical polarization of 
a.c. magnetic field in the yz plane. With electric field amplitude v in cavity 
(0) as reference we deduce from the relation pv = —jwpi, or PI = jweV, 
that amplitude 7 has the phase of jv. However, H, on the aperture where 
the post lies is given by half the sum of the mode expressions on both sides; 
hence (Ay) post ~ jv(1 + e). The normal component of magnetic field 
H, is given by the curl of é on the aperture, Since |é,| increases toward 
the center of the aperture and é on it is half the sum of the mode expres- 
sions on both sides, we deduce the fact that (H,)po5, ~ju(e~” — 1). The 
vector relation between these two components is shown in Fig. 11-65 
(solid arrows); as seen from the top of the post A rotates counterclockwise 
in the yz plane with elliptical polarization. If the ferrite magnetization 
vector rotates clockwise with a period equal to the r.f. period it will not 
ee” this magnetic field. Now, if the phase shift per cavity m is between 
—7 and 0, the vector relations are shown as dashed arrows, H, at the post 
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leads H, in time, and the polarization as seen from the top of the post is 
clockwise. The magnetization vector will therefore precess in step with 
this field and absorb energy from it. 

If, instead, the H pattern reverses direction across the coupling aperture 
and é does not, the sense of the polarization is reversed. 

For these reasons a properly magnetized ferrite post placed in a coupling 
aperture near the edge will establish a high ratio of reverse to forward 
loss over most of the passband width, excluding the edges, at the expense 
of additional pump power necessary to compensate for the power extracted 
from the forward wave. Ferrite elements also tend to alleviate the match- 
ing problem in the last cavity. 


11-4. The Three-Frequency Ferromagnetic Cavity-Chain 
Amplifier 


The ferromagnetic parametric amplifier operates on the same principles 
as the ferroelectric amplifier described in the preceding section but the 
interchanges of power through the nonlinear ferrite take place through the 
magnetization vector rather than through electric dipoles as in the ferro- 
electric. The relative permittivity of a ferrite may be treated as a scalar, 
usually about 10. 

As Suhl [8] explains, the ferromagnetic amplifier converts power from 
one frequency to another by virtue of a relatively large uniform precession 
of the magnetization vector induced by a local oscillator or pump magnetic 
field in the plane perpendicular to the applied d.c. magnetic field. To 
conserve pump power the ferrite sample should have a precessional fre- 
quency as determined by the applied d.c. magnetic field equal or nearly 
equal to the pump frequency. If, then, suitably oriented magnetic fields are 
present at frequencies w, and w, such that w, = @, + Wz, (the case w, = 
@, — @, makes a trivial change in the coupled-amplitude equations), 
the precession of the magnetization vector will establish secular or time- 
average coupling between them. Generally both r.f. magnetic fields A, 
and Hf, at frequencies w, and w, have components parallel and perpen- 
dicular to the d.c. magnetic field 5, but only one of these fields must have 
a component parallel to H,5. In electromagnetic operation the other field 
must then have a component perpendicular to H,». 

We shall discuss here the two most important states of operation, 
electromagnetic and semistatic. In the first, frequency , lies near both 
resonant frequencies of a solenoidal cavity mode-pair and @, lies near the 
resonant frequencies of the same or a different mode-pair. This means 
that the fields are predominantly solenoidal and uniform through the 
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sample of dimensions considerably greater than the wavelengths of the 
spin modes and yet considerably smaller than the wavelengths at w, and 
® ,. In addition, w, and wg, lie below that frequency range between 
ly| (Ho — N,M,o) to |y| (1,9 + 27M,9) within which there are a large 
number of magnetostatic mode (modified irrotational mode with a mag- 


—o 


( 


netic field which is the gradient of a scalar potential) resonances, each of — 


which represents strong sample excitations [9]. Here y is the gyromagnetic 
ratio, H,, is the applied magnetic field in the z direction as contrasted with 
the effective d.c. field H,9 — N,M.9 = Ha,¢., Mj is the d.c. magnetization, 
and N, is the demagnetizing factor which lies between 0 and 47m for 
ellipsoidal samples. Under these conditions these modes are not excited 


and the resonant cavity modes adequately represent the w, and @, fields — 


outside and inside the sample, which couple together through the uniform- 
precessional component of the magnetization vector. 

In semistatic operation one of the frequencies, say ,, lies outside the 
magnetostatic (m.s.) mode spectrum near the resonances of a cavity 
mode-pair as before, but «, lies within the m.s. range. Then a fair number 
of these modes will be excited at frequency w, and contribute to the 
magnetic field and magnetization vector. 

In the ensuing treatment the w, and q, fields are presumed to be at a 
sufficiently low level so as not to affect the pumped precession of the 
magnetization vector, which may take place at a pump frequency within 
the range of the m.s. mode resonances. The pumping level is presumed to 
lie below the threshold at which instabilities occur. The total vector 
M4 is expanded as 


Mtot = My + My? + c.c. + Myc? + c.c. + M, (11-39a) — 


where c.c. denotes a complex conjugate of the preceding term. The 


Zz 


Mp 


x 


Fig. 11-7. Vector relations in the ferrite sample. Subscript 0 denotes a d.c. field quantity; 
p» a pumped quantity. 
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pumped component in the transverse plane is given by 
E : . F 1° Fe 
M, = i,M,3(€’°" + c.c.) + iM, a (77! — € 7") (11-395) 
J 


(See Fig. 11-7). Here M, is the circularly polarized component of the 
magnetization vector rotating from the x axis to the y axis. Similarly, 


Avot = Hac. + Ayei + c.c. + Aye? + c.c. + A, (11-39c) 


A, Electromagnetic Operation 


We now follow Suhl to obtain the elements in the susceptibility dyadic 
os defined by M,. = (x- ),, at frequency @, OF @,. We do not expand 
M with the m.s. modes because 7, and H, are essentially uniform through 
the sample, so that M is obtainable from H in such a way that V- (4 + 
4nM) = V- M = 0 is guaranteed. We are asking for the steady-state 
fields in each cavity of an amplifier like that shown in Fig. 11-2, so they 
vary as </1,2! with no exponential decay. The previous expressions for 
Mand H,,, are substituted into the equation of motion for the transverse 
component of M, 


a“ = —y(M x H),+ damping term, >) (11-40) 


in which the d.c. component of A is Hy. = H— N,M, » and the ex- 
change energy has negligible effect. The damping term is chosen phenom- 
enologically so the transient transverse excitations would have a transient 


decay as <-**'. The x and y components of this equation at w, obey the 
Porme ! relations, in which we introduce the parameters wy) = yH,,. 
Wn, Oy = 47yM,, and m & M,/M,, the approximate Be acer 
angle. 
4 4 “ Om 7 Mon yn 
(joa, + A)May + My = e Ay — = H.* 
Ar 8zj 
+ ian (11-41) 
—0)M 4 7 (jo, + A)My ee ra Ay, + eM H»* 
T 


We have neglected the small M,,* x H,, term. If the damping term in 


Eq. 11-40 were taken as 
we ( ope sy 


instead, with aw, = A,, there would be minor changes in these relations. 
We also need M,,. Since |M|?=|M,) + M,,|? + |M;,,|? remains 
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constant after turning on the «, and @, fields, we have M,, 2 related to 
My as (o, = @, + ), 
Mn = —3m)(M,o* — jM,*) 
M2 = —$m(M* — ie) 
Then when we solve for M,, and M,, in Eq. 11-41 in terms of the A field 
components we obtain 


(11-42) 


Ma = te + jr Ay a 7 ge (11-43a) 
My = —jaAa + An + jnAe* (11-436) 
My, = —72*(Ae* — jHy*) (11-43c) 


in which the H,.* term is dropped from M,, as being of order m,?. The 
coefficients are 


"7 Oo um ne © (1,2 — JA.) 
Hin = : 2 2? Lge) , 2 2 
An[(jo1. a A,) + @ 9] Ar[(jo,. + A,) + @] 
71,2 ee athe Wy = W, (11-43d) 


8a7j(A, — js,1) 
The corresponding expressions for M,., and so on, at w, are obtained by 
interchanging subscripts 1 and 2. 

We now wish to solve Maxwell’s equations within a typical cavity of the 
cavity-chain amplifier with phase shift y,. at frequency w,.. across the 
coupling surfaces and also with wall and ferrite losses present. In cgs 
units these are, at frequency @,, 


V x £, = —2 (A, + 40™,) + wall-loss excitation 
c 


Vx A, =2,- &, (11-44) 
c 


V-£,=0 
in which the fields are conveniently expanded with the solenoidal short- 
circuit resonant cavity mode of the mth passband within which q, lies 
because this mode is excited on the coupling surfaces between cavities 
by tangential electric field which remains solenoidal in spite of the ferrite. 
Then F£, = V,,,(@,)E,, and A, = I,,(@,)H,, in which we understand that 
V, and I,, vary at frequency w,. The mode patterns are defined with 
respect to the Hermitian portions of y, and x, in Eqs. 11-43, as well as the 
relative permittivity ¢,, in the manner described at the opening of the pre- 
ceding section. To evaluate V,, and J,, we dot-multiply Eq. 11-44a by 


q 
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H,,' and Eq. 11-446 by £,,', integrate over the cavity volume including 
the sample, and follow the procedure on page 85. The cavity wall-loss 
term is given by Eq. 9-51 but we write it in terms of the short-circuit modes 
and divide it by wc for the proper cgs expression; then the cavity Qy 
parameter is introduced by way of Eq. 9-53. Evaluation of the y and 
k, loss terms proportional to A, shows that the former are a negligible 
correction to the wall loss if the sample Q is on the order of or greater than 
the cavity Q and the sample occupies a small fraction of the cavity volume. 
The small x, loss terms nearly cancel. The final result obtained straight- 
forwardly is 


. : 2 
P =o k,? 4- en L a cosh 71) +A dio) 
01 


2 
_ acaurie| L (Aap,* —jH,,.*)H,,* dV 
ong Wg Jsample 


es lth Hea jFlyy*) AV] 1,M(on) (11-45) 
QO, sample 
This equation corresponds to Suhl’s (13) with slight changes in notation‘. 
The upper sign of + is taken if the short-circuit mode of the mth passband 
resonates at frequency P,, corresponding to zero phase shift per cavity. 
The 1 + / factor in the wall-loss term arises because the wall impedance is 
Z, = R, + /) at microwave frequencies. Note that k, = @,/c. 

By interchanging subscripts 1 and 2 and m and n in Eq. 11-45 we obtain 
another relation between J, and /,,*. The two relations furnish a deter- 
minantal equation for y, and the related y,* = y, — jy, which can be 
cast into the form of Eq. 11-25 for the ferroelectric amplifier but with a 
new coupling coefficient w. We shall not write or solve this determinantal 
equation explicitly, but one fact is apparent from the form of Eq. 11-45: 
for a cavity unloaded Qo, of 10° or more the wall-loss will have a negligible 
effect upon the growing wave(s). 


B. Semistatic Operation 


Suhl has developed the general theory of electromagnetic, semistatic, 
and magnetostatic operation, but here we shall develop the equations only 
for a practical case of semistatic operation with @, in the frequency range 
of the m.s. mode resonances—and far from a solenoidal cavity mode 


‘Our V,/P, and H,, are equal to Suhl’s a, and V,,, respectively, of his magnetic vector 
potential; our J, is his A,, the solenoidal magnetic field amplitude. 
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resonance—and w, out of that range but in the narrow nth passband of the 
nonparametric structure. 
To solve Eq. 11-44 and also guarantee zero divergence of B, 


V. (A, + 4, ea (11-46) 


we continue to represent total solenoidal E as V,(a,)E,<°# + c.c. at 
w, but we include a set of m.s. modes in the expansion for H: 


A => s,,(@ hye?" + c.c. + I,(@_)H, <2?" + ¢.c. (11-47) 


in which h,,’ = Ve,’ so that V x h,,’ = 0. These modified irrotational 
m.s. modes denoted by the primes are not orthogonal to but rather equiv- 
alent to the empty-cavity irrotational modes for the expansion of irrota- 
tional H. We also expand the transverse component of M, at @, (since 
the m.s. modes are essentially unexcited at w, by assumption) as 


M, = ¥ 8p(0;) Fig? + .c. + May (11-48) 


Each m,,, pattern is related to —,,' by the definition of a magnetostatic 
mode, namely,® 


An’ = VPm 
Uf = Vip om ae 
(11-49) 
JOm Mint = —y[(M 0 + Ams) x (Hae 35 VOm Wnt 
Mm: = 9 


The details of the many m.s. modes which satisfy these equations and have 
the proper continuities on the boundary of the ferrite sample have been 


discussed by Walker [9]. Now, we cannot satisfy Eq. 11-46 entirely witha — 


set of these m.s. modes because only their transverse divergences are 
specified; Suhl introduces another potential y” which is related to M,, as 


0M. 


Vig" = —4e 
: Oz 


, kh’ =Vo" (11-50) 


so that Eq. 11-46 is satisfied identically in the following way: 


v- (= neee v9") = —4n¥, see 4 Oth (11-51) 
m m iz 


Equations 11-44 are satisfied by substituting these expansions for £,, 


5 This notation agrees closely with Suhl’s. The third equation is misprinted in Ref. [8]. 
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4, and M, into Eq. 11-44a, including h” = Vo". Wealso satisfy Eq. 11-40 
for M, at a: 


jo,M,,= —y[Mtot X (Hae. + > Smnlm ot + c.c. + Vo" + 1, ,<2° 


+ c.c. + H,)]o, + dissipation term, (11-52) 
where 


Mot = Mo oF > Saline sip Xe Se Mo) Se M, ae M, 


At this point the problem is to obtain expressions for the mode ampli- 
tudes V,,(w.), I,,(@2), and the s,,(@,) in terms of each other, so as to forma 
determinantal equation for the y, phase shifts of the various independent 
waves in the amplifier. These amplitude relations are developed with the 
aid of the orthogonality relations 


[rotor = ThypMgs*) dV=0 (o, A o,') (11-53) 


The procedure for obtaining a relation between s,(w,) and J,,*(w,) starts 
with Eq. 11-52 from which we obtain two equations for the x and y com- 
ponents of the motion involving all the s,, amplitudes in terms of J,, 
P = UpSmPm >and y”. By multiplying the first equation by m,,* and the 
second by m,,*, subtracting them, and integrating through the sample and 
cavity we isolate the s, amplitude by the orthogonality relations. The 
result simplifies if H,, is only z directed to 


K,[j(@1 s @,’) ay A,1s,(,) 


= —I,,*(@2) ei UC hes coe iM") dV (11-54) 


87 Jsample 
with 
K, = (Meyy My * mod Wigy Tay”) dV#0 and 1s = ks 
sample 
The mate of this equation obtains /,(w,) in terms of all the m.s. mode 
amplitudes s,,(w,). By the same procedure used to obtain Eq. 11-45 we 
obtain now, through the first-order m, terms, 


Ne ike 


oe — k,” + P,,M,,,(1 # cosh y.*) — it |Lee. 


02 


pos * 

ir, Ss (o,) | Han* (Wig, — jitiyy*) av| (11-55) 
r T sample 

Here k, = @,/c, the upper sign is taken if the mth short-circuit mode 

resonates at the nonparametric p = 0 cutoff frequency, and m) = M,/M,». 

Equations 11-54 and 11-55 now furnish a determinantal equation for 
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y2* and the related y, = y2* + jp, of the waves in the cavity-chain 
ferromagnetic parametric amplifier. Walker’s information indicates that 
the m.s. modes, although densely packed on the frequency scale, are not 
often sufficiently uniform to enable us to replace the sum in Eq. 11-55 by 
an integral and evaluate it by residue theory in the complex w,’ plane. 


11-5. The Cavity-Chain Maser 


A. Introduction 


The amplifier we shall describe utilizes the chain of cavities shown in 
Fig. 10-1, but without the electron beam. Rather, an active material 
within each cavity is maintained in a continuously excited state so that 
the molecules transfer power into the field by the stimulated emission of 
radiation [10, 11]. We describe the maser action under conditions similar 
to those of the ferromagnetic parametric amplifier of the preceding section 
because the operating equations are similar in the two devices. We should 
bear in mind, however, that the parametric principle differs fundamentally 
from the maser principle in that the former does not require a surplus of 
molecules in higher energy states in order to effect a conversion of power 
from one frequency to another [12]. We describe an amplifier in which 
the molecules or spins are continuously “pumped” by a coherent field at 


| 


ee 


one frequency w, into excited states from which they radiate energy into 


the cavity fields which are resonant only at the signal frequency w. To 
simplify the design the chain is presumed not to support a resonant field 
at the difference frequency w,= a, —o; however, molecules will 
experience this frequency because of the nonlinear equations of motion of 
the magnetization vector. Figure 11-8 shows the useful portion of the 
energy level diagram. 

_We shall discuss a continuously operated maser because it is preferred 
to the two-level pulsed amplifier for many applications and because the 
discussion of steady-state maser operating conditions is considerably 
simpler than that of transient operation. The ensuing treatment is rather 
esoteric because of the necessity of presenting a self-consistent quantum 
mechanical description of the radiation from molecules in quantized states 
into a quantized electromagnetic field. The signal field is so strongly 
perturbed by the molecules that we cannot rightly treat it on a semi- 
classical basis. The reader is presumed to have taken a first course in 
quantum mechanics and to be aware of the conceptural differences between 
the Schrédinger and Heisenberg descriptions of a quantum system. A 


Parametric and Maser Slow Wave Systems 395 


> 
N 


@p, pump | a’ (with a mean 
frequency of wa) 
aYe 


a] by 


Y 
a’ (with a mean 
of w) 


Fig. 11-8. Energy level diagram for the three-level maser material. The important 
molecular transitions are those from the upper group to the middle group through a 


mean energy difference of Aw, and from the middle to the lower group through a mean 


energy difference of fw. All transitions for which wa’ ~ wg, w’ ~w and w_’ +o’ ~a, 
are involved in the maser action. 


beginning student will find this discussion helpful in understanding the 
philosophy which underlies these two formulations for we emphasize the 
formal and general aspects of the phenomena rather than the detailed 
nature of the field and molecular states. In brief, we point out the impor- 
tant aspects of the maser operation and outline how the reader would 
proceed, in principle, to calculate the steady-state expectation values of 
the fields and field energies in each cavity, given the equations of motion 
and the statistics established by the d.c. and “pump” fields. 

Our model of the maser amplifier is specified as follows. The pumping 
field at frequency w,, greater than the signal frequency «, is introduced 
either into the first cavity or through long narrow slots in the cavity walls; 
the cavities must be reasonably resonant at frequency w,. The signal 
frequency w falls within a narrow passband so the fields are described 
accurately by the one short- and one open-circuit mode of that passband. 
If the maser pill in each cavity does not disturb the mirror symmetry about 
each cavity transverse bisecting plane, as in Fig. 11-2, for example, the 
resonant frequencies of these modes will still mark the cutoff frequencies 
of the passband. The cavities are not resonant at the difference frequency 
4 = 0, — w. We assume magnetic dipole coupling between the mole- 
cules and the magnetic field, representing an energy —M,, - H, M,,, being 
the magnetic moment operator of molecule m and H, the total magnetic 
field. All operators are written in boldface letters. The electric and 
magnetic field amplitudes at frequency w will be quantized later; the 
pumping fields are treated classically, which implies a neglect of fluctua- 
tions transferred from the pumping field to the signal field. Both r-f. 
magnetic fields are assumed to lie in the x direction in each pill. The signal 
field at frequency w absorbs the energy radiated by molecules making the 
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transition from any one of the second energy levels in Fig. 11-8 to a lower 
level through an energy difference of Aw. The homogeneous broadenings 
of the energy levels shown are due to irregularities in the material, spin-spin 
coupling, and so on. The interaction between pump and signal fields also 
causes molecules to make transitions from one of the upper energy levels 
to a lower level through a frequency difference of w, = w, — w. Later we 
point out how molecular transitions from a third to a second level through 
an energy difference of iw,’ ~ haw, and from a second to a first level 
through an energy difference of iw’ ~ hw can affect the maser action at 
frequencies w, and w, provided w,' + w' = w,. We include the dipole- 
dipole coupling between molecules which is responsible for the spin-spin 
relaxation represented by the 7, terms in Bloch’s equations [13], but we 
neglect, for simplicity, the spin-lattice decay of energy usually specified 
by the time constant 7,. The analysis may be modified to include 7, 
coupling by analogy with our treatment of ohmic dissipation into the 
cavity walls and the load. 

Of the two descriptions of quantum phenomena, the Schrédinger and 
the Heisenberg, the latter has two distinct advantages. The Heisenberg 
equations of motion for operators usually resemble the classical equations 
for the measured values of those operators. For example, we find that the 
equations of motion for dipole moment operator M,,, look like Bloch’s 
equations for the classical operator but are augmented by quantum terms. 
The second advantage accrues from the convenience with which we can 
include the effects of the hole coupling between cavities and the ohmic 
dissipation into the walls in the equations of motion for the electric and 
magnetic field operators. We develop Heisenberg equations for the steady- 
state field operators in each cavity, valid regardless of how the steady-state 
field is distributed among its states or how the molecules are distributed 
among their states. Naturally, we must specify these distributions for 
the entire field-molecular system in order to calculate the physical quan- 
tities of interest—the steady-state expectation (ensemble or measured) 
values of the field amplitudes and their associated energies—but the point 
is that the same operator equations are valid for all manner of correlated 
and uncorrelated states as represented by density matrices. 

P. A. M. Dirac [14, Sections 27, 28, 33] explains just what the differences 
between the Schrédinger and Heisenberg descriptions are. In the former, 
the density operator representing the distribution of the wavefunction 
among the various stationary states of the system varies with time while 
the other operators such as M,, remain constant. In the Heisenberg 
formulation the density operator remains constant while all the other 
operators vary. The two formalisms are related by the fact that the 
physical quantities of interest—the expectation values of the operators, 
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which are the measured values at any given time—are independent of the 
formalism employed. 

A comparison between the two descriptions is summarized as follows. 
The expectation value of an observable represented by Hermitian operator 
O is f ¥*OY d(coordinates) = (Y| O |W) in Dirac’s notation. The solu- 
tion to Schrédinger’s equation 

HY = inv 
is Y(t) = U(t)¥(0), where 


U = exp |- : [oe a 


HA being the total Hamiltonian or energy operator and the total-system 
wavefunction. Now, if ‘W(0) is expanded into system eigenfunctions 
y, as ¥(0) = Xa,y, we may show directly that the expectation value of 
O at any time ¢ is also given by & (y,| Up(0)U*O |y,), where the elements 
of e(0) are defined to be (y,| e(0) |y,) = a,*a,. Thus the expectation 
value of operator O may be calculated by the diagonal matrix elements of 
e(t)O, where p(t) = Up(0)U* and p therefore satisfies the equation of 


motion ne 
ihe(t) = —[p, #] = He — pH 
in the Schrodinger formulation. But this expectation value is also identical 


to & (y,| ep(0)U*OU |y,), in which @ is treated as constant in time and 

O(t) = U*OU, which means the operator satisfies the equation of motion 
ihO = [O, #7] 

in the Heisenberg formulation. 

The effect of the pumping field is to add an extra energy term 
—M -H,,(t) to the Hamiltonian, in which A, is treated as known and 
unperturbed by the fields at other frequencies. After the equation of motion 
is obtained for each operator varying implicitly with time the operator is 
resolved into various frequency components, the matrix elements of which 
can be related in principle to the (known) elements at the d.c. and pump 
frequencies. 


B. Equations for the Cavity Field Operators 


We first must quantize the amplitudes of the electric and magnetic fields 
in each cavity at or near frequency w, regarded as time-varying operators 
in the Heisenberg formulation. The fields at or near the difference 
frequency w, are presumed to be negligible. In the cgs system we write [15] 


B= —4rcP()E,, H=QV x £,=QA, (11-56) 
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with the operators in boldface letters. It is convenient to relate cavity — 


mode pattern H, to EF, differently from the way we did in other sections 
of the book. Here c is light velocity. The patterns may be conveniently 
normalized in each cavity as 


T \2 ry 2 
i Ei dv= i (V x A aye EG 43 (11-57) 
a vy (a,/c)” v (,/c) 
@, being the resonant frequency of the cavity mode, very near the signal 


frequency w. The instantaneous stored field energy in the cavity is, 
classically, 


2 
ioe | (||? + |Al’) dV = 2n®P? + 1 Q? (11-58) 
8a JV 87rc 


and we represent the field portion of the Hamiltonian by the latter expres- 
sion in terms of operators. 

The coupling between the field and the fluctuating wall loss mechanism 
is taken to be of the form I’ - P£,, I’ being an abstract operator which will 
produce a term like (4 X Eyan)wans in the first quantized Maxwell equation 
(refer to Eq. 9-42a). This term causes not only a slow decay of field 
energy but also creates fluctuations in the field amplitudes and field 
energies. 

The energy associated with the molecule m in a magnetic field is taken 
to be magnetic dipole energy —M,,- A. Molecule m has a Hamiltonian 
HA, with the stationary-state energy levels E,,3, Emo, Emi, Where (Ems — 
E,n9)/h lies close to wz and (E,,3 — Em)/h lies close to w. Lastly, the Hamil- 
tonian representing coupling energy between any two molecules m and n 
in a pill is taken to be of the classical form® 


1 3 
i ae eee M,,:M,, = pie (M.,, ¥ Tnn)(M,, ae) (11-59) 


Pinn mn 


HO 


Imm being the vector connecting the two molecules. 

The complete Hamiltonian for any one cavity of the chain, including the 
effect of the electromagnetic coupling to P_ on the —z side (if fields exist 
there) and to P, on the +2 side is 


2 
H vo. = Inc*P* + 1 Q? + 2nc*m(P* + PP_+ PP,) + P| T.£,dS 
87rc wall 


= 1 
+36, | My (QH+8,)AV4+ 35% u+4 ES Hn 
m JV m m,n#m 
(11-60) 
HA .,, would be independent of time were it not for the A, term, and the 


*3. C. Slater [16, p. 191]. 
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various operators are implicit functions of different frequencies. Here 
HA, is the energy operator of the wall loss mechanism, included only for 
formal reasons, and m is the normalized passband coupling coefficient of 
Eq. 10-11, 


ae i Xie i dS (11-61) 
@,/c Jm— 

negative for a passband of even field symmetry (m does not include the 

factor + because of the normalization in Eq. 11-57). The m terms are 

chosen in Eq. 11-60 so that the equations of motion for P and Q to follow 

will reduce to the correct classical amplitude equations for a passband 

in which the fields have even symmetry across each cavity. For the other 


symmetry P, and P_ are negated. In the very first cavity we would omit 


the P_ term and substitute a driving term for the loop excitation in the 


a QD(1) (11-62) 
where D is determined by the loop geometry and generator current. In 
the last or load cavity we would omit the P., term in Eq. 11-60 and simply 
let operator I in that cavity include the effect of dissipation into the load, 
since the formal quantum treatment of ohmic dissipation is only an 
approximate perturbation treatment anyway. Later we introduce the 
classical dissipation constant and quality factor Q of each cavity. 

To obtain the equations of motion for P and Q in an intermediate cavity 
we must account for the uncertainty principle which states that both 
cannot be simultaneously measured to an arbitrary degree of accuracy. 
Mathematically we say P does not commute with Q and write 


[Q, P] & QP — PQ= ih (11-63a) 

from which it follows that 
[Q, P?] = 2iAP (11-635) 
[P, Q?] = —2ihQ (11-63c) 
Many of our subsequent expressions will involve commutator brackets 
such as [Q, P]. Now there is no inconsistency in allowing P and Q each 
to commute with T, W,, and all M,,, #,,, and #,,. We can also say 
that Q effectively commutes with each P, (but see Prob. 10!), as does P. 


Then the Heisenberg equation of motion for operator Q is, according 
to the end of the previous subsection, 


AQ = [Q, Hot] 
= |Q, 2nc*P*® + 2nc*m(P? + PP_ + PP.) +P [ e T.£, as| 
(11-64a) 
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which is identically 


2 


Q = 4re’P + 4rc?m(P + $P_ + 4P,) +| T.£,dS (11-646) 
wall 
Analogously, from iAP = [P, H,,,] we obtain 


2 
b= - 200+ 5 | M,- Mav (11-65) 
Amc m JV 
As a check, make the substitutions 
Yj “% ; 
AQ = (4) es i, Q = ioQ 
(a E c 
e\4 (In ; (11-66) 
47cP = -(:) (=) Ups P = iwP 
Ls c 


whereupon Egs. 11-64 and 11-65 without the ' and molecular terms go 
over into Maxwell’s Eqs. 4-34 and 4-35, Eq. 11-58 goes over to the mks 
expression for stored energy, and the equations yield the correct single 
mode-pair dispersion relation (except for a factor of k?/p,? ~ 1 in several 
terms) for a passband of even field symmetry and phase shift » between 
cavities. 

Senitzky [17] looks at the equation of motion for I’ as driven by H, 
and #, as driven by the electric field through I and shows that if we 
assume slight perturbation of the loss mechanism by the field the net 
effect is the replacement of operator I(t) by the uncoupled operator 
T\)(t)—the statistics of which are known—plus a dissipation term pro- 
portional toP. With Q = iwQ and P = iwP, the basic operator equations 
for P and Q (which may be regarded as the real parts of complex vectors) 
are 


2 
iwQ(w) = 4nc2P + 4ic*m(P +3P_+4P,) +| ro. Eres Pretilli 
wall iw 
(11-67a) 
2 
iwP(@) = — 4 Q+ Sy M,,(«): H,dv (11-676) 
Anc? m JV 


Here « is related to the ordinary quality factor Q as a = w/Q ina cavity. 
Since we are primarily concerned with the field amplitudes and field energy 
we must now express operator M,,, in terms of those amplitudes. 


C. Equations for the Components of M.,, 


We have assumed, for simplicity, that both the “pump” and the “signal” 
magnetic fields lie in the 2 direction in each maser pill, perpendicular to 
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the axial d.c. magnetic field. Unfortunately, in drder to calculate X M,,,(@) 
for Eq. 11-676 we must also calculate M,,, and M,,,,, aS well as the elements 
of #,,. 

The equation of motion for M,, considered as a vector at a given 
frequency depends on the fact that it commutes with all other M, and 
A, and H,,,, for n,n’ ~ m, as well as with T and H,; but not with 
itself, Hn, Hl mn, and H,,,. Thus, at a point in the material we have the 
equation of motion 


ihM,, = | Mu —M,, ¢ Htot + a, a : > Hn | (11-68) 
n#=m 
From the commutation relation for angular momentum’ S: S x S = iS 
and the relation of M to S by the gyromagnetic factor y given by M = yhS 
(y < 0 for electrons) we have the vector relation 


M x M = ihyM (11-69a) 
which means 

[M,, M,] = iiyM, (11-695) 
and so on. The #,,,, portion of this commutator represents a mutual 
effect of all the dipole moments on each other; the rate of change of one 
M,, operator due to this dipole-dipole coupling tends to be compensated 
by an opposite rate of change in another such operator. Therefore we 
would expect little or no effect on the net moment operator & M,,(*). 
And, in fact, we can show that the first portion of #,,,,, given by Eq. 11-59 
has zero effect on the net moment operator, for 


1 
mem F,3 [M,,,, M,, > M,,] = 0 (11-70) 
because the mnth term exactly cancels the nmth term when we employ 
Eq. 11-69. However, the second or r,,° portion of #,,, will generally 
contribute to &M,,, but the effect will be the smaller the more isotropic 
the spacial distribution of molecules. Let us assume a reasonably isotropic 
material and neglect this term. 
For a calculation of the net operator 2 M,,,, then, we may neglect the 
last term in Eq. 11-68 and write the equations of motion for the three 
components of M,,, as 


iM = [M na» main) BS { Alot fs FE a + thyM nyo z Ip [M. na» KH | 


(11-714) 
IMM ny a, +ihyM Ayo Ce ihyM malo a aie [Min HO | (11-715) 
Mn, = —ihryMy Flo 2 + Miner H rn] (11-71¢) 


"L. I. Schiff [18, p. 141]. 
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where there is no magnetic field in the y direction. These formally cor- 
respond to Bloch’s celebrated equations of motion [13] (but without the 
T, and 7, dissipation terms, the latter of which is introduced next) which 
were originally written assuming the moment operator to commute with 
the molecular Hamiltonian #,,. In reality, #,, does not commute with 
M,,, and it is necessary to consider its equation of motion: 


iN, = | ae —MinaAiotz — MmzHtotz + : > Hwn| (11-72) 
nF=m 


In this equation we cannot neglect the #,,,, term for reasons of isotropy; 
we must include it as an effect which tends to equalize the energy distribu- 
tion among the various molecules. Since only those molecules with 
transition frequency w,, = w can radiate directly into the field, the H,,, 
effect corresponds to the “decay” of energy given by the 7, terms in 
Bloch’s equations. However, Eq. 11-72 enables us to study this energy 
exchange among the molecules in finer detail than Bloch’s equations 
allow. 

Equations 11-71 and 11-72 contain a tremendous amount of implicit 
information about the zero-order operators defined with the d.c. and 
pumping fields present and the first-order operators which result when the 
signal frequency is applied, both for those operators at the steady-state 
frequencies w and w, = w, — wand for the many operators at the various 
frequencies w’ ~ w and related w,’ = wo, — w'~«a@,. Let us consider 
first the zero-order operators. All of them at frequencies w and w, are 
not only related to each other but are also connected to operators at other 
frequencies through the #,,,,(t) term in Eq. 11-72. Thus it is necessary, 
in principle, to consider the zero-order matrix elements of the molecular 
operators at a typical frequency w,’ ~ w, and related w’ ~ w. Equations 
11-71 and 11-72, of course, also describe these operators, where the 
H ,, term again furnishes time-average coupling between these operators 
and the w, w,, and w, operators. All these equations will yield—subject 
to whatever assumptions prove convenient and realistic—the matrix 
elements of all the zero-order components of M,, and #,,. The first-order 
operators are established by the signal-frequency portion of Ai,,,. This 
field at frequency creates first-order operators not only at frequency w 
but also at w,, and these may be related to the zero-order operators by 
Eqs. 11-71 and 11-72 if we neglect the products of first-order terms. What 
is more, the #,,,, coupling in Eq. 11-72 will allow first-order components 
at nearby frequencies w’ ~ w and mw,’ ~ w, to be maintained, and these 
will produce, through the #,,,, coupling, contributions to the first-order 
operators at frequencies w and w,. So the situation is complicated in 
principle, and we usually make approximations to obtain a convenient 


a 
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solution. For example, the gross effect of the #,,, coupling upon the 
operators at frequencies w and , is often represented by a simple 7, 
decay term in the Bloch equations for the first-order portions of 2 Mm» 
and & M,,,. 

As an example of how we use these equations to calculate matrix ele- 
ments of zero-order operators with the d.c. and pump fields present, con- 
sider Eqs. 11-71 and 11-72 for a particular molecule m and ignore the 
HA ,, coupling. Let the three eigenstates for this molecule have energies 
Ems.2,1 Such that (E,,3 — E,,2)/h = w,', equal or nearly equal to w, and 
(Em2 — Em)/h = w', equal or nearly equal to w. To calculate the expecta- 
tion value of any operator before turning on Ai,(w) we need matrix 
elements such as (y,,; |M‘"?| y,,;) for example, with i,j = 1, 2, 3. These 
can be arranged in matrix form as 


M 
M 


M 


ma, 11 maz, 12 


ma, 21 


(11-73) 


M no, 33 


and each matrix element may have more than one frequency component. 
When we substitute this and similar matrices for the other operators into 
Egs. 11-71 and 11-72 (with Ai,,, = Al,, in the x direction and Hj,, in the 
z direction) and compare frequency terms we find that only d.c. and 2w, 
frequency components are present. The elements of M‘) and M”) con- 
tain only w, terms, M‘°) contains d.c. and 2w, terms in each element, 
and #) contains only d.c. terms except for the off-diagonal elements 
which contain both d.c. and 2m, terms in general. The w’ and ,’, as well 
as other frequency components only appear in the first-order matrix 
elements established by the magnetic field at frequency w. 

In principle we may straightforwardly calculate first the zero-order 
matrix elements of these operators, then the first-order elements in terms 
of the known zero-order ones. Then the first-order component M,,,,(@) 
may be expressed in terms of H,(w) = QA, for Eq. 11-676 in each cavity. 
We can then solve a number of simultaneous equations for the matrix 
elements of P and Q in each cavity, as related to the matrix elements of 
P, andQ, in the neighboring cavities and to the drive D in the first cavity. 
These matrix elements contain terms representing fluctuations due to the 
loss mechanism operator I(t), which includes the useful load in the 
last cavity, as averaged over the states of the loss mechanism. Finally, we 
can determine the expectation value of the time-average field energy and 
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power flow into the load of the last cavity (dissipation), the latter being 


Pay, 1oaa = $00 Rei > (y,| e(@) P(w)Q*(a) |y,) (11-74) 


in complex notation, according to the end of Subsection A. The power 
flow of course depends on what steady-state density matrix for pe is 
assumed to represent the molecules and the field; it depends upon the 
strength of the pumping field and the temperature. 


Problems 


ile 


os 


4. 


10. 


Include the backward circuit modes at frequencies m, and @, in the Tien ~ 


analysis according to the remark following Eq. 11-13. 
What happens to the development of Section 11-3 if the pump phase shift 
is complex ? 


. Prove from the Manley-Rowe relations that if four frequencies are present, 


Wy, 1 < My, , — @,,and w, + @,, power gain to the frequency w, + @,, 


can occur at the expense of only pump power provided @, < @, + @, < 2a. 


Show by sketches that the condition of E being a single-valued function of — 


P need not always imply that the voltage between two points is a single- 
valued function of electric flux along the same path between the two points. 


. Provee,(—1,1; +,) =€ 2 (0, 1; —w,) component by component utilizing 


the Manley-Rowe relations. 


. Could we obtain Eqs. 11-21 through 11-23 from a variational principle for 


Maxwell’s equations with many frequencies present? If so, write down the 
principle, verify its variational properties, expand the trial fields with the 
resonant cavity modes, and obtain the equations. 


. Verify the fact that the group velocity in the cavity chain of Fig. 11-4, with 


the diodes present but unpumped, will be positive in the range 0 < Aol < =. 
Refer to Table 4-1 on p. 103. 


. Equations 11-36 and 11-37 furnish two conditions in the first cavity of a 


parametric amplifier, which must be satisfied at frequencies , and w,, and 
also two conditions in the output cavity at these frequencies. Hence the 
amplitudes of the four independent waves are determined. Let Mym/Pm = 


Mnn/Pn = —0.1 and choose operating conditions so that only one growing — 


wave exists (Table 11-1). Let the output loads be matched according to 
Eq. 11-38. Evaluate the relative amplitudes of all four waves. What 
difficulty occurs if two growing waves are present ? 


. With one ferrite post in each coupling slot between cylindrical cavities, page 


386, estimate the eccentricity of the polarization of H for a periodic phase 
shift of ~/2. Let the long slot dimension be much shorter than half a free- 
space wavelength. Estimate the /, pattern of the open-circuit mode on the 
slot as equal in magnitude to the short-circuit mode pattern Hp. 

Show that an alternative statement which also implies Eqs. 11-64 and 11-65 


is: Q does not commute with P, but rather [P,,Q] = +aih, a beingany — 


i sas 
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number. Justify the + signs by the directions of the mode patterns é and H 
on the coupling holes of the cavity within which the quantum amplitudes 
of the electric and magnetic fields are P and Q. 


References 


lip 


2. 


Be 


P. K. Tien, “Parametric Amplification and Frequency Mixing in Propagating 
Circuits,” J. Appl. Phys., 29, 1347 (Sept. 1958). 

J. M. Manley and H. E. Rowe, “Some General Properties of Nonlinear Elements, 
Part I. General Energy Relations,” Proc. IRE, 44, 904 (July 1956). 

H. A. Haus, “Power Flow Relations in Lossless Non-linear Media,” IRE Trans. 
Microwave Theory Tech., MTT-6, 317 (July 1958). 


. W. H. Louisell, Coupled Mode and Parametric Electronics, John Wiley and Sons, 


New York, 1960. 


. M. R. Currie and R. W..Gould, “Coupled-Cavity Traveling-Wave Parametric 


Amplifiers: Part I—Analysis,” Proc. IRE, 48, 1960 (Dec. 1960). 


. K. P. Grabowski and R. D. Weglein, ““Coupled-Cavity Traveling-Wave Parametric 


Amplifiers: Part II—Experiments,” Proc. IRE, 48, 1973 (Dec. 1960). 


. R. N. Carlile and S. Sensiper, ““A Nonreciprocal-Loss Traveling Wave Tube 


Circuit,” [RE Trans. Electron Devices, ED-7, 289 (Oct. 1960). 


. H. Suhl, “Theory of the Ferromagnetic Microwave Amplifier,” J. Appl. Phys., 28, 


1225 (Noy. 1957). 


. R. L. Walker, ““Magnetostatic Modes in Ferromagnetic Resonance,” Phys. Rev., 


105, 390 (Jan. 15, 1957). 


. N. Bloembergen, “Proposal for a New Type Solid State Maser,” Phys. Rev., 104, 


324 (Oct. 15, 1956). 


. H. E. D. Scovil, C. Feher, and H. Seidel, “Operation of a Solid-State Maser,” 


Phys. Rev., 105, 762 (Jan. 15, 1957). 


. H. Suhl, “Quantum Analog of the Ferromagnetic Microwave Amplifier,” J. Phys. 


Chem. Solids, 4, 278 (1958). | 


. F. Bloch, “Nuclear Induction,” Phys. Rev., 70, 460 (Oct. 1 and 15, 1946). 
. P. A. M. Dirac, The Principles of Quantum Mechanics, 4th ed. Oxford University 


Press, London, 1958. 


. L. R. Senitzky, “Induced and Spontaneous Emission in a Coherent Field, I,” Phys, 


Rev., 111, 3 (July 1, 1958). 


. J.C. Slater, Quantum Theory of Atomic Structure, Vol. 11, McGraw-Hill Book Co., 


New York, 1960. 


. I. R. Senitzky, “Induced and Spontaneous Emission in a Coherent Field, II,” 


Phys. Rev., 115, 227 (July 15, 1959). See also the subsequent articles of his in this 
series. 


. L. L. Schiff, Quantum Mechanics, 2nd ed., McGraw-Hill Book Co., New York, 


1955, 


Chapter XIl 


Aspects of Slow Wave 


Structure Synthesis 


12-1. Synopsis 


The choice of a particular slow wave structure for microwave work is 
dictated not so much by a specified impedance and bandwidth as by the 
optimum bandwidth obtainable for a minimum allowable impedance or 
else the maximum impedance attainable for a specified bandwidth. There- 
fore it is advantageous to set up computer programs and compute the 
w-6 curves and their associated impedances for a wide variety of helices 
and a wide range of parameters of each. We illustrate the steps in such a 
procedure with respect to a particular contrawound helix appropriate for 
high-power beam work. We first list the symmetry properties of the 
structure and deduce from them the most general expressions for the 
fields of the waves with different transverse symmetries. The field expres- 
sions for a wave of a given symmetry would then be substituted into a 
variational expression for w and the relative amplitudes determined by the 
variational procedure so as to make w stationary. Finally a computer 
could be programmed to solve the large determinantal equation for 
«(Bo) by an iterative process, whereupon the value of w determines not only 
a point on the dispersion curve but also the relative amplitudes of the 
components in the wave and hence its impedance. In order to judge the 
efficiency of a given helix we outline a procedure for calculating a so- 
called ideal interaction parameter and impedance Z; which are nearly the 
maximums attainable for that structure. A sheath-helix has an efficiency 
Z/Z; on the order of 0.95 for the wave with predominant n = 0 mode 
component. 

Upper- and lower-bound expressions for w(f») on the first dispersion 
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curve at a given f, are available. Their properties may be verified with 
respect to a Hermitian operator £, for which an infinity of “eigenfre- 
quencies” and associated “‘eigenfields” must exist, satisfying the boundary 
conditions with the stipulated periodic phase shift. Each “eigenfield”’ is 
simply a wave at a frequency on one of the w-f curves. In order to 
guarantee the bound properties we must have an infinity of unbounded 
“eigenfrequencies”’ in a closed structure. But since the expressions remain 
upper bound and lower bound regardless of how large the radius of the 
outer conductor may be, we expect to have useful bounds in the limit of 
an open structure. The upper-bound expression is, in fact, a very tight 
upper bound on certain unifilar and ring-plane helices which were analyzed 
in Chapter 6. We show how the earlier variational Eq. 6-45 is an upper- 
bound expression for w(,) of a helix when the trial fields are defined for 
continuity between inner and outer regions and on the metal surfaces. It 
turns out the lower-bound expression is not useful when the trial fields 
are defined in this way. These upper- and lower-bound expressions are 
not valid for a cavity chain (for which they are simply variational without 
bound properties) in which the trial fields are written in standing wave 
form and cannot be represented by a linear combination of the forward- 
traveling “eigenfields.” The proof of boundedness breaks down because 
the baekward-traveling “‘eigenfields” are not orthogonal to the forward- 
traveling ones. 

A perturbation formula for w() is developed for the change in frequency 
of a general helix at fixed 6 due to a geometric perturbation at the surface 
bounding the inner and outer regions. The usefulness of this formula is 
verified on a contrawound helix, for which we assume the simplest trial 
fields. 

We close the chapter with some discussion of how we may shift an w—» 
curve of a cavity chain by inserting resonant-slot or resonant-loop coup- 
ling, the passband of which lies just above or just below the “‘cavity” 
passband. A series of normalized curves shows the resonant-slot coupling 
to be somewhat more efficient than the loop coupling for the same numeri- 
cal values of cross-coupling coefficients. 


12-2. Machine Computation of the Characteristics of a 
Given Helix 


In this section we adopt the viewpoint that the synthesis problem is best 
solved by computing the w-f and impedance characteristics of a wide 
variety of helices which are likely candidates for microwave frequency 
work, so that we may select a helix of suitable phase velocity, group 
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velocity, and impedance merely by consulting standard tables and charts. 
The existence of rapid computers with large storage make this procedure — 
eminently practical and most economical in the long run. This viewpoint 
is based upon the fact that we rarely ask for a slow wave structure of 
prescribed impedance and operating bandwidth. Rather, we may ask for 
that slow wave structure of optimum impedance within a specified fre- 
quency range in which the phase velocity is correct and the group velocity 
is essentially constant. Or we may want that structure of optimum 
operating bandwidth which is compatible with a minimum tolerable 
impedance. Rather than calculate laboriously by hand a number of 
necessarily approximate helix characteristics it is advisable to develop 
appropriate computer programs for the various helices and ladder 
structures. 

We illustrate the procedure to follow in setting up a computer program 
for a given helix by using a certain contrawound helix as an example. 
This example is sufficiently nontrivial to illustrate some peculiarities in the 
trial fields which may arise in the course of developing them to be com- 
patible with the structural symmetry. 

There are three steps in the process of developing a computer program 
for the dispersion and impedance characteristics of such a helix. In the 
first step we list the symmetry properties of the structure and deduce from 
them the general expressions for the field components in a given wave. 
Often a structure will have a set of w—f curves belonging to the various 
modes or mode-harmonics which comprise each wave of one transverse 
symmetry and another set of curves for each wave of another symmetry 
as, for example, the curves for the (++) and (+—) waves on the ring- 
plane helix (page 181). Of course, all the components of a given wave 
have the same symmetry properties. For the modified contrawound 
helix of Fig. 12-1 the symmetry operations are as follows. 


(b) 


(a) 


Fig. 12-1. Modified contrawound helix for high-power electron beam work. V denotes 
the volume of a unit cell p/2 long, as enclosed by the dashed lines. S’ denotes the 
enclosed open surface across which some of the trial field components are discontinuous. 
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A. Reflection through a Vertical Plane Which Represents the Surfaces 
6 =0 and x 


This means the geometry we see at the first point (r, 0, z) looking in the 
—6 direction is identical to the geometry we see at the point (r, —0, z) 
looking in the +6 direction. Such a symmetry always implies two classes 
of waves: 


1. The class for which 


E, E, 
E,} at (7,0,z)=+|£,]} at (r,—6,2z) (12-1a) 
A, Ay 


and H,, H,, and E, change sign. 
2. The class for which 


A 


A, BH. 
AL} at (r,0,z2)= +] A,] at (r,—6,2) (12-1b) 
E, E, 


and E,, E,, and Hi, change sign. 


B. Translation along the z Axis by +p, p Being the Pitch 


Such a symmetry always implies an infinite set of harmonics in each 
wave, each with a factor 


exp [=i (4 ~ anf) ¢’ integral 
P 


(In a moment we change @’ to 7 + 2m to accord with the Chodorow-Chu 
notation [1].) 


C. Symmetry with Respect to a Rotation-Translation from (r, 0, z) to 
(r, 6 + 7, z + p/2) 


This means the geometry we observe from these two points is identical. 
Such a symmetry implies that the total field changes only by a phase shift 
from the first point to the second. The phase factor must be ¢*/0?/? 
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because two such transformations have the effect of advancement along 
the z axis by +p and a phase shift by + fp according to property B. 


D. Reflection through the Transverse z = 0 Plane 


This symmetry operation, analogous to that of property A, implies 
some of the field components in a particular wave vary as sin (27¢’z/p) 
and the remaining components vary as cos (27¢’z/p) within a periodic cell. 
If such standing wave components are employed for the field expansions, 
they must all be phase-shifted by «+40? in the neighboring periodic cells 
in order to satisfy property B. This representation is unnatural for the 
relatively open contrawound helix, so we shall ignore this symmetry 
operation D and write the field components in traveling wave form. 


The most general expression for £, consistent with all these symmetry 
operations is 


E{r, 6, z) = > >. AbmR (trate 0-8 lm? 
£m 

Wn (12-2) 

Blm = Boo + —(¢ + 2m), ¢, m integral 
Pp 


Fundamental propagation constant fy) bears the double subscript to 
denote? = m = 0. Ata given point r the set of e” functions is complete 
for expanding E£, in the 6 direction and the z harmonics are complete for 
E, along the z axis. Each ¢’ of symmetry operation B equals 7? + 2m to 
accord with symmetry operation C. Because operation C is implied in 
Eq. 12-2 the unit cell may be regarded as the volume V of length p/2 in 
Fig. 12-1. Waves with the symmetry property Al would consist of linear 
combinations of the functions in Eq. 12-2, each of which varies as cos 20; 
waves of the symmetry A2 would have £, components varying as sin /0. 
By substituting £, into the wave equation and separating the Fourier 
components we find Ry satisfies the equation for the modified Bessel 
function (refer to Eq. 1-5) of argument y,,,r, where 


Vim = Blm® — k® (12-3) 


In the regionr < a, Ry = /7, the modified Bessel function of the first kind, 


whereas in the outer r > a region Ry is a linear combination of J, and 
K; functions which is zero at r = b. The expression for H, is, of course, 
similar except for amplitudes differing from the A,,, and for the 0 sym- 
metry dual to that for E,. 

In view of these statements the complete fields of a wave with symmetry 


a ee 
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Al, for which E, ¥ 0 on the axis, are obtained from these expressions for 
E, and H, within the inner portion of the unit cell V of Fig. 12-1: 
é, = > Almle(yimr) cos Ce Ptm? 
ail 
h, = > Bénle(ytmr) sin (Oe em? 
ail" 
In the outer a <r <b region E, and A, (capital letters for the outer 
region) must have the same symmetries with E, = 0 on the fin at 6 = 0. 
Now it is natural to try to specify sin 76 variations of the “th components 
of E,, where 7 is half-integral (3, $,...). However, even though the com- 
ponents of Eqs. 12-2 and 12-4 will still satisfy the wave equation, we 
cannot satisfy both symmetry conditions B and C. Hence, we represent 
the fields as we did for the (+ +) wave of the ring-plane helix, namely as 


1 = Alm'Re(ytmr) sin 0c km 
>0 


(<a) (12-4) 


all m 
1 a<r<b,0<6<7) (125 
i = Bém'Re(ytmr) cos CO—?Ptm= ( ) (12-5) 
ae 


In the remaining region 7 < 6 < 27 the field components are the 
negatives of those evaluated by Eq. 12-5 so they will have the proper 
symmetries. As we said before, Ry is a linear combination of Jp and Ky 
functions adjusted so R,(vz,,b) = 0. 

The remaining field components of the ¢mth mode-harmonic are 
obtained from Eqs. 12-4 and 12-5 in the usual way, 
= A (ip Se + Hee Se), h = 4 (- eee ip Be) 


(a 


fer =r (08 SE ae y >, 
é = 5 (ES — je Zh.) h = 4 (joe % + 12%) its) 
6 y r 06 Nad ap > r) ar : 30 


(Subscript ¢m has been omitted from @,, h,, and so on in these expres- 
sions.) This completes the construction of the fields for a wave which has 
the symmetry property Al. For the overwhelming majority of helical 
structures there are no additional complications; however, certain varie- 
ties of cavity chains may have a host of symmetries. For these it may 
prove useful to classify the modes by a more formal procedure, such as 
that afforded by group theory [2]. 

We have just completed the first step in the development of a computer 
program for the characteristics of the waves with symmetry properties 
specified by Al, B, and C, and we go on now to the second step. We 
insert the field expressions into a variational expression for w(Bo9) and 
set the change of w, dw, equal to zero for every variation of one of the 
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trial fields. We must take care to use a variational expression which 
constrains the fields to be continuous everywhere. Thus, although Eq. 
6-45 tends to constrain the proper boundary conditions on the drift tubes 
and continuities across the open surface at r = a, it does not constrain 
continuity of H,, H,, and £, across surface S’ in Fig. 12-1. We may 
easily prove that the following terms must be added to the right side of © 
Eq. 6-45: 


~ [ (E*(+) + £*(—)] x (A(+) — A,(-)- as 
1 : (12-7) 
5 Ex) + As 


in which (+) denotes a field on the +6 side of S’ and (—), a field on the 
—6 side. Now the fact is that trial field E, is identically zero on each side 
of S’ and so is E, by Eq. 12-6. Therefore these S’ integrals happen to be 
identically zero even though the trial H, and H, are discontinuous across 
S’! This curious and undesirable situation has the following explanation. 
The correct E, field is finite on S’, yet we are representing it by mode- 
harmonics which are each identically zero on S’. Therefore the expansion 
will never converge to £, on S’ and will converge slowly to E, near S’. At 
the same time we are representing H, by mode-harmonics each of which 
changes sign across S’, whereas the true H, field is exactly zero on S’. 
Therefore the correct expression for H, on S’ is the average of the expres- 
sions for it on either side, namely zero, and either expansion converges 
poorly to H, near S’. Similar remarks hold for the other field components. 
These errors are tolerable when we realize the fact that the fields are well 
represented at all points not in the immediate vicinity of S’ by the pre- 
dominant mode-harmonics of the appropriate symmetry. 

Although the fields are not well represented near and on surface S’ of Fig. 
12-1 we can substitute their expansions into variational Eq. 6-45 with the 
area integrals changed to volume integrals, whereby the latter are zero 
because each mode-harmonic satisfies Maxwell’s equations identically. 
The result of the variational procedure is a set of homogeneous equations 
for the A;z,, and other amplitudes, the determinant of which set equal to 
zero yields the value of (fo ) for the wave of the prescribed transverse 
symmetry. The determinantal equation is best solved by trial-and-error 
by an iteration technique which starts with an appropriate value of o 
because the arguments of the Bessel functions include yg, = (Bgm? — k?)# 
and k = w,/ue is being sought. 

For any particular computation it is important to know which mode- 
harmonics will contribute predominantly to the fields so only they will be 
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included. For example, suppose we wish to compute a point on the w-B 
curve in the fundamental region 


—0.5 cot y < Bua <0.5cot yp (cot yp & 2za/p) 
for a wave in which we specify the ? = L mode to be predominant. If 
this is the case, there must be a fy, in the ,,, series which is ~k. Let us 


renumber the mode-harmonics such that 8; y, is the new ,, and the other 
propagation constants are designated as 


= By! + a [(¢’— 1) + 2m’ — ML, 


fist, DL, Ee 1 
m'=...,M—1,M,M+1,... 


The important mode-harmonics are those for which the y’,,, are small and 
the Bp,,, ~k. Ina practical case we might take those harmonics specified 
by /@ =L—1, mM =M+2, M+1, Ms ’ =L, mM =M+1, M, 
M—1; and?’ =L+1, m’ = M —2, M —1, M, for a total of nine 
components in the inner region and nine in the outer region. A total of 
9 x 4 = 36 amplitudes would be involved in the variational procedure, 
unless some explicit field continuities are specified, and this would lead 
to a 36 x 36 determinantal equation for w(f;y,). A modern digital 
computer can easily handle a determinantal equation of this size. 

In the third step of the process we plot the value of w(f; ,,) computed 
and also insert it into the homogeneous equations for the mode amplitudes, 
thereby determining their relative values. Then we can compute the 
relative stored energy 


W.=* | ele +uiatyav=4 | eeav 
4J/v 2 JV 


in the unit cell. The interaction parameter |? »,,|/W, may then be plotted 
as a point, where £, 7, is the field component in the «th direction of the 
¢mth mode-harmonic utilized for interaction purposes. Alternatively, 
|E£,2|/W, may be plotted. By repeating the calculation over the funda- 
mental range of 8; we can plot the w-f curve in this range and then 
extend it along the f axis so as to represent the other mode-harmonics in 
this wave. 


12-3. Ideal Interaction Parameter and Impedance Z, for a 
Helix or Cavity Chain 


To judge the efficiency of a given helix and also provide a means of 
comparing various helices we now formulate a method of estimating the 
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minimum value of stored energy W,. The ideal interaction parameter will 
be defined as |E,?|/W, min, where E,, is the electric field in the « direction. 
E,, is appropriately composed of just a single mode-harmonic in a helical — 
structure, whereas in a cavity chain it is represented by one or more © 
resonant cavity modes. The ideal impedance is 


ae 
: 2p n W,,min Vg 
where f,, is the propagation constant of the nth mode-harmonic which is 
principally involved in the interaction (8, corresponds to a flock of Bz, 
such that n = 7+ 2m ona contrawound helix) and v, is the actual group 
velocity at the mean frequency in the range of interest. These parameters 
are defined for a helix model of a physical helix which has infinitely thin 
metal surfaces. We cannot prove that the ideal parameters are always 
larger than the measured ones, but they may be regarded as upper bounds 
for practical purposes and discussions. Indeed, we have not found a true 
upper-bound expression for the impedance of a helix. These ideal param- 
eters are nearly the maximum possible values for a given helix because 
of the fact developed in Chapter 6, namely, that the fields in a helix at a 
particular point on the w—f curves are predominantly described by one or 
two modes or mode-harmonics of the appropriate symmetry both inside 
and outside the helix radius. In ladder structures several mode-harmonics 
also suffice for each region, although the functions in one region may 
differ considerably in form from those of another region. As an example, 
the waves with predominant n #0 and n =0 mode components in 
Section 6-3 were each described by just a few modes, as were the (++) 
and (+ —) waves of the ring-plane helix in Section 6-4. The predominant 
mode-harmonics are those with the smallest radial propagation constants. 

In order to calculate the ideal parameters we propose to minimize the 
expression for W, written as twice the electric field energy in terms of 
these predominant modes or mode-harmonics, with the proviso that one 
of the amplitudes of the reference field in E, is held fixed. The amplitudes 
of the modes in each helix region are to be related to those of the neigh- 
boring regions by equating tangential electric fields on common boundaries 
in the best way possible, that is, in a variational sense on the boundary 
between the two regions. 

Let us apply the procedure to the especially simple unifilar helix carrying 
the wave of predominant n = 0 mode. Inside the helix é, will have the 
reference amplitude of 1. The fields within the helix are represented by the 

= 0 sheath mode of Eqs. 2-1 and 2-2, and the outer fields by the n = 0 
mode of Eqs. 2-3 and 2-4. Clearly the stored energy inside and outside 


| 
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the helix does not involve cross products of the amplitudes, so the mini- 
mum energy is attained by neglecting the TE portion of the field. The 
fields are taken to be 


é, = Bgl (yor) E, = B,K (yr) 
Yo Yo 
he = Bo 1 A, = —B, noe K, 
Yo Yo 
B, = 


Here the e~/*0? variation is understood. We match é,,, = é, to E£, at 
rf=a ee making B, = I)(79@)/Ko(y a). Then the total minimum stored 
energy W, min Per unit axial length is easily calculated as 


W, min = 2° ae( | e, + 2nr dr +{° E,2+2ar ar) (12-9) 
0 a 


With the aid of the integral table on page 176 and the properties of the 
Bessel functions given by Pierce! we obtain 


ran Of + Heva(-8)] 9 


with oa as the Bessel function argument. The ideal interaction parameter 
of the unifilar wave with predominant n = 0 mode is then given by 
Ie: eae min — I," (vor)/W, s,min* 

If we compare the impedance Z of the n = 0 mode on a sheath helix 
with the ideal value Z, calculated by Eq. 12-10 for the parameters v,/v, = 
V,By)/@ = 0.70 and yoa = 1, we find the sheath impedance is 95% as large 
as the ideal value. This is very reasonable considering that the electric 
energy in the £, field of the sheath helix is negligible for these parameters, 
so that we expect the ideal impedance to be only slightly higher. 

By analogy the ideal impedance of the cavity chain at a frequency in 
the nth passband would be given by the short- or open-circuit mode of 
that passband, depending on whether the operating frequency is nearer 
the resonant frequency of the former or the latter mode. In the former 
case the ideal impedance is obtained from Eq. 4-27 as 


j eae by 


eee eee ohn (12-11) 
we(—M,,,)TY" sin p 


Zr, = 


subscript n denoting the parameters of the short-circuit mode of the nth 
passband assumed narrow compared to the width of the adjacent stop- 
band(s), L the periodic length, 7 the cavity volume, and y = f,L the 


1J. R. Pierce [3, p. 224]. 


416 Electromagnetic Slow Wave Systems 


periodic phase shift. If the operating frequency lies nearer p,,, the resonant 
frequency of the mth open-circuit mode E,,,? is replaced by @,,,?. 


Each helix has its own ideal interaction parameter and impedance which ~ 


may be calculated in the manner outlined (see Prob. 2). 


12-4. Upper and Lower Bounds to «(f,) 


If we do not have a computer and programmer available to perform an ~ 


accurate computation of the w—f curves for a given helix we can utilize 
expressions which overestimate or underestimate the value of w(f,) for 


each value of f, on the first dispersion curve. The expressions we shall — 


develop may, in principle, be used to obtain bounds on the higher- 
frequency w-6 curves but only if the trial fields are constructed to be 
orthogonal to the fields which exist at all the lower frequencies on the 
various curves. The expressions are valid for all kinds of helices and the 


ladder structures but they are not valid for cavity chains in which the trial — 


fields are represented by resonant cavity modes or by standing modes in 
one region of the periodic cell and traveling modes in another region of 
the cell. We shall give the reason for these statements in due course. 


First, we want to develop the bounds for the first w—8 curve of an arbi- — 


trary open structure, be it a multifilar helix, ring-plane helix, or some ~ 


variety of ladder structure. 

We first develop an upper-bound expression for w(8,) on the first 
dispersion curve of a helix in terms of trial fields which are continuous 
throughout each periodic cell. The lower-bound expression follows 
naturally. Then we show how this upper-bound expression becomes 
variational Eq. 6-45 when the discontinuous trial fields are redefined so as 
to have appropriate continuities. 

It is convenient to define a column vector & for the entire field. 


§ = col(E,E,E,H,H,H,) (12-12) 


(the field in boldface represents trial field both inside and outside the 
helix radius), as well as a 6 X 6 operator matrix 2 as 


0 
oz road 
0 —L 
0 7) 
rail ‘ L=| 5 0 == | 1G2d@ 
13 (a 
r 00 ror 
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The operator 2 applied to § will generate the V x EandV x Htermsin 
Maxwell’s equations, which are equivalent to the single equation 


LF = o6F (12-14) 
in which G is the diagonal matrix 
G = diag (ee oMoH4oH40) (12-15) 


We now declare that the following is an upper-bound expression for 


(Bo), 
i % LF dv 
= ee 


w@ (u for upper bound, + for (12-16) 


= 
I % OF dV transpose conjugate) 
= 


V being the periodic volume of the helix. The proof may be carried out 
by analogy with the proof starting on page 158 that Eq. 6-8 is an upper 
bound for k? satisfying the Helmholtz equation. The proof depends, 
however, upon the existence of a complete set of “eigenfields,” the nth 
one of which satisfies the equation 


LF, = 0,6F,, n=1,2,... (12-17) 


Each of these “‘eigenfields” is an independent wave consisting of a proper 
linear combination of modes or mode-harmonics satisfying all the bound- 
ary conditions at frequency w,, on the nth w-f curve, with the specified 
phase shift per period of A yp. The various w, are found at the inter- 
sections with all the dispersion curves of a line parallel to the w axis 
through f). We must now examine the conditions under which we have 
a complete set. 

In order that the “‘eigenfields” for operator £ form a complete set it is 
sufficient that? 


1. 2 is Hermitian, which implies for any field & that 


[s LF dv 


is real. This condition is satisfied by Eq. 12-13. 
2. 2 is positive-definite for the trial % of interest, so that 


[ seer >0 
V 


This condition must be verified directly; for all trial fields of physical 
interest the integral will be positive and will give a positive value of w,, 
in Eq. 12-16, the denominator of which is always positive. 


2. M. Morse and H. Feshbach [4, p. 776]. 
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a 


. Equation 12-17 for the “eigenfield” §,, corresponds to a variational — 
principle. The principle here is simply that the ratio in Eq. 12-16 isa ~ 
minimum for ¥ = 1; again a minimum for & orthogonal to %, in 


which case the ratio is w, and the new ¥ is §; and so on. 


With these conditions satisfied the proof is straightforward that an — 
arbitrary field % which exhibits the specified symmetry and has a periodic” 


phase shift Bop will be replaced at every point in V by a sum 
N 
B= 2 Cnn 


which converges to % as N-» oo. Therefore the set of %,,’s is complete. 
However, there is the additional requirement that the set of eigenfrequencies 
w,, must not terminate, and this condition is violated on an open structure 
for which the w,,’s converge to w = Bo// me on the velocity-of-light line. 
Therefore Eq. 12-16 is strictly an upper bound only for a closed helix or 
ladder structure, surrounded by a perfect conductor. The outer conductor 
can have as large a radius as desired; it need only be present to guarantee 
an infinite set of “eigenfields” (waves) which is complete. 

Since Eq. 12-16 is an upper bound regardless of the radius of the outer 


conductor, and the tangential electric field on it due to the ordinary helix 


fields approaches zero as its radius approaches infinity we expect w,, to be 
an upper bound when the outer conductor is ignored. Another reason 
for this behavior is the fact that the effect of the outer conductor on the 
first few dispersion curves of interest occurs primarily in the forbidden 
regions, more so as the conductor moves out to infinity. Thus it is not 
surprising that calculations based on Eq. 6-45 have indeed yielded upper 
bounds in Figs. 6-5 and 6-6. 

To obtain a lower-bound expression to w(f,) we employ another 
functional which has the same dimensions as w,,, namely 


a [x LG LF dv 


OW, 


[s' LF dv 


(12-18) 


and state without proof that the following quantity is a lower-bound 


expression for w under the same conditions as w, is an upper bound: 


op = o,(1 - ve (¢ for lower bound) (12-19) 


We uU 


in which @, is the second “‘eigenfrequency” corresponding to the specified 
Bo, presumed known accurately on the second w-f curve. This is just the 
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Surface T atr=b 


Metal (no ohmic loss) 


<—\—Surface D at r =a 


Fig. 12-2. Illustration of the defined continuities of the trial fields, (a) across open 
surface D and (b) at metal surface T. o is a parameter which can be made as small as 
desired. 


_ Morse and Feshbach equation 110,° for which a proof of the lower-bound 
_ nature can be carried out straightforwardly without invoking square 


roots of operators. 


We now show how the trial fields which were discontinuous between 
inner and outer helix regions in Chapter 6 (see Eqs. 6-51 and 6-52, for 
example) may be redefined to be continuous with respect to a “smoothing 
parameter” o in such a way that, as o — 0 upper-bound Eq. 12-16 becomes 


_ precisely the variational Eq. 6-45. In other words, we will show that Eq. 


6-45 is an upper-bound variational expression for w(By) on the first dis- 


: persion curve of an arbitrary helix or ladder structure, enclosed by a 


perfect conductor of arbitrary radius. After this discussion we shall 
observe the care we must take to specify an appropriate trial field F. 

Consider for definiteness either a unifilar or a ring-plane helix discussed 
in Chapter 6. Figure 12-2 illustrates the continuity of the trial fields which 
we wish to establish across “discontinuity” surface D at r = a where the 
inner é and f trial fields must be “blended” into the outer FE and A fields. 
Shown also is a convenient way to define the é and h fields on a metal 
surface where they would not otherwise be correct. The justification for 
these defined trial field behaviors resides solely in the fact that as o> 0 
variational Eq. 12-16 will become precisely Eq. 6-45, which we know is 
variational for discontinuous trial fields. The indicated continuities may 
be attained by employing a smoothing function s which becomes a Dirac 
delta function as o — 0, 


1 1/29? 
= as 12-20 
a o,/ 2a ( ) 


3P. M. Morse and H. Feshbach [4, p. 1144]. 
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Let the surface D be at r=a; then a desirable gate function G,(r) 
which approaches a unit step at r = a as o > 0 is 


G/(r) 3 s(r’ — a) dr’ (12-21) © 
The continuous fields E and H which change over from é and h inside the 
helix to £ and A outside across r ~ a, as shown in Fig. 12-2, are 
E = él — Gp) + GpE 
H = A{l — Gp(r)] + GpOA 


Let metal surface T be at r = b; then E and H in ther < b region can 
be specified in terms of a Gp, which approaches a unit step at b — o/2 as 
o — 0 and a Gp, which approaches a unit step at b + o/2: 


G7,(r) =| s(r —b+ 4 dr’ 


Gr,(r) =| s(r —b—- ‘) dr’ 

so that E and H are, according to the figure, in the r < b region just © 
E = (1 — Gy,)é 

H = (1 — Gpph 


(12-22) 


(12-23) 


(12-24) 


E and H on the outer metal surface are defined analogously in terms of 
E and H. 

Strictly speaking, we should multiply these trial fields by angularly 
varying gate functions which “blend” E and H on surface D into the 
corresponding fields on the metal surfaces. However, a little thought will 


show that the new 
+[0@ 
—)% dr dé 
|] ) a 


term would approach zero as o > 0. 
By substituting these trial fields into § of Eq. 12-12 and performing the 
integration in Eq. 12-16 with the aid of the integrals 


Gp(r)dr~o (12-25a) 

0 1 
Gp(—]Gp dr = - 12-256 
J (>) 2a ( ) 


we may verify the fact that variational Eq. 6-45 emerges in the limit as 
o-—>0. This verifies the upper-bound nature of Eq. 6-45 for w,(9) on the 
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first dispersion curve. It follows that once the associated fields E, and H, 
are known, a trial field § can be constructed orthogonal to §,, whereupon 
Eq. 12-16 or 6-45 would yield an upperbound to w,(8,) on the second 
dispersion curve. This, needless to say, is a tedious procedure because 
1 must be known accurately if we are to have any confidence in the result. 

Figure 6-5 and particularly Fig. 6-6 show how close the upper-bound 
calculations can be to the measured values. In the first approximation, 
the small finite radial thickness of the rings in the ring-plane helix will not 
affect the dispersion curve plotted with respect to the normalized param- 
eters ka and f,a. Note on Fig. 6-6 that the curve for the (+—) ring 
helix wave is the first of a set of curves for waves of this particular sym- 
metry while the waves of (++) symmetry are treated disjointly. A 
valuable point may be made by reference to Fig. 6-4 in connection with the 
fact that the first variational calculation for a unifilar helix of infinitely 
thin radial tape thickness did not furnish a true upper bound! This 
happened because we imposed overly strict explicit continuity conditions 
on the trial fields (see Eq. 6-54) in order to simplify the calculation. 
However, the second variational calculation based upon only the explicit 
continuity of é, = E, at r = a yielded a ka—Bya curve which is compatible 
with measurements made on a similar unifilar round wire helix. The 
lesson here seems to be this: It is not sufficient for the trial field to have 
continuity everywhere and the specified phase shift per period, it must 
also not be constrained in any manner incompatible with its (unknown!) 
behavior with frequency. The implications of this remark remain to be 
explored further. 

Equation 12-19 does not yield a useful lower bound when we employ 
the trial function for § defined for continuity as shown by Fig. 12-2, for 
a very good reason. The 262 operator in the numerator includes the 
0?/Or® operator, so that there are terms of the form 


a+a/2 2 2 
i Gr(5)Gp dr = ~ | (22) ar— co as x (12-26) 
o 


a—o/2 or” r 


To avoid the difficulty Gp could be redefined as the double integral of the 
s function which is a ramp function beginning on the D or T surface, but 
this is not convenient for the integrations over the volumes. 

In closing this section we must point out the fact that Eqs. 12-16 and 
12-19 cease to represent upper and lower bounds to the first w—6 curve of 
a slow wave structure when the trial fields include standing wave (resonant 
mode) components. This is true even though variational Eq. 6-77 for the 
cavity chain can be regarded as a limiting form of Eq. 12-16 when the 
trial fields are redefined for continuity across the coupling surfaces. 
Evidence of this was first mentioned on page 165 in connection with the 
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calculation of the first dispersion curve of a, periodic lumped-loaded 
transmission line by variational equations which stem from Eq. 12-16. 
Additional evidence is furnished by the work on the ridged waveguide in 
Section 6-6, for which Fig. 6-10 certainly does not show upper bounds. 


Equation 12-16 and its limiting forms, Eq. 6-45 or Eq. 6-77, cease to be — 


upper-bound expressions when both E and H in the trial fields contain 
standing wave components, as in Eqs. 6-69 and 6-70 in a cavity of the 
ridged waveguide. The proof of upper boundedness breaks down unless 
the trial fields can be expanded in a (complete) set of traveling wave 
eigenfields, one belonging to each dispersion curve at the given funda- 
mental propagation constant By. Now it is certainly true that standing 
wave components of either E or H could be represented by these eigenfields, 
but eigenfields propagating in both directions as «0? and ec? are 
required to represent standing wave components of both E and H. The 


backward eigenfields as solutions to Maxwell’s equations at the various — 


points on the dispersion curves corresponding to —f, instead of fy are 
not orthogonal to the forward-traveling eigenfields, and so the demon- 
stration of upper boundedness of Eq. 12-19 fails just as it would fail for 
variational Eq. 6-22 appropriate for the Helmholtz equation. And so it 
is not surprising to learn that the variational Eqs. 6-79 and 6-87 for k() 
of the cavity chains, in terms of either E or H field alone, are not upper 
or lower bound when the fields are expanded with the resonant cavity 
modes 


12-5. A Perturbation Formula for @(/) of a General Helix 


In this section we develop a perturbation formula which predicts the 
change in frequency at fixed periodic phase shift due to a change in the 
geometry of a helix near the boundary between inner and outer regions. 
The formula enables us to estimate the effect of changing the tape width 
in a multifilar helix, for example, or the width of the rings in a ring helix. 
The geometric changes we have in mind are depicted in Fig. 12-3. 

To develop the formula, assume in the unperturbed structure that we 
have already chosen the amplitudes of a convenient set of trial fields 
(é, + Aé), and so on, so as to satisfy variational Eq. 6-45 for a given 
Bo. If the helix has finite periodicity, the equation is written for a periodic 
volume. Subscript ¢ denotes the true field and Aé is an unknown error in 
that field. The variational expression gives us not the true w but rather 
w + Aw, where Aw is an error in w which we must be careful to distin- 
guish from dw, the change in the true frequency due to the perturbation. 
Now we substitute these same trial fields into the same Eq. 6-45 for the 
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Aj, 6 — Aj,o= 5A;j,o 
T’ —-T=6T 
D’—=-D=6D 


Fig. 12-3. The cross section of a general unifilar helix before and after a perturbation. 
The prime denotes a quantity after a perturbation which enlarges the wire size. 


perturbed helix, for which the correct frequency is now w’ + A’w at the 
same fo, where A’w ~ Aw is the new unknown error in the true frequency 


w’. We now subtract the two variational statements and collect the terms. 
Error terms such as 


Ko ‘ (6i* + Aé*)- of, + Ae) dA 
— dol (é,* + Aé*) - e(é, + Aé) dA (12-27a) 
which, due to the variational apa of the expression, are nearly 
off e(A’éy’ dA — of e(Aéy dA & (w’ — of e(Aé dA (12-27b) 


will be present, but they are two orders of magnitude smaller than the 
important terms, such as 


(w' —w)| é*-eédA (12-27c) 
A; 


The result is a perturbation formula which is readily verified to be 
ol — o)| | (ele + ulhtyda +] (eel + 1A) a4 
Ai Ao! 
=| (éx h* + E x A*)-n' dC 
aT 
+ | (é* + E*) x (h — A)-i,dC 
2 JsD 


fag! I (6 — £) x (h* + A*)-i,dC (12-28) 
A) Nea, 
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with w’ equal to the new frequency at the given {, after the perturbation. 
Here 67 and 6D are the increases in the J and D areas, so if one of the 
areas decreases a minus sign is prefixed to the integral. The + subscripts 
are omitted in Eq. 12-28 because there is only one set of trial fields in the 
absence of ohmic loss and energy sources. If the helix has periodicity L, 
A, , becomes V;,, the inner or outer volume of the periodic cell, and 
surfaces D and T of course extend throughout this cell. 


Table 12-1. Verification of the Perturbation Formula on a 
Contrawound Helix of Parameters 6/p = 4, 27a/p = 4.4* 


6(ka)/ka, 6(ka)/ka, 
Boa ka Calc. Meas. 
0.465 0.254 0.054 ; 0.071 
1.07 0.385 0.070 0.092 
PAN) 0.490 0.059 0.084 


* The angle x in Fig. 6-8b was changed from 42° to 68°. 


In order to verify the usefulness of Eq. 12-28 we considered the pertur- 
bation of a contrawound helix described by Birdsall and Everhart [5]. 
Specifically the angle y shown in our Fig. 6-8b was changed from 42° to 
68° on a helix with the parameters 6/p = } (rings as wide as the spacings 
between them) and 2z7a/p = 4.4. Without a knowledge of a compact 
dispersion relation and accurate field expressions we simply took the 
velocity-frequency curve (Fig. 12 of Ref. [5]) as known before the pertur- 
bation and estimated the fields by the TM mode given by Eq. 12-8, with 
B, set equal to 1. The fundamental “ = 0 mode component of TE field 
is absent in the wave of even transverse E, symmetry according to Eq. 
12-4. We set dw = 0 with respect to 6B3* in the variational Eq. 6-45 and 
obtained this expression for Bs: 


a [= = ch (+) = AolKoKi (=) (12-29) 
2I91,(T/D) Ya Ya D 

T/D being the ratio of metal surface to open surface over the entire 
periodic cellO <2 <p. The argument of the Bessel functions is yoa. As 
y— 0, B,;—> K,(T/D), so (é,/E,),-, > T/D and therefore behaves quali- 
tatively as in the sheath helix. At large frequencies the square root would 
go imaginary, in which case we dropped it and let B; — [2y,aII,(7/D)]}-, 
whereupon (é,/E,),_, > D/T, constant, which is qualitatively the sheath 
helix behavior. All the necessary information is now available to cal- 
culate (w’ — w) = dw and d(ka) for the perturbation in angle y by Eq. 
12-28. Table 12-1 shows how close the calculated 6(ka) is to the measured 


; 


y 
| 
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value over a wide range of Boa. The calculated perturbations are about 
75% of the measured ones, which is reasonable agreement considering 
the rather crude nature of the TM trial field. 


12-6. Resonant-Slot and Resonant-Loop Dispersion Curve 
Shaping in a Cavity Chain 


The fundamental theorem for a narrow passband of any slow wave 
structure with mirror symmetry about a transverse plane was quoted on 
page 102 as 


Given a passband for a symmetrical periodic structure [one that supports 
resonant modes of either even or odd symmetry] which is narrow (on a 
frequency scale) compared to its two adjacent stopbands, then its 
w*-B, curve (By = g/L) is independent of the nature of the coupling 
and is a1 + cos @ function between the cutoff points. 


The remarkable aspect of the theorem is its disregard of the precise nature 
of the coupling between cavities. In this section we examine the effect on 
the dispersion curve of resonant slots or loops which augment the coupling 
and have their resonant frequencies (at which the open- and short-circuit 
“coupling” modes resonate) very near one of the cutoff frequencies of 
the passband under discussion. 

Let us speak first about resonant-slot coupling. Equation 7-26 was the 
variationally derived dispersion relation for the w-p curve between the 
resonant frequencies of a pair of open- and short-circuit resonant “‘cavity” 
modes and also for the curve between the nearby resonances of a pair of 
“slot” modes. The “‘slot’’ passband is usually very narrow compared to 
the separation between the two passbands, so we can make the approxi- 
mation 

tp2(1 + cos p) + 4p.2°(1 — cos g) ~ py? (12-30) 


But then the p,? — k? factor in Eq. 7-26b cancels, which means that only 
the coupling to, and not the frequencies of, the resonant “slot” modes 
affects the “cavity” dispersion curve in the first approximation. The 
dispersion relation can be written in normalized form as 


311,°(1 + cos py) + $(1 — cos y) — m, sin’ 


2 “(1 — m, sin? 2) sok boas Pe ’ k= is (12-31) 
Ps Pc Pe 


Here II, is the normalized short-circuit mode cutoff frequency, « is the 
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Fig. 12-4. Perturbation of the normalized dispersion curve of a cavity chain due to the 
presence of a resonant-slot or resonant-loop passband. II, is the relative zero phase 
shift cutoff frequency. mm, and mgare the crosscoupling coefficients between the modes 
of the “‘cavity” passband and the “‘slot”’ or “loop” passband, respectively. 


normalized operating frequency, and m, is the crosscoupling coefficient 
between passbands, as defined in Eq. 7-26. 

As an example of the influence of the resonant-slot modes upon the 
“cavity” dispersion curve, assume the “slot’’ passband lies just above the 
Pp, or 7 cutoff frequency in Fig. 12-4 and that II, = 0.8, which means 
about a 20% passband width. The curves for various values of m, are 
shown, neglecting the effect of the change in slot area upon the 7 cutoff 
frequency (it will have no effect on the zero phase shift cutoff frequency, 
P.). In practice the p, point of the first passband in a chain of cylindrical 
cavities will fall somewhat as the slots are widened or increased in number, 
as may be verified by ordinary considerations of the effect on the passband 
parameter M, such as given on page 104. Indeed, we see that the linear 
portion of the passband is effectively shifted to the right on the axis. 
Earlier, on page 381, we pointed out how such an effect can increase the 
directivity of a cavity-chain parametric amplifier. 

We can also account for the effect of S-shaped loops on the “cavity” 
passband, for which the determinantal equation for the two passbands 
was Eq. 7-30. According to the discussion on page 232, Eq. 7-30 is 
accurate for coupling by just a few loop-pairs between cavities but grad- 
ually becomes inaccurate as the number of loop-pairs is increased. Let 
us use Eq. 7-30 as a first approximation and assume the “loop” passband 
is narrow in the sense that 


EPP(1 + cos p) + 4pf(I — cos 9) & Pf (12-32) 
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whereupon the P;? — k* factor cancels and we can write the dispersion 
relation in the form 


AIA + cos 9) + H(1 — cos 9) 
— m/Il,? cos? = =k (1 — m,cos” 2) (12-33) 


in which my is the crosscoupling coefficient between the modes of the two 
passbands, as defined in Eq. 7-30. For an S-shaped “loop” passband 
above the “cavity” passband, mz < 0 (see page 232) and we can calculate 
the perturbed w-y curves for the parameters of Fig. 12-4 and compare 
the effect of the loops with that of the slots. Upon doing so we find that 
the loop coupling is less efficient, for as |mg| is increased the w— curve 
drops less and less rapidly. The mg = —0.6 curve nearly coincides with 
the m, = 0.4 curve. We might say the slot coupling is a more efficient 
means of perturbing the w-¢ curve than is the loop coupling with respect 
to the magnitude of m, and my. In this connection the efficiency of a 
large number of slots in the cloverleaf cavity chain (Section 7-7) is greater 
than the efficiency of the ring of loops in the centipede chain (Section 7-6) 
in the sense that, for comparable passband widths, the area of the slots is 
a much smaller fraction of the total cross-sectional area than is the 
coupling area on the loop midplanes. 

Other sets of curves similar to Fig. 12-4 may be constructed for dif- 
ferent values of II, and a “slot” or “loop” passband either above the 
higher cutoff frequency of the “cavity” passband or below the lower 
cutoff frequency. In the latter case, m, is a negative number (refer to 
discussion on page 224) or m, is positive and the single mode-pair dis- 
persion curve is pushed upward. 


Problems 


1. Verify the statement on page 411 to the effect that the field expansion in terms 
of half-integral values of ¢ does not satisfy the symmetry conditions. 

2. Obtain expressions for the ideal impedance of the (+ +) and (+ —) ring-plane 
helix waves at r = a—, 0 = 7/2, using the trial fields of Section 6-4. Take 
the dispersion curves of Fig. 6-6 as known and determine the relative ampli- 
tudes of the é@, trial fields to match E, in a variational manner on the r = a 
surface. Compare the answer for the (+ +) wave with the impedance curve 
on Fig. 6-6. 

3. Show that the proof of the upper-bound nature of Eq. 6-8 for the eigenvalues 
of the Helmholtz equation breaks down if the y, are not orthogonal. 
Similarly, Eq. 12-16 is not upper bound if the F,, eigenfields are not orthogonal. 

4. Apply Eq. 12-19 to a wave on the sheath helix and show that it does yield 
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an impractical lower bound. Let smoothing parameter o be one-tenth the 
helix radius. 

5. Prove that Eq. 12-19 is actually a lower-bound expression for the frequency 
of a closed helix at a given fundamental propagation constant. 

6. Use the perturbation formula 12-28 to determine the effect of changing the 
tape thickness of a unifilar tape helix described in Section 6-3D. Study the 
wave with predominant n = 0 mode. 

7. Show that for a radial perturbation of the ring thickness in the ring-plane 
helix the change in frequency is given by (w’ — w)/w = A(W,, — WI 
(W,, + W.) where AW,,(AW,) is the magnetic (electric) energy displaced. 

8. If the passband associated with strong fields around the resonant slots lies 
just above the zm cutoff frequency of the passband of interest, Fig. 12-4, the 
finite width of the “slot” passband cannot be neglected. Let P,/p, = 0.8 
of the “‘cavity”’ passband as in Section 12-6, but p,/p, = 1 and p,/p, = 1.05 
for the “slot” passband, and use Eq. 7-26 instead of Eq. 12-31 to modify 
the curves of Fig. 12-4. p,, the 7-cutoff frequency of the “cavity” passband, 
is Pg in Eq. 7-26. 
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Appendix A 


Proofs Based upon the 


Variational Expressions 


A-I. The Power Flow-Stored Energy-Group Velocity 
Relation. General Expression for Power Flow 
in a Cavity Chain 


We van show very easily how variational Eq. 6-45 implies the correct 
relationship among power flow, stored energy, and group velocity for a 
“cold” helical structure. Let us write the trial fields as 


eo. = e_"(x, y, z)eP*, h, = h(a, yz)" 


and so on, so that they conform to the symmetry of the helix. Now we 
change w to w + dw, é_ to é_ + dé, and so on; also By to By + dfy. We 
know from the variational properties that the linear dé_ and other changes 
in the fields do not create any linear changes in w at fixed fy. Therefore, 
the dw term must be due entirely to the change of A). Since Vx = 
(Vp + i,0/0z) x we have, from Eq. 6-45, 


0 =| les * i,(—jdBo) x h,, = A_*- i(—j6Bo) x é,]dA 
Ay 
+] [E_* : i,(—jOfo) x A, — fi*- 1,(—j5Bo) x E,] dA 
Ao 
—jdw | (é.*-eé, + h_*-wh,)dA 
A; 


+ | (E.*- cE, + A_*-pf,) a4| (A-1) 
Ao 


If the helix has periodicity L in the axial direction, as a ring-plane helix for 
example, the integrals would be taken over a cross-sectional slab of 
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thickness L. But this does not change our essential result to follow. 
Upon rearranging the order of dot- and cross-multiplication in the first 
four integrals, we divide by 4 and take the real terms to obtain 


Re | (6@* xh, +é, x h*)-i,dA+ term | 
Ay 1A 


mee Re | (é_*-cé, + h_*-uh,)dA +{ term | (A-2) 
OB 4 A; Ao 
The minus field solution is fully equivalent to the plus solution in a lossless 
structure not interacting with a beam, and so we have proven the relation 
Py = Wav, of Section 1-4. 

Now, Eq. 6-79 is a variational expression for k? of a periodic cavity 
chain formulated in terms of electric field alone. It, too, should imply the 
same relation, but in terms of power flow across a coupling surface 
between any two neighboring cavities. In this expression we expand E_ 
with the open-circuit cavity modes (denoted by é_) and £, with the short- 
circuit modes. The open-circuit modes comprising é_ in the cavity of 
reference phase zero do not explicitly involve phase shift »; nor does the 
expansion for £,. On the boundary between cavity (0) and cavity (+1) 
the phase shift is explicit in the expressions 


ae 6 —i9. BO ss EO” 
R-) gl fC] (A-3) 
— Coe Se ede 


(M denotes mode expansion; only one discontinuity surface per periodic 
cell is assumed). In cavity (+1) the expansions are identical to those in 
cavity (0) except for the explicit factor «7. 

Since Eq. 6-79 is variational, a linear change in w by dw is not created — 
by changes in the trial fields at fixed y, but only by a change of 9, dg. 
These two variations are related in Eq. 6-79 as 


Vv 
+2 | jopetinrer i, x (V x Erase? — W X Eig) 
S ; [ (eetrer + EG") + ig x (—jO@V x Evie dS (A-4) 


Two of the integrands cancel in these | integrals. With k = cr] we we 
D 
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divide both sides by 4wy, take the real terms and have (with m = BL) 
dw W, J i} aH) #5 A 4 
eS eH *eIP y V x EO éO-) *% Vx EO ae? aia dS 
6B) L 8am gk me ean Tu ue) ie 
= lene (A-5) 
The right side of Eq. A-5 must be the time-average power flow, P,,. 
In the single mode-pair case, 6) = v,é0), é&*) =v, 97a), and 
similarly for E‘+”, whereupon we obtain for P,, 
ee Pi May * sin ¢ upper sign, even-mode pair (A-6) 
4ou lower sign, odd mode-pair 
which agrees with direct evaluation of the Poynting flow in Section 4-4. 
In terms of all the solenoidal modes (irrotational modes are not included 
in the electric fields) the integral over surface D is written 


i (= ontere) x (x PV nF) + (s ont”) 
D n m 
x (s Pane tHe) | oHas (7) 


This may be cast into matrix form by defining these matrices: 


Mi 0 Mj; ee es 0 0 0 
>) eee 0 Mz 0 
M, = M3, 0 Mss ie ’ M, = 0 0 0 Seid (A-8) 


V = column (V;, Va, Vg, . - -) 
¥ = column (1, 0, . . .) 


P = diagonal (P,, Ps, . . .) 
with \ 
ry er ae | at) x AM” .7 ds 

D 


ce] 
T 
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the usual definition. The lowest-frequency passband is invariably char- 
acterized by an even mode-pair, so M,, is in the upper left-hand corner of 
matrix M,. The passband parameters and mode amplitudes are arranged 
in the order of even mode, odd mode, even mode,..., although their 
order on the frequency scale may be somewhat different. 

In terms of these matrices we can write the general power flow expression 
proportional to the quantity A-7 as 


Pay = re Re [—V‘P(M, — M,)v* sin y + jV’PM,,v* cos ¢] 
oy 
t, matrix transpose (A-9) 


Note that M, couples together only even modes and M, couples only odd 
ones. Equation A-9 agrees exactly with the power flow expressions as 
based upon some rather involved properties of the mode expansions. 


A-2. Derivation of the Pierce Equation for a Weak Beam 
Interacting with One Mode of a Slow Wave Structure 


Our definition of the adjective “weak”’ will be apparent shortly. Let us 
write the variational Eq. 6-45, augmented by the terms (a) and (6) on 
page 252 in the form 


DiyT)+| @*-J,dd = Diy) (A-10) 


D, includes the area integrals in terms of the unconjugated minus trial 
fields which propagate as «+! *?, and the plus fields which propagate as 
eT? in the presence of the beam. Surface D, contains the integrals on 
the discontinuity surface between inner and outer helix regions and the 
tape (or wire) surfaces. If the helix has axial period p, then the integrals 
are taken within a cross-sectional slab p axial units thick. Our final 
answer, in terms of the interaction between one circuit mode and the fast 
and slow beam modes, remains the same. 

We agree to use circuit trial fields which satisfy Maxwell’s equations 
identically in the presence of the beam, in the sense specified by these 
equations for the nth such mode: 


Vr x Ent. as Yi, x Cnt a —joph., 
Vr X Ay, — Ti, x hy, =joeé,, (no J term) (A-11) 


at every point of the inner region A;. Equation 8-18 furnishes an example 
of such trial fields for the inner and outer helix regions. Then D,(y, [) = 0. 
Propagation constant I’ is related to radial constant y as —[? — y? = k?, 
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Now in the process of determining the mode amplitudes so as to make 
I an extremum D,(y) evaluates in such a way that 


Dy) > Dy) =0 as J, +0 (A-12) 


because the “cold” circuit determinantal equation for I’, = j8, reduces to 
just D,(y,) = 0. This being the case, we can evaluate D,(y) in the presence 
of the beam as 


aD) | 
DA(y(T)) ~ —~ off’ == 1p; = 
(y(T)) = alu iren ( 1) (A-13) 
which is sufficiently accurate if the beam is weak and 


ees Dey): 
ol? |r, 

is negligible. We should add that both D, and D, are written with the 
amplitude of é, interacting with the beam as fixed reference. It now 
remains to relate this derivative of D, to that of D, and thence to the 
“cold” circuit power flow. 

Since 0D,(T)/0T'|,, is analytic as a function of l = « + jf and the 
mode amplitudes, it can be evaluated without the beam in the “cold” 
helix as 


aD) _ aD) 
ay or, 
To evaluate the latter derivative we have only to let the fields, I’, = 7f;, 
and w vary in Eq. 6-45 by dé_, and so on, 6f;, and dw. The field variations 
at fixed f, all cancel out and create no dw. Therefore the terms propor- 
tional to df, are equated to the terms proportional to dw as 


, @ fixed (A-14) 


Oe 6D, \55. — jo | eee ee dA aie (A-15) 
A; 
that is, 
oD: meg 4W, at the reference e, amplitude 
O(jB:) 9B, lo 
Since P,,, = W,(0w/0f;,) in the “cold” circuit we have 
a 

etl eee ADS 0 A-16 
a Ty ey ( ) 

The net result of Eqs. A-10, A-13, A-14, and A-16 is 
Nee AR | a* Sad (A-17) 

A; 


In the Pierce notation T — T, = —$,Cp(6p + jbp). 
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In Eq. A-17, J, = a,J, + aaJ, (J, may be taken = J,) and a, and a, 
were determined by Eqs. 8-10 and 8-12 to be 


[é: haa [é- Aaa 
(Oe — fad ee 5 a= 4 A-18 
; GB; — T)4Pay,1 : (iB; a, T)4Pav,2 ( ) 
Bs = Bar bas By = B. — By 


with neglect of the electromagnetic crosspower between each beam mode 
and the circuit field. It is now a straightforward task to insert Eq. A-18 
into Eq. A-17, use the relation P,,, = —P,,, between the power flows 
in the beam modes, together with the definitions of the Pierce parameters 
in Eq. 8-14, and thereby obtain the Pierce Eq. 8-15 for incremental 
propagation constant dp. 


Appendix B 


Measurement of Tube and 


Cavity Parameters 


B-I. Perturbation Formula for Electric Field 


To measure the magnitude of the electric field which can act upon an 
electron beam at a given point we can insert small objects and measure 
the perturbation in the resonant frequency of a section of the structure 
shorted at its symmetry planes. 

Maier and Slater [1] quote a number of formulas for the perfectly con- 
ducting prolate spheroid (needle) of semimajor axis a and semiminor 
axis b. If the electric field £, is parallel to axis a, then the resonant fre- 
quency of the cavity into which the spheroid is inserted changes from a 
to w given by 


2 2 = 
(Ba) 288 = Ara? | Bal? Fy = WP =O) 
Wo Wo 

where 

[eet av = 1 (B-1) 

$0 = Bx)* : 
F,= »  Bu=-—_ (M for Maier) 
a 


alae — 
ee 1 Bu 


If, instead, £, is perpendicular to semimajor axis a the formula is 


2 
0 


Gham 2 fe 
(E, 1 a) eh = —Ara* |B)? F, (B-2) 
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where 
F, = _. 11-3) a 
ov1— bu _ 1, (: +vi =f) 
Bu 1— vie 


If By < 0.2, then F, < 0.10F,. If the prolate spheroid becomes a sphere 
of radius a, Eq. B-1 applies with F, = 1. 

If a small cylinder of length 2a and radius b is used in place of the 
prolate spheroid, we can correct the formulas by multiplying by the factor 
3, which is the ratio of the cylinder volume to the spheroid volume. 

We may not be able to avoid measuring magnetic field along with electric 
field at a point. A perfectly conducting sphere placed at a point where 
the magnetic field is Hy will create a change of resonant frequency given by 

2 2 
oe = 2a | Ay, [ |A,|2 dv = 1 (B-3) 
Wo cav 
so that the net change of resonant frequency due to displacement of both 
E, and Ay by that sphere is 
2 2 
OOo = 2na(| Aol” — 2 Eo) (B-4) 

Wo 

Other formulas for the change in resonant frequency when a small 
oblate spheroid is inserted into a magnetic field, and when circular disks 
are inserted into electric and magnetic fields, are listed in Ref. [1]. 

When a small dielectric sphere of volume V and dielectric constant ¢, is 
inserted into an electric field E, of a resonant cavity the frequency changes 
from @, to w given by [2] 


o-@__ 3 8, |Le\ 2 SLES 


V ; .= 5 Eo 
I &y |£y|? dV Si Tee 
cav 


(B-5) 


Wo 


B-2. Definition of the Cavity Parameter R,,/Q 


This parameter specifies essentially the electric field across a cavity 
gap in terms of the stored energy. It becomes less meaningful physically 
and more a defined parameter as the gap widens. Across a narrow gap 
the equivalent circuit voltage is 


v=( E-d 
gap 
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Since Pay = |V?|/2R,, and Q = w,W,/Pay, Ginzton [3, p. 440] defines 


2 


me ez ad 
Q (2c W,) 


On the other hand, Chodorow defined voltage V for a ring-bar helix cavity 
of 27 electronic radians in length as 


L 
V=L i lé,(z)/? dz 
0 


(B-6) 


(see page 344). 


B-3. Helix Impedance Based upon Perturbation of 
Electric Field 


This section treats only the impedance measured along the axis, as due 
to the nonangularly varying modes in the helix wave of interest. The 
off-axis impedance is best measured directly by an electron beam (Section 
B-4). 

Ideally, we should short the output load of a finite section of “‘cold’’ 
helix so as to set up a standing wave such that e, = e,, sin Byz, where 
z = 0 at the load end of the helix and , is the (known) propagation con- 
stant of the predominant n = 0 mode of the wave being investigated. 
Jaynes [4] and Kino [5] have obtained the following formula for the 
impedance which we can modify for this problem: 


EON. 2 AB : 
ay 2B,°Pav  wB(e’ — wal B AN 


Here a dielectric rod of small radius b and relative dielectric constant ¢’ is 
assumed to be immersed in a uniform axial electric field. The magnitude 
of the perturbed E, field is taken equal to the unperturbed field through 
the rod. Here Af is the change in propagation constant induced. Now 
if the field is sinusoidally varying with a wavelength much greater than the 
rod radius we can replace the numerator in good approximation by 


0 
Cm sin? Boz dz 
ai 


and also replace Pay by W,v,, where the components of W, vary as sin® Boz 
or cos? Boz and v, = Aw/Af on the dispersion curve. Now define Aw as 
that frequency change necessary to correct for Af and restore the standing 
wave pattern before insertion of the rod. The f sin? 6,2 dz factor in the 
numerator cancels the corresponding factors in the denominator provided 
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the tube is an integral number of half wavelengths long and so we can 
write 
[EOP _ 4 (*2) 
W, (e’ — 1)egrb’\ w 
ee (*£), mks units (B-8) 
(e' —1)b*\f 


c being light velocity. This expression is independent of the precise length 
of the helix. 

We can correct the formulas B-7 and B-8 by inserting into the denomina- 
tors a factor which Lagerstrom [6] calls p,: 


Z, 0 (ob) 


=o B-9 
Pe (e — 1’ + ea 
where 
Pros 2 V’ as 21,(yob) ~ 
(yob)?I o(Yob)Ko(yob) Yobl o(Yob) Be 


Use of the p, factor still neglects the H,2 component of stored energy 
displaced by the rod; this error diminishes rapidly with decreasing rod 
radius. 

Suppose, now, a highly conductive rod of radius b is substituted for 
the dielectric rod. A formula of Kino [5] can be cast into the form 


ap = oeerb*lelvob) EOP 
Ty’Ko , Ho |A(0)? 
Igl,K, & |£,(0)|? 


According to the preceding remarks the interaction parameter can be 


converted into |E0)? _ 2(yob)* _Ko(yob) (*£) (B-11) 
W, eb” Io(yob)F x \ f 

Observe that, as rod radius b > 0, Ky) — o0 as In (yb) but Af/f goes to 
zero much faster. It may be to our advantage to use a rod of such size 
that the second term of F cannot be neglected. 

These formulas give us impedance Z = |E,(0)|?/2B,2Pay, since Pay = 
W,v, and v, is presumed known from the dispersion curve. Then the 
Pierce gain parameter Cp may be calculated as 


K 


(B-10) 


Fry =1- (K for Kino) 


Z |Iol 
CP = — B-12 
P 4U, ( ) 


U, being the d.c. beam voltage and J, the d.c. beam current. A relativistic 
correction factor R may be appended to J, according to Eq. D-12. 


toh gga 


— Or. 
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B-4. Helix Gain Parameter C, from the Kompfner 
Dip Condition 


Perhaps the best way to measure the impedance either on or off the axis 
of a helix is to insert an electron beam of small cross-sectional area and 
observe the behavior of the circuit field. Louisell [7, pp. 80-89] has 
discussed this matter completely and we shall only summarize the results 
here. 


1. Beam Interacting with One Mode of a Wave with Forward 
Circuit Power Flow (Positive Group Velocity) 


We adjust the d.c. beam velocity at the frequency of interest until the 
r.f. circuit voltage at the output end “dips” to a minimum. If the Pierce 
space charge parameter (QC)p is = 0.8 (with £,/8, = Cp\/4(QC)p) we 
can obtain a very accurate expression for impedance Z by assuming only 
the fast beam mode interacts with the circuit mode. Then the Pierce 
synchronism parameter bp has the value 


bp = —J4(QC)p (B-13) 


so that if a standing wave of n quarter-wavelengths exists on the helix, 
ee y2n+1 
(CpN)aip = J2 [4(0C) pl“ orm nv toma (B14) 


Here N is the electronic tube length, 6,L/27. 

If (QC)p < 0.8 or a more accurate expression for Cp is desired, we 
can use a curve of (CpN)qi, vs. (QC)p given by Louisell which accounts 
for the presence of the slow space charge mode. By estimating Cp we can 
determine (QC), and hence the value of (CpN),;, from this curve, cor- 
recting the initial estimate if necessary. 


2. Beam Interacting with One Mode of a Wave with Backward 
Circuit Power Flow 


Now the beam velocity and current are adjusted so a given length of 
helix just barely oscillates at the frequency of interest. If (QC)p = 0.8 
the slow beam mode is nearly in synchronism with the “cold” circuit: 


bp = +/4(QC)p (B-15) 
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It is rather easy to show from Eq. 8-12 that the three independent waves 
are exactly those waves of part 1 except that bp changes sign, dp changes 
sign, and the fast and slow beam mode amplitudes (but not the power 
flows P,,,, and P,,,5) are interchanged. Therefore we can say immediately 
that, for (QC) p = 0.8, Eq. B-14 again determines (CpN),,,; for(QC)p < 
0.8 we can use Louisell’s curve to determine C> self-consistently as before. 


B-5. Cp for the Cavity Chain 


For the cavity chain operated at a frequency within a rather narrow 
passband, Cp is defined in terms of the modes of that passband by Eq. 
8-37, in which the effective electric field acting on the beam across a 
cavity is 1] re 

Eer = — I e here dz 
L | Jo 
If the operating frequency lies close to the resonant frequency of the 
“straight-through” short-circuit mode, £, may be evaluated by either rod 
or small-object perturbation. £,L is nearly zero and there is no difference 
between £, and E,, in Eq. B-8. If the operating frequency falls near the 
center of the passband, E, is best determined at each point along the axis 
of one cavity by a small-object perturbation, whereupon EF, is obtained 
from Eq. B-16. If the operating frequency falls near the first open-circuit 
mode cutoff frequency, E, = e,, sin (7z/L). A rod measurement by 
Eq. B-8 of N cavities shorted at the first and last midplanes will yield 


(B-16) 


L 
2 ean 
nf Cm Sin” (72/L) dz Deas 
NW, W, 


provided the electric field pattern is normalized to the cavity volume. On 
the other hand the Pierce parameter involves E2,: 


L 2 2 
—iBe%— sin dz | cw Sm Lx 
[ dele (BL) 
Therefore the value of |£,(0)|?/W, obtained by a rod measurement of 
Af|f in Eq. B-8 must be multiplied by the factor 0.5 to obtain E2,/(W,/L) 
for the cavity chain. 


Ete = 5, 
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Appendix C 


Dispersion and E,(0)’/W, in the 
Cloverleaf Slow Wave Structure 


C-I. Dispersion Relation 


Within reference cavity (0) of Fig. 7-17c the 7 mode patterns are defined 
by 
Vxé,=p,h,  &, X #=0on outer slot surfaces 
Vxh 0 


on inner slot surfaces and center- - 
holes lying in the centerhole region (C-1) 


n, = p,€, Ca 


I @*dVi= | h,?>dV=7, cavity volume 
cav cav 


With the fields represented by é = v,é, and h-=i,h, in Maxwell’s Eq. 
4-33 we obtain, by the procedure of Section 4-6, these expressions for 
v, and i,: 


Pw, = : I Ex h,:- idS — joni, (C-2a) 
T JS+ 

Prip = + é, x H-AdS + jwev, (C-2b) 
TJCS+t 


in which CS+ denotes the inner slot and centerhole surfaces belonging 
to the centerhole region, and S+ denotes the outer slot surfaces where F is 
given by 

Evan ON (S4) = 0,-€,. on(S—);  =0,,2, on(S+)  (C-3) 
in terms of the “slot” modes. We distinguish the two slots opposite each 
other in the lower sketch d of Fig. 7-17 because the periodicity operation 
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involves both a translation and a rotation by +45°. H on (CS+) is given, 
as usual, by the “cavity” » = 0 mode as 


Aan on (CS) & I(e*? + 1)A (C-4) 
because H,(x, y) is primarily in the same angular direction on both sides 


of each centerhole region (CS+) bounding cavity (0). 
If we substitute Eqs. C-4 and C-3 into C-2 and define 


M.,=+ | Cx Ay ids > 0 
center 


- 
region (C-5) 
1 - ; 2 Z ; ; 
M, (one slot) = - I é,, x h -i,dS > 0, for either sign choice 
T JS+ 


(where the first integral may be extended over the whole slot plane and 
the second one over the whole length of one slot because H, x i, = 0 is 
zero on the outer slot surfaces and h, x i, = 0 oneach inner slot surface), 
then with the relations 
é,_(«, y) = é,,(z,y) in Fig. 7-17d 
h(x, y) on (S—) = A(x, y) on (S+) 
along the long axes 
E(x, y) = —&(a, y) Fig. 7-17¢ (C-6) 
on one center region _on the center region 
a period away. 
we obtain Eq. C-2 in the form 
Pa, = (Vv, — 0,,)M,S — joi, (C-7a) 
Priz = —M, (1 + 008 ply + jorer, (C-76) 
S being the number of slots in a slot plane. In the single-passband approxi- 
mation the magnetic field expressions i,h, and J,H, are considered equiv- 
alent within the cavity proper and so i, = U,J). Then Eqs. C-7 combine 
to yield a single equation for ,: 
[(p,? a k*)U, se PM. + cos ) li, = joeM,S(v,_ a Vs4) (C-8) 
The fact that the total slot excitation in a slot plane is S times the excitation 
of one slot may be verified from the relation between v,_ and v,, of the 
slot opposite, derived next. 
Within the (S—) slot region shown bounded by magnetic shorting planes 
(B,) and (B,) in Fig. 7-17d we define the (S—) “‘slot’”” mode as 


V x é,_ = pshy_ 
V x h = pe, 
é,_: # = 0 on surfaces (B,) and (Be) of Fig. 7-17; (C-9) 


{ é, dV = h,*dV=7, also the slot cell volume 
cell cell 
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Instead of Eq. C-2 we now obtain for v,_ and i,_, 


Pv. = —j Wpbig_ 
Dji-_ = : | é,_ xX H-ndS + jwev,_ (C1) 
7 JB1,B2 


HZ is given by the “cavity” ~ = 7 mode on the cavity midplanes (B,) and 
(B,): 


Aan 00 (By) = i,e*h; on (Bz), = i,k? (C-11) 
Since Fig. 7-17¢ shows Ao", y)|m = —h(, y)|z2 we obtain, from 
Eqs. C-10 and C-11, 
pie . . j , 
y, = —loumni Al +) (C-12) 
(Ds. aa k*) 
m, = 1 i é,_ x Ao 4d (C-12b) 
T JB2 


Now if we determine amplitudes v,, and i,, of the (S+) “slot”? mode 
excited on planes (B,) and (B) we find 


V.4, = —v,_€ 7? (C-13) 


the extra minus sign arising from the rotational effect. It follows that two 
adjacent slots in the same plane excite the cavity with opposed electric 
fields, but since the 7 mode pattern h, along the slot axis also reverses 
direction both slots have twice the effect of one slot. 

Now when we substitute Eqs. C-12 and C-13 into C-8 we obtain disper- 
sion relation 7-34 of the text, for which the effective cavity-slot coupling 
coefficient m,,” was defined as proportional to M,m,. 


C-2. Interaction Parameter, — 
xs W, 


I . |E,(0)|? dz 

At frequencies near the a cutoff where the structure is operated as a 
beam amplifier, axial electric field pattern £, is given by the cavity 7 mode 
aS U,€,, > V,zlm Sin (7z/L), where v, phase shifts from cavity to cavity. 
We choose to measure total time-average stored energy as LPay/u,, 
Pay being the total time-average power flow given by Eq. 7-35 and v, = 
Ldw/dy as obtained from dispersion Eq. 7-34. After we relate amplitudes 
v,_ and i, to v, by means of Eqs. C-12 and C-7, with I, ~ 7,, we can put 
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the interaction parameter into the form 


Interaction parameter near 7 
2 =] yh ae 
oc E oe a (1 + cos ®)| . : ok PrMes 
Ps — ok — M.s[P; + M,,(1 a5 cos @)] 
a2MmS ___ ms" 
Ree pee 
This expression was plotted in Fig. 7-19 with the point “fit” to the 
measured parameter. The values of M,, and m,,2 were chosen so that the 
calculated and experimental w-¢@ curves of Fig. 7-18 agree at the p = 0 
and 7/2 points. 


k2 
(C-14) 


Appendix D 


Development of the 
Small-Signal Beam Equations 


We shall write the beam equations in transmission line form so as to include 
relativistic corrections to the Chu kinetic voltage and the characteristic a.c. 
admittance, Y5. 

The laboratory coordinate system sees each electron with a velocity 
ti(z, t) = ii,(z) + Re [6,(z) &/”]. The force equation is 


< (in) = —eE., e>0O (D-1) 
We let 
mi(z, t) = mo(z) + Re [1,(z)e?"] 
E(z, t) = E,(2) + Re [E,(z)e] 


with 7, 6,, and £, complex amplitudes. Only Re [/,</”] has physical 
meaning. Amplitude /, is related to 6, by differentiation: 


(D-2) 


n2\—1¢ 
m= moo _ ) Z Moo, the rest or proper electron mass (D-3a) 
; c 
2 ( y 
My, = Mob, —(1 -—— D-3b 
1 0071 A oy} tleom ( ) 


Substitution of Eq. D-2 into D-1 and separation of zero-order from first- 
order a.c. terms, with neglect of products of a.c. terms, yields 


18.6) a8 2] (- ae Upb — Be u] 
2 e e 


A 


Mm, Ou . Ugom 
ey 0G pect tt, 


=f, (D-4 
e a se Oz x ( ) 


bt 
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where £, includes any space charge field, of course. Now, because of 
Eq. D-36 and the fact that 


amy 7) ( “y" OUuy 
—! = m,—(1 —— pes! 
dz du c*) lu=u O2 
the last two terms on the left side of Eq. D-4 cancel. We then define the 


relativistic Chu kinetic voltage in parentheses as 


(D-5) 


2/2 
V,=— Zo oh (1 So iB ) ar ne ob, (D-6) 
e 1—uy/c e 
with as 
mg = moa _ 4 ; the longitudinal mass 
c 


Moo; the rest or proper electron mass 


Our first relativistic beam equation therefore has the usual form with the 
kinetic voltage defined in Eq. D-6, 


0\n A 
(18. =e =) V, = £, (D-7) 
Oz 
In deriving the second beam equation from the current and continuity 
expressions 7 7 
j= Por + pit (D-8) 
os ’ 
Pd mk aR ed ue (D-9) 
Oz 
we eliminate p, and reach the form 


inca + 2] saens(t 8) 


€Po 
2 
MgEUg 


with 


Bes = 


which is one way of writing the space charge factor multiplying V, in 
this beam equation. We can write it another way by introducing the 
energy conservation relation 


a —4 

MopC” + eU, = MC = moa? ae us) (D-10) 

so that an alternate way of writing the differential equation for J is 

fy gee 5 — Bald 
—|f=+2** RY, D-11 
( B e a Oz 2 Uo k ( ) 
with R, the relativistic reduction factor, given by 
2/2 

Rs 2Uo Laue (D-12) 


Uy + imoge*/e Ug |[c 
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and ; 
Mook = 505 kv 
é 
For a 60 kv beam, R = 0.885. 
Our second beam equation is Eq. D-11, in which admittance Y, can be 


considered reduced by factor R: 


: Oh ote 5 
(16. + 2) J= FJYoRBV;, (D-13) 
with ere 
Y), a.c. beam admittance, = = —* — 
2. thy 


If we solve Eqs. D-7 and D-13 for the “free” space charge modes which 
can exist if the space charge E, is proportional to J at every point, we find 
that the constant of proportionality is such that ~ 


E, (space charge) = j a BS, ~2q neee (D-14) 


the propagation constants being f, + ,. 

In these equations £, is the reduced plasma propagation constant in the 
laboratory coordinate system. To obtain the relativistic correction to it 
we can start with the ordinary reduction factor w,'/w,’ as evaluated in the 
frame of reference moving with velocity wu. In this frame w,’ = |epo / 
Moo€o|%. The actual plasma resonant frequency, w,’, is related to w, in 
the laboratory coordinate system as 

Yee +48 4 
= og (1 _ 4 (D-15) 


while w,,’ = w, because both py’ and mass my = My transform the same 
way. Therefore f, in the laboratory system is found to be 


w a ug)” 
Ante, on o,(t 1 
0 
aig (D-16) 
ga (aad 
>= 
Mo€o 


and the relativistic effect is evident. 

By treating the beam as a medium supporting elastic forces we find upon 
transforming the longitudinal equation of motion from the rest frame of a 
unit volume of the beam to the laboratory frame, that the elastic or space 
charge stored energy contributes to the mass. However, the contribution 
is extremely small, being about a fraction 


2 2\-4 
: (2) (1 i He , 04, a.c. velocity (D-17) 
(6 6 


of the mass and is therefore neglected in the force equation. 
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Solution of the 
Beam and Cavity Equations 


We shall obtain equations for the circuit electric field amplitude v and the 
kinetic voltage V,(0) and current density J(0) entering the cavity of refer- 
ence phase zero. The basic equations, in terms of the one open-circuit 
solenoidal cavity mode, are 


[p? — k® + pM(1 + cosh y)]v = — EE 2 | J-é,dA dz (E-1a) 
(18. + £) Pie) = v6, + i20P.I0) (E418) 

c Oper 
(18. + 2) J@ = 187.) (E-t0) 


in which we select the upper sign prefixing cosh y for a passband of even 
e, Symmetry. The last term of Eq. E-1b is the space charge electric field, 
with Z) = Y,1 a positive number. 


E-I1. Uniform Field Pattern é, 


If V,(0) and J(0) are the beam excitations entering the cavity at z = 0, 
the solutions to Eqs. E-1b and E-Ic are 


Pele) = [ (70) + PsP) cos Be 
+ j2a( JO) tit ea Bs Ba ai ae ve] sin Bz |e ab ee eee (E-2a) 
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io) Lix( 70) ui yee ye: 


é q 


ce | J0) + Nighi ve cos pale rea (E-2b) 


For periodic systems, 
VAL) = V,{0)e?, JIL) = JOE, (E-3) 
with which Eqs. E-2 multiplied by «’” read, at z = L, 
V,(0)(e7+ — cos 6,) — jZpJ(0) sin 6, 


= +0 sibs s(eos 6, +f a sin 6, — o*), (E-4a) 
(| e 


—V,(0)j sin 6, + ZoJ(0)(e~? +3 — cos 6.) 


= +0 eb sin 6, + =! (cos 6,- | (E-4b) 


B. ri By e 
The solutions to these can be abbreviated as 
V,(0) = Av, JO) = Bo (E-5) 
where 
A= —tibs | (a — cos 6, —j 9 sin 6) (c?*# — cos 6,) 
i(B. = po) 6, 
+ j sin 6, oa (e —j sin 0, — cos 6.) ||D\*  (E-6a) 
e qd 


eB eYo | —y+I0 0 ( j0 UP . 
B= —*47— r+99e __ cos 0.) —2[ ee — j “sin 6, — cos 8 
i(B. a B,’) & ? 6 3 : 6, : 


é 


+ j sin 6,(€* — cos 0, —j - sin 6.) ||D\|-* (E-6b) 


|| D|| = («-?*# — cos 6,)? + sin® 0, (E-6c) 

When we substitute Eq. E-2b into the right side of Eq. E-1a, integrate, 
and use Eq. E-3, we obtain, after making the approximation (,/8,)? 1, 
[p? — k® + pM(1 + cosh y) + é,Jo + V,(0) 2MeeAo%e 


- (jBq cos 0, — Be sin 0, — jB,<%*)e* — J(0) lente 
? (B, sin 6, See iB. cos 6, + iB .<* eqs =0 (E-7) 
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in which 
2 
é, = P°Cate| Oe + (2: (sin 6,—j Be cos 6) 
6, 6, 
94 40 as : 
+ 2] a oo > (j8, cos 6, — 6, sin 8,)| (E-8a) 
and ’ ; 
2 
C;' = are : A, being the beam area (E-8b) 


Equations E-4 or E-5 and E-7 furnish a set of three equations for the 
three unknowns 2, V,(0), and J(0); the determinant of the matrix of their 
coefficients set equal to zero gives us the determinantal equation for the 
allowed values of y: 


[p° oe ee pM(1 + cosh y) a & heat at — erent = ei) 
+ 2C,°p(e7* — cos 6,) [ sin 6, + =! (cos iy es | 


x [es sin 0, — j(cos 6, — ty lem + Cp,*p* sin 0,< 7% 
: 6 @ 6 oi 
Xe { (cos 6, — ee 4 j @. sin 6, + f sin 6, + a (cos 6, — 25) =0 


(E-9) 


This equation was solved on the computer as a function of Cz, 9,/6,, 
6,, and M/p. 


E-2. Sinusoidal Field Pattern é, = e,, sin (7z/L) 


The solutions to Eqs. E-1b, c are now 


P(e) = |P(0) + cee = eer al| 


peacos B.ze *Fs* 


re (i200) 3 Mea : ee rr Sarl 


xX sin pect 
a Be + a/L eita/L Be oe, a/L eT melL 
+ Area (8. + mIL) — Be (6, — n/L) — Be 
(E-10a) 
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Ja = (40) ae Ben thl papa zy en El 


x cos pze Ut 


B, + 7/L B= aL i} 


¥,[ PO) + 4oeq| Bet ai 
Pl | (0) + 4ve ree (B, — 7/L)? — Be 


x sin Bze Pe 


1 1 
—4ve,,Yob a eim2/L sss aes 
SLB, + a/LY — Be (8, — m/LY — B | 
(E-10b) 
in which we have made no assumptions about 6,/0,. 
With the abbreviations 
6,+7 6, —7 
= eo E-11la 
(Gym) 04° (Oa 7)" ms 0, \ 
: : (E-11b) 


Qa = ———————— OOO 
(6, ae m)> aa b (6, a mm) rad De 


we can evaluate V,(L) and J(L), use Eq. E-3, and write the equations for 
V,(0) and J(0) in the form 


V,(0)(cos 0,¢77 — €~”) + jZyJ(0) sin 6,€7% 

= —4ve,,L[.A(cos 6, + 1) + j0,F sin 0,<] (E-12a) 
V,(0) j sin 0,e-** + ZoJi (0)(cos 0,<~** — €~”) 

= —4ve,,L[0,B(cos 6,< 7 + 1) +j¥ sin 0,<*] (E-12b) 


When we integrate the right side of Eq. E-la with the use of Eq. E-10b 
and also employ Eq. E-3 we obtain the following circuit equation: 


[pt — Papeete eee 1,0) 
as iOpen pea: (e100 6o 
a 640,723 = scart tay ene | = 0 (E-13) 


a 


Ta ee a ee oe 
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in which 
Bee \pcop ee 
meine 
ele eat por ca ow) 


and Cp." is now defined as 


ae! CMC m Ay Yo 


553 (dimensionless), A, being the beam area 
p’B.T 


Czs 
(E-14b) 
Equations E-12 and E-13 are three equations in the three unknowns 


v, V,(0), and J(0); the determinant of their matrix of coefficients set equal 
to zero gives the following determinantal equation for the allowed y: 


[p> — k? + pM(1 + cosh y) + &,][(cos 0,<- 7 — <7)? + sin? 0,<77"] 


° Crs p07 


+j (cos 6,€%% — €)\(X,X_ + X3X4) 


4 Cathe sin 0,¢7#*(X,X5 + X,X,) = 0 (E-15) 
Here 

X, =A(cos 0,6 + b) + j0,B sin 0,< 

X, = —A(cos 0. + 1) + j sin 0,6 

X, = &(e cos 0, + 1) —j sin 0,De™ 

X, = 0,2(cos 6,<** + 1) + jV sin 0,6 


1 1 
in (6, t 6)” —7 4 (6, rp 64)" —7 
1 1 


‘s (6, + 04)" —7 4 (6, =e 6)" —T 


This determinantal equation remains well behaved even if 0, + 0, = 7. 
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table of integrals of, 176 
ordinary, 192 
Bethe, H. A., 65 
Bethe theory, 65, 294 
Bevensee, R. M., 102, 137, 
160, 221,9259;.341.. 44 
Birdsall, C. K., 181, 189, 251, 424 
Bisecting plane, transverse, 92, 122 
Bloch, F., 396, 402 
Bloch equations of motion for magneti- 
zation vector, 402 
Bloembergen, N., 394 
Brewer, G. R., 251 
Brillouin, L., 14 
Brillouin zone, 14 
Broadening, homogeneous, 396 


147-149, 
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Buncher power, 348 
table for beam amplifier models, 349 
Butcher, P. N., 51 


Campbell, G. A., 19 
Capacitance, slot, 210 
Carlile, R. N., 385 
Cavities, amplifier input, 329, 355, 356 
amplifier intermediate, 328, 355, 356 
amplifier output, 328, 357 
buncher, 347 
input in parametric amplifier, 383 
optimized output, 335, 347 
two coupled, 83 
waveguide section, 132 
Cavity chain, centerhole-coupled, 13, 
24, 72, 95, 96, 103 
centipede, 227, 236, 340 
cloverleaf, 112, 238, 340 
heavily coupled, 34 
lightly coupled, 34 
nonsymmetric, 118 (Prob. 6) 
resonant-slot coupled, 103-105, 138, 
207, 215; successive slots rotated, 
216 
S-loop coupled, 229 
symmetry, 24, 102, 122, 199 
U-loop coupled, 227 
Cell, “cavity,” 105, 221 
“loop,” 230 
msiOt,, wLOos 221 
Centipede chain, dispersion, 237 
interaction parameter, 237, 242 
modes, 230 
schematic, 236 
cgs system of units, 71 
cgs-mks conversion, 71 
Charge, magnetic, 66, 68 
Chodorow, M., 115, 188, 189, 238, 343, 
409 
Chu, E. L., 188-190, 409 
Chu-Schwinger method, 73, 191 
Circuit, amplitudes, open-circuit mode, 
113, 114; short-circuit mode, 112, 
113 
aperture in waveguide, 32, 116 
effect of beam, 113, 115 
equivalent, 32 


Circuit elements, aperture in wave- 
guide, 32, 81 
cavity chain, 112, 114 
Circuit equations, cavity chain and 
beam, 258, 260, 266, 276, 321 
parametric amplifier, ferroelectric, 
368; ferromagnetic, 389 
Cloverleaf chain, dispersion, 240 
interaction parameter, 241, 444 
modes, 238, 239 
schematic, 238 
Collin, R. E., 78 
Commutator bracket, 399 
Completeness of field expansion, 124, 
134, 165, 417 
Condon, E. V., 24 
Continuity of fields across round hole, 
66, 74, 77 
Continuity of trial fields, cavity chains, 
196, 201, 202, 419 
helices, 168, 176, 179, 419 
Coupled-coaxial-cavity amplifier, para- 
metric, 384 
Coupling, beam-circuit, 112 
between cavities, 122 
“cavity” to “loop” modes, 232 
“cavity” to “slot” modes, 224 
field to wall loss, 398 
hole input and output, 317 
loop input, 302 
loop output, 311, 314, 328 
secular or time average, 387 
symmetrical, 122 
T, or molecular-lattice, 396 
T, or molecular-molecular, 396 
Coupling coefficient, C,(uniform E,), 
109, 110, 277 
Cz, (sinusoidal E,), 109, 110 
Cp(effective E,), 261, 276, 440 
Cp measured by Kompfner dip, 439 
Cp(Pierce), 276, 438 
corrections for other modes, 263, 266 
parametric, 371, 373 
resonant-slot coupled chain, 212 
Coupling integral, 80, 81, 87, 89, 94, 98 
Craig, R. A., 115, 238 
Crosscoupling, “cavity” and S-“loop” 
modes, 232 
“cavity” and “slot” modes, 224 


Crosscoupling, cloverleaf chain, 241, 
444 
on surfaces between cavities, 142, 
331 
Crosscoupling coefficient, centipede 
chain, 233 
cloverleaf chain, 241, 444 
resonant-loop coupled chain (S- 
loops), 232 
resonant-slot coupled chain, 224 
Crossenergy, of “cavity” and “slot” 
modes, 226 
Crosspower, between “cavity” and 
“slot” modes, 226 
between circuit and beam modes, 249 
between waves in beam tube, 295 
Current, beam, 351 
surface, electric, 76, 319; magnetic, 
66, 69 
Curie, MO R., 377 
Cutler, C. C., 181 
Cutoff frequency, “loop” mode, 228 
open-circuit mode, 124 
short-circuit mode, 124 
“slot” mode, 104 
tape helix, 46 


Damping in ferrite, 389 
Decay constant, cutoff waveguide mode, 
33 
due to wall loss, 319 
stopband of cavity chain, 100 
Delta function, Dirac, 30, 160 
Demagnetizing factor in ferrite, 388 
Density matrix, 396 
Density operator, 397 
Determinantal equation, see Dispersion 
equation 
Dipole moments, elliptical aperture, 78, 
79, 86 
Dirac, P. A. M., 396 
Discontinuity, aperture in waveguide, 
30-32, 80-83 
obstacle in waveguide, 30 
reactive cavity, 307 
Dispersion curve(s), 7, 14, 15 
branches, 14 
cavity chains in general, 103, 140 
centerhole-coupled chain, 13, 34, 193 
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Dispersion curve(s), centipede, 237 
cloverleaf, 240 
contrawound helix, 189 
lumped-loaded transmission line, 161 
parametric amplifier chain, 382 
resonant-loop coupled, 228, 231-233 
resonant-slot coupled, 212, 216, 227; 
successive slots rotated, 216 
ridged waveguide, 56, 60, 193 
ring-plane helix, 182 
shaping, 425, 426 
sheath helix, 43 
table of properties, 103 
tape, helix: 4,745, f72, 1775 178 
tape ladder lines, 53 
Dispersion diagram, 45, 189 
Dispersion equation, centipede chain, 
238 
chain and beam, sinusoidal cavity 
field, 299, 453; two mode-pairs, 
261; uniform cavity field, 276, 451 
cloverleaf chain, 241, 442 
complex propagation constant in 
beam tube, 250, 254, 432 
first stopband of cavity chain, 100 
general cavity chain and beam, 255, 
259, 266 
general “cold” chain, 267 
lumped-loaded transmission line, 34 
modified for wall loss effect, 321 
one passband of cavity chain, 34, 99, 
101, 142, 145, 147, 198, 199 
parametric phase shift, 371 
Pierce, 25152555, 2594 260.8266, 432 
resonant-loop coupled chain, S-loops, 
233, 427; U-loops, 227 
resonant-slot coupled chain, 211, 214, 
219, 224, 425; and beam, 263, 264; 
successive slots rotated, 219 
ridged waveguide, 193 
ring-plane helix, (++) wave, 184; 
(+—) wave, 186 
sheath helix, 43 
single mode-pair, cavity chain, 34, 
99, 101, 107 
trough waveguide, 56 
two mode-pairs, beam tube, 
“cold” chain, 142, 143, 145 


263; 
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Dispersion equation, unifilar tape helix, 
predominant n = 0 mode, 48, 179, 
180; predominant n 4 0 mode, 174 

Divergence identity, 128, 145, 156 

Dyadic, Hermitian, 369 

permeability, 369 
permittivity, 369 
susceptibility, 389 


“Easitron” structure, 51 
Eggimann, W. H., 75, 77 
Eigenfield, 417 
Eigenfunction, of Helmholtz (wave) 
equation, 155, 158 
of Schrédinger equation, 397 
Eigenvalue, 155 
Electric field, effective, 260, 277, 299 
Electromagnetic operation, ferromag- 
netic parametric amplifier, 387, 
389 
Elliptical coupling hole, 77 
Energy, magnetic dipole, 398 
stored, 108, 413 
theorem, 17 
velocity, 18 
Energy levels, molecular, 395, 398 
Englefield, G. C., 124 
Equivalence principle for cavity chains, 
265-267 
Equivalent circuit elements, aperture, 
32, 81 
cavity chain, 113, 115 
Error, mean square, 153 
Buller; Ls, 15 
Everhart, T. E., 50, 181, 189, 424 
Excitation, antisymmetric, 30, 31 
beam in cavity, 276, 326 
symmetric, 30-32 
waveguide aperture, 32, 81 
Expansions, adjoint field, 246, 253 
contrawound helix, 189, 411 
Fourier, 154 
irrotational modes, 135, 208 
mode-harmonics, 14 
nonuniqueness, 132 
open-circuit modes, 123, 125, 130 
parametric amplifier fields, 369 
ridged waveguide, 58 


Expansions, ring helix, 183, 185 
sheath helix, 42, 44 
short-circuit modes, 123, 125, 129, 
208 
solenoidal modes, 124, 137, 208 
standing wave form, 9, 23, 35, 123 
tape helix, 172, 173 
tape ladder lines, 54 
TE field, 14, 28 
TM field, 14, 28 
traveling wave form, 9, 23, 28, 41, 58 
Expectation value of operator, 397 


Faraday’s law, 316, 329 
Feher, C., 394 
Felsen, L. B., 80 
Ferrite, 387 
Feshbach, H., 24, 107, 159, 417, 419 
Field expansions, see Expansions 
Filter, lumped-element line, 16, 19 
Floquet theorem, 9 
Forbidden zone, helix, 44, 45 
Fourier series, 6, 23, 153 
Frequency, cutoff, 19, 24, 27, 28 
molecular transition, 395 
operating, 271, 275 
plasma, 109 
precessional in ferrite, 387 
pump, 362, 368, 395 
reduced plasma, 109; relativistic cor- 
rection to, 448 
resonant, 24, 224, 229 
Frequency-squared sum rule, 145 
Fundamental propagation constant, 4, 
6, 9, 11945 


Gain, electronic, 108 
impedance wall effect, 320 
in beam amplifier, maximization, 
108; optimum, 288, 297 
insertion (parametric chain), 384, 
385 
single-sideband in parametric ampli- 
fier, 367 
transducer, 337, 349 
unilateral, 381 : 
Gain-bandwidth product, of beam am- 
plifier, 336, 343 
of parametric amplifier, 375, 384 


Gain of beam amplifier models, defini- 
nition, 337 
effect of intermediate cavity loading, 
345 
gain and input Z, synchronously 
tuned, 338-340; stagger-tuned, 346 
table of buncher powers and band- 
widths, 349, 350 
Gain parameter, C,(uniform E,), 109, 
OS 277 
Cz, (sinusoidal E,), 109, 110 
Cp(effective E,), 261, 276, 440 
Cp(Pierce), 276, 438 
corrections for all the modes, 263, 
266 
measurement, 439 
relation between Cp and Cp, 278 
Gain-passband width conservation rela- 
tion, parametric amplifier, 375 
Gate functions, 420 
Generator, current, 302 
Ginzton, E. T., 437 
Goblick, T. J., 161 
Golde, H., 344 
Gould, R. W., 377 
Grabowski, K. P., 381 
Green’s function, 67, 73 
Green’s function technique, 191 
Green’s vector theorems, 84, 187 
Group theory, 122, 411 
Group velocity, 5, 7, 16,.17, 108 
Growing wave, effect of impedance 
walls, 320 
Growing wave excitation, beyond de- 
tuned cavity, 308, 309 
in first cavity of amplifier, 302, 304, 
305 
Growth factor, beam amplifier wave, 
247, 259, 281-290, 295-301 
effect of impedance walls, 318, 320 
parametric amplifier wave, 374 
Gyromagnetic factor or ratio, 388, 401 


Hamiltonian or energy operator, 397 
of cavity chain and molecules, 398 
of field energy, 398 
of field-molecular coupling, 398 
of molecular-molecular coupling, 398 
of molecule, 400—402 
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Hansen, W. W., 190 
Harmonic, parametric pump, 369 
spatial, 6, 14, 47, 58, 193 
Haus, H. A., 245, 364 
Heisenberg description, 396 
Heisenberg equation for operator, 397, 
399, 401 
Helix, bifilar tape, 49, 50 
contrawound, 188, 189, 408 
multifilar, 49 
quadrifilar, 49 
ring-bar, 344 
ring-plane, 181, 182 
sheath, 40—44 
unifilar tape, 10, 44, 167 
Helmholtz (wave) equation, 106, 127, 
155 
Bitter, Re Gab= 4, co 


Impedance (inverse of admittance), 
beam, 246, 248, 448 
cavity output, 311, 316 
first cavity input, 334, 341 
ideal, 414, 415 
interaction (correction to measured), 
438; (measurement), 437; (para- 
metric chain), 374; (single mode- 
pair), 415 
interaction or Pierce, 50, 265 
match to backward wave, 315 
match to growing wave, 312, 322 
(Prob. 10) 
normalized cavity output, 316 
Pierce or interaction, 50, 265 
ring-plane helix, 181, 185, 186 
transverse, 56 
unifilar tape helix, 178 
waveguide mode, TE, 28, 82; TM, 
28, 82 
Inductance, slot, 210 
Input cavity excitation, beam amplifier, 
302, 329 
buncher cavity, 355 
parametric amplifier, 383 
Interaction parameter, 413 
centipede chain, 237 
cloverleaf chain, 241, 242, 444 
ideal, 413, 415 
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Interaction parameter, measurement, by 
perturbation, 234, 438; correction 
to, 438,440 
resonant-loop coupled chains (S- 
loops), 234, 235 
resonant-slot coupled chains, 214, 234 
Inversion of 7-cutoff point, 233 
Inverter operation, parametric, 363 
Irrotational electric field, 275 
Irrotational mode, 127, 132, 134, 137, 
215, 265 


Jaynes, E. T., 437 
Johnson, H. R., 50 


Kahn, W. K., 80 

Kinetic voltage, 446 

Kino, G. S., 208, 437, 438 
Kirschbaum, H. S., 57 
Kompfner dip, 439 


Ladder line, tape, 51 
Lagerstrom, R. P., 438 
Lagrange, 19 
Linear accelerator, Stanford, 86 
Load, capacitive on transmission line, 
22-923 
external cavity, 311, 312, 316, 329, 
345 
inductive, 312-315 
intermediate cavity of amplifier mod- 
els, 345 
matched, in beam amplifier, 311-318; 
in parametric amplifier, 383 
maximum power in beam amplifier, 
313 
normalized external cavity, 316, 331 
Loop excitation of maser cavity, 399 
Louisell, W. H., 256, 361, 367, 439 


Magnetic field in ferrite, 388 

Magnetic moment operator, 395 
equation of motion, 401 

Magnetization vector, 364, 387, 388 

Maier, L. C., 435 

Manley, J. M., 364 

Manley-Rowe relations, 364, 371 

Marcuvitz, N., 27, 80, 81 

Marcuvitz-Schwinger technique, 27 


Maser, cavity chain, 394 
Mass of electron, longitudinal, 447 
Matched load, “cold” circuit, 312 
“hot” circuit, 312 
input cavity, 311, 315 
output cavity, 311 
Maxwell’s equations, cgs units, 67, 390 
mks units, 2,514) 2426s to 
166, 246, 370, 417 
Meander line, 37 
Meixner, J., 70 
Membrane, circular, 159 
Microwave amplifier, 1, 270, 323 
Midplanes, cavity, 122 
Mixer operation, parametric, 363 
mks system of units, 71 
Mode, amplitude, 24, 26, 28, 35, 84, 
110 
“cavity, 96; 105s38e 2072 etn eee. 
229, 233 
classification, 139 
cloverleaf chain, 239 
“coupling,” 138 
cutoff, 81 
dic:, 127 12832 
definition, 3 
dominant TM, 84 
even symmetry, 123 
expansions, 3) 5,6, U1lp 125553102 
fast beam, 245, 248 
faster than light, 12 
irrotational, 127, 132513848 18722153 
265 
“loop, 229), 230235 
magnetostatic, 388, 392 
odd symmetry, 123 
open-circuit, 22, 24, 26, 35, 64, 87, 
96, 110, 258 
parametric amplifier, 366, 369 
pattern, see Pattern 
resonant cavity, 6, 25, 65, 139 
resonant frequency, 258 
resonant on transmission line, 21 
short-circuit, 22, 24, 26, 35, 96, 258 
“slot,” 104, 105, 138, 207, 222, 443 
slow beam, 245, 248 
solenoidal, 125 
space charge, 274 
spin, 388 


Mode, “straight through,” 24, 72 
symmetry, 123 
TE,9, 31, 84 
waveguide, TE, 14, 27, 31, 80, 88, 
Va2s LM, 14, 27 
Mode-harmonic, 14, 36, 124, 189, 193 
Momentum, angular, 401 
Morse, P. M., 24, 107, 159, 417, 419 


Neumann function, 12, 192 

Noise figure, parametric amplifier, 367 

Normalization of patterns, 96 

Normalized parameters for cavity chain, 
330 


Obstacle, waveguide, 29, 30, 82 
Oliner, A. A., 56 
Operator, electric and magnetic fields, 
397 
field-wall loss coupling, 398 
Hermitian, 397 
magnetic moment, 395 
see also Hamiltonian, Energy opera- 


tor 
Operator equation of motion, fields, 
399, 400 


magnetization vector, 401 
molecular Hamiltonian, 402 
Orthogonality relations, beam modes, 


250 

between irrotational and solenoidal 
modes, 129 

eigenfunctions of scalar wave equa- 
tion, 158 


irrotational modes, 128 
magnetostatic modes, 393 
solenoidal modes, 126, 127 
Orthonormality relations, irrotational 
modes, 128 
solenoidal modes, 127 
waveguide modes, 30 
Oscillation, “cutoff,” 336, 340 
Output cavity, optimized, 347 


Parametric amplifier, ferroelectric (ex- 
perimental), 384; (theoretical), 
368 

ferromagnetic (electromagnetic oper- 
ation), 387, 389; (semistatic opera- 
tion), 387, 391 
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Parametric TEM line, 362 
Passband, 15, 35 
peavity,a 102. 207, 224902740240 
“loop,” 227 
eslotss 10579207) 25,2245 240 
Passband parameter M, 98, 101, 105 
Passband width, 108, 278, 334 
Pattern, beam mode, 248 
“cavity” (open- or short-circuit) 
mode, 25, 36, 84, 95, 96, 110, 224, 
248, 278 
irrotational mode, 127 
“loop” mode, 230 
“resonant” mode, 26 
“slot” mode, 104, 222, 239 
standing wave, 22, 23 
waveguide mode, TE, 28; TM, 27 
Pearce, A. F., 228, 233 
Periodicity theorem, 9, 11, 97 
Periodic length, 6, 9 
Permeability, dyadic, 125, 369 
scalar, 125 
Permittivity, dyadic, 125, 369 
pumped component, 369 
scalar, 125 
Perturbation formula for w(8) of helix, 
422, 423 
Perturbations, propagation constant, by 
dielectric rod, 437; by highly con- 
ducting rod, 438 
resonant frequency, by dielectric rod, 
202; by dielectric sphere, 436; by 
metallic sphere, 436; by needle, 435 
Slater formula, 204 
Perveance, beam, 279, 291 
Phase shift, “cold” circuit, 4, 7, 11, 13, 
He ilo MENS 
“hot” circuit, 11, 258 
incremental in beam tube, 259, 280-— 
286, 295, 296, 298 
parametric chain, 370, 373, 374, 376, 
377, 380 
Phase velocity, 10, 12 
Pierce, J. R., 12, 41, 43, 175, 250, 276, 
289, 290, 415 
Pitch angle of helix, 9, 41 
Polarization, electric, 364 
elliptical at ferrite post, 385 
magnetic, 364 
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Potential, for tape ladder lines, U, 53; 


Vines 
scalar, electric, 127; magnetic, 67; 
magnetostatic mode, 392; TE 


mode, 28; TM mode, 27 
vector, electric, 67; magnetic, 75 
Power, buncher, 348 
Power flow, axial, in beam or para- 
metric amplifier, 18, 286, 292; in 
‘cold’ circuit, 183) 1075 1759 249; 
260, 431 
beam modes, 248, 249, 287, 334 
cloverleaf chain, 241 
continuity across coupling surface, 
294 
equivalence of single mode-pair ex- 
pressions, 292 
external load, 316, 334 
first cavity, 334 
noise, 367 
quantum expression for load power, 
404 
resonant-slot coupled chain, 226, 264 
single mode-pair approximation, 107 
transverse, 59 
Power flow-—stored energy—group veloc- 
ity relation, 18, 107, 225, 429 
Power gain, cavity-chain beam tube, 
288, 290, 337 
helix tube, 289, 290 
parametric amplifier, 374 
Precession of magnetization vector, 
387, 389 
Propagation constant, cavity chain vs. 
helix tube, 289 
complex, in beam amplifier, 245; in 
parametric amplifier, 364-366 
free space, 12 
fundamental, 4, 6, 9, 11, 45 
incremental, 251 
mode or mode-harmonic, 4, 6, 12 
plasma, 447 
radial, 253 
reduced plasma, 245, 448; relativistic 
correction to, 448 
tape helix, 46 
Pupin, M., 19 


Quadrupole moment, coupling hole, 78 
Quality factor Q, loaded cavity, 336 
unloaded cavity, 319 


R,/Q, 437 
Ramo, S., 12, 210 
Rayleigh-Ritz technique, 165 
Reactive growing or decaying wave, 287 
Reduction factor, beam-circuit coupling 
coefficient Cp or Cp, 109, 277 
plasma frequency, 110, 276 
Relativistic correction, beam-circuit 
coupling coefficient Cp, or Cp, 110 
beam equations, 226, 447 
space charge electric field, 447 
Resistance, shunt, 344 
Resistive wall amplifier effect, 320 
Resonant frequency, effective of cavity, 
332 
normalized, 331, 338 
Resonant mode, see Mode, resonant 
Ridged waveguide, 57, 190 
Ring-bar helix beam amplifier, 344 
Rotman, W., 56 
Rowe, H. E., 364 


Schelkunoff, S. A., 85, 131 

Schelkunoff’s procedure, 85 

Schiff, L. I., 401 

Schmidt process, 126 

Schrédinger description, 396 

Schrodinger equation for operator, 397 

Schwinger, J., 27 

Scovil, H. Ej De 394 

Seidel, H., 394 

Semistatic operation, ferromagnetic 
parametric amplifier, 387, 391 

Senitzky, I. R., 397, 400 

Sensiper, S., 15) 415947385 

Shaping, dispersion curve, 425 

Shorting planes, electric, 16, 25, 124 

magnetic, 17, 26, 124 

Shunt resistance, 344, 437; see also 
R/O 

Siegman, A. E., 50, 177 

Skirtron tube model, 347, 353, 354 

Slater, J. C., 1, 349 190M 204398435 


Slow wave structure, 2, 102 
“easitron,” 51 
ladder strip, 36(Prob. 1) 
loaded coaxial line, 117(Prob. 2) 
lumped-loaded transmission line, 20, 
22 
meander line, 37(Prob. 9) 
ridged waveguide, 51, 56, 57, 190 
tape ladder lines, 51, 52, 54, 
203(Prob. 8) 
trough waveguide, 56 
see also Cavity chain, Helix 
Smoothing parameter, 419 
Space charge electric field, 299 
Space charge energy, relativistic correc- 
tion, 448 
Space charge modes, fast and slow, 248 
Space charge parameter 4(QC) p, 277 
4(QC) p of Pierce, 251 
Spin-lattice decay, 396 
Stagger-tuned chain, equations, 332, 333 
Stark, L., 46 
State, parametric, 363, 366 
Stimulated emission of radiation, 394 
Stopband, 15, 19 
Stored energy, 18, 108, 226 
Stratton, J. A., 70, 436 
Suhl, H., 389, 394 
Superposition, 15 
Susceptance, aperture, 82, 89 
see also Admittance 
Susceptibility dyadic, ferrite, 389 
Symmetry, longitudinal, 123 
mamrors 95, 100, 103, 108, 122, 125 
Symmetry operations, contrawound 
helix, 408-410 
Symmetry planes, 16 
Synchronism, beam-circuit, 248, 311, 
a3 
Synchronism condition, parametric line, 
376 
Synchronism parameter bp, 278 
bp of Pierce, 250, 259 


Tape ladder lines, 52, 54, 55 
Taper, cavity chain, 341 

Tapered cavity beam amplifier, 342 
Tape width parameter, 173 
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Teichmann, T., 135 
Terminals, waveguide, 31 
TE waveguide mode, 14, 27, 31, 80, 88, 
132 
Theorems, field expansion, 148 
frequency-squared sum rule, 148 
irrotational mode effect on disper- 
sion, 137 
narrow passband, 102 
Dien wee hen 4 sali Sse 
Time constant, T, (molecular-lattice), 
396 
T, (molecular-molecular), 396, 403 
Time dependence, 3 
TM waveguide mode, 14, 27 
Transmission line equations, ordinary 
TEM line, 160 
parametric line, 363 
resonant slot, 209 
waveguide modes, 28, 32 
Transmission line, lumped-loaded, 20 
Trial fields, adjoint beam, 248, 253 
adjoint circuit, 248, 253 
beam, 248, 256 
cavity chain, 196, 258 
“cold” circuit, 248, 253, 256 
continuity conditions in helix, 421 
contrawound helix, 189 
general helix, 429 
one passband of cavity chain, 198 
resonant-loop coupled chain, 231 
resonant-slot coupled chain, 221 
ridged waveguide, 192, 194 
ring-plane helix, 183-186 
serrated ridge waveguide, 57 
slot voltage, 219 
smoothing for continuity, 420 
tape helix, 172 
tape ladder lines, 203(Prob. 8) 
Trial function, for circular membrane, 
160 
for scalar function, 153 
for scalar wave equation, 157 
Sty Reed 
Tube model, coupled-cavity, 334, 348 
decoupled cavity, 334, 346, 348 
stagger-tuned, 346 
synchronously tuned, 334, 345 
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Uncertainty principle, 399 
Uniqueness of field expansion, 131 
Upper-bound expression for w(f8) of 
helix, 202, 417 
failure of upper-bound nature, 422 


Variational analysis, critique, 201 
Variational expressions, cavities with 
several discontinuity surfaces per 
period, 201 
complex phase shift of beam-cavity 
chain system, 257 
complex propagation constant of 
beam-circuit system, 246 
jw, of cavity chain, 196; of periodi- 
cally loaded transmission line, 160 
k, of sheath helix, 171 
k?, of cavity chain, 197, 200; of reso- 
nant-loop coupled chain, 201, 220; 
of resonant-slot coupled chain, 201, 
218, 220 
w, of ridged waveguide, 193, 194; of 
ring-plane helix, 184; of tape and 
wire helices, 169 
w*, of periodically loaded transmis- 
sion line, 164 
w(8), lower bound to, 418; upper 
bound to, 417 
Variational technique, examples, 153 
Vector, magnetization, 364, 387 
polarization, 364 
Vector theorems, divergence 
128,145. 156 
Green’s, 84 
Velocity, energy, 18 
envelope, 18 
group, 5, 7, L617, 108 
phases 5.7. l6y 430e47, 
Voltage, kinetic, 351 
synchronous beam, 274, 277 


identity, 


Voltage gain—bandwidth product, para- 
metric, 375, 384 


Walker, G. B., 124 
Walker, R. L., 392 
Watkins, D. A., 177 
Wave, adjoint, 248 
backward, 307, 315 
“cold™ Cireitznssaa2 
constituents, 3, 12, 23, 28, 35 
cutoff, 11, 100 
decaying, 307 
definition, 3 
fast beam, 307 
forward, 307 
growing, 297, 307 
“hot” in beam tube, 281-286, 295, 
296, 298, 300, 301 
multifilar helix, 49 
parametric, 366, 373 
pump, 362 
ring helix (++) behavior, 186, 187 
slow, 2 
table of parametric amplifier wave 
properties, 373, 378-380 
Wave equation, scalar, 106, 127, 155 
vector, 196 
Wavefunction, quantum, 397 
Waveguide, fin-loaded, 30 
ridged, 57, 190 
tape ladder line, 51 
trough, 56 
uniform, 27 
Wavelength, electronic, 290 
free space, 34 
Weglein, R. D., 381 
Wessel-Berg, T., 343 
Whinnery, J. R., 12, 210 
Wigner, E: P., 135 
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